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1 Definition of Plasma page 1

Chapter 1 Definition of Plasma

1. Ensemble of free charged particles
2. Globally neutral®

3. Exhibiting collective behavior

We will discuss condition (1) and its implications later. Let’s first review (2) and (3).

1.1 Static properties of plasmas
1.1.1 Plasmas are globally neutral

How easy is it for a plasma to stay neutral? The strength of the restoring force that would result
from a deviation from neutrality is enormous, compared to other forces as gravity and pressure
force.

Let’s consider a simple model: a one-dimensional (slab) plasma composed by protons and electrons.
Suppose that the ion density is slightly higher than the electron density, say (n; — ne)/n. ~ 1%
everywhere:

Charge density p=e(n; —n.) ~ 10 %en, (1.1)
Inside the slab vE=" (1.2)
€0
dE 10 %en, 10~%en,
1-D along = S SN N E(z) = = ey (1.3)
dx €0 €0

Note that E(z) < 0 for < 0: ions are pushed away and electrons are pulled in (see figure 1.1).

E(x
+ + ( ) +
Fon electrons B
1 - + _ Fon ions
- M L,
+ +
-+ _
o+
_ X
B |+
+ +
Fon iAIls F()‘p electrons
‘ +
-t + -

Figure 1.1: The force due to the electric field (resulting from a deviation from neutrality) pushes ions out and
drags electrons inside the plasma.

() Sometimes are called ‘plasmas’ also non-neutral collections of particles of the same species (e.g. electrons),
confined by means of electrostatic external fields. Here and in the following we will only consider globally
neutral plasmas.
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1.1 Static properties of plasmas page 2

The resulting force tries to remove the excess of positive charge. Let us estimate the strength
of the force density and compare it to that due to the gravity(t) and that due to the pressure.
Assume x ~1m, T =1 keV, n, = 10" m=3:

s f 10~2en,)’ N
es force o (107%end)” g g N (1.4)
volume €o m’
o N
gravity torce ~nm;g ~ 1077 — < e.s. force (1.5)
volume m?
f eT ].019 1.6- 10719 103 N
pressure force _ p _ ncT 10" x S 104 10° 5 < e foree o
volume T Y 1 w’

As we can see from the examples reported above, the e.s. force that brings the plasma back to a
condition of global neutrality is dominant, and thus the plasma remains globally neutral.

This is an example of the fact that plasma dynamics is governed by long-range electrostatic
(electromagnetic) interactions.

1.1.2 Collective behavior (Debye shielding)

M
The neutrality condition n;q; — n.e = 0 (or n, = Z Z;nj with M = number of ion species) is
j=1
only an average property. If we go close enough to a single particle, obviously, neutrality breaks.
Question is: How close is ‘close enough’?
This is something you have learnt in Plasma I course. Let’s review the main results (the formal
derivation is reported in appendix A).

In plasmas the main quantities as particle density (velocity), charge density (currents) and e.s.
fields (e.m. fields) are intrinsically coupled. To break the closed self-consistent loop existing

between these quantities (figure 1.2.a) one has to choose a model for the plasma.

test ion

+ +
electro'n/lon d'el‘lSItleS charge densities )
particle positions (currents) -, - -
(velocities) - (x.1), j(x.1) +
ne(x’ t), nz(x’ t) p 9 bl .] 9 + . +
-+
- -
e.s. fields . _t
(e.m. fields) - -
_ o+ +
(a) (b)

Figure 1.2: (a) Particle, current and field distributions form a self-consistent loop characterising the plasma.
(b) What happens to a test particle (a single ion) inside a plasma?

() We consider here the gravity force acting on ions. For electrons the same type of force is even smaller, by a
factor me/m;.
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1.1 Static properties of plasmas page 3

Take a single ion and place it in the plasma (figure 1.2.b). What do we expect? It will be
surrounded by a cloud of electrons feeling its potential. You have already calculated the distri-

bution of the potential and the electron density around the ion. In Plasma I you have assumed
—energy> _

T; = 0, and electrons described by Maxwell-Boltzmann distribution: f(v) = Aexp(—=2¢

Aexp {—M}, (¢ is the potential), which integrated over v gives n, = ng exp(%). You have

also assumed %5 < 1, so that n. ~ no(1 + %5)

1/r (single charge in vacuum)

Debye screened potential
(equation 1.7)

¢(r) [arbitrary units|
(S

-
-
-
- -
el

0 0.5 1 1.5 2 2.5 3
r/KD

Figure 1.3: Debye screened potential (straight line): The correction of the vacuum potential (dotted line) is small,
but essential.

The solution for the potential in a spherically symmetric case is (figure 1.3):

e 1 r
r)= — ex —_
o(r) dmeg T X P { AD }
e —
singe charge term due to plasma
in vacuum collective interactions

ed e? 1 r
e X~ Ne 1 T ( — el 1 - -5
ne(r) no{ +T} Tl()( +47r50TreXp{ )\D})

where A\p := y/eoT/n.oe? is the Debye length, g, := Nl;l < 1 is the plasma parameter, and
Np = %W)\%ne,() is the number of particles inside a Debye sphere.

Note that in the expression

T th 1 effect
Ap = €0 . ermal effec (1.9)
Ne,0€ space charge effect
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1.1 Static properties of plasmas page 4

T is related to the thermal motion trying to violate neutrality and nge?/g¢ to the space—charge
force trying to restore neutrality. The Debye shielding is invisible for » > Ap — as if a single
charge was placed in the vacuum.

The term dn. represents a positive, but small perturbation: as expected the electrons tend to
‘accumulate’ around the positive charge.
Plasma can exhibit a static collective behavior if:

e Enough particles are in a Debye sphere so that they can give the ‘screening’
4
Np = gmi’)no > 1 (1.10)

or equivalently the plasma parameter g, is such that g, = N, !

e Plasma dimensions are larger than the Debye length Ap

)\D < Lplasma (111)

In the table below we’ll compare ideal gases and plasmas in terms of some statistical quantities,

the range of interaction, the average distance between particles and the ratio between kinetic and
potential energy.

Ideal Gas Plasma
Average inter—particle _1 _1
. n 3 n-_ 3
distance
Range of interaction <ns ~Ap > n3 (a)
T T
1 e 1
Einetic . " Tns s €2/AmegnTs
e — > b 2
Epotential = 47T>\2D’I’L§
(c) 3\ 2,2 p
=dn(%) ' Np>1 @

(@) Does this mean that plasmas are completely different from ideal gas in terms of their statistical mechanics?
®)  solve (1.9) for T
(@) solve (1.10) for Ap

() As in ideal gases, despite the long range of interactions! This means that the concepts and methods of
thermodynamics are valid and applicable in the plasma state.

Table 1: Comparison between Ideal Gas and Plasma

We have seen a characteristic length for screening of electrostatic perturbation in plasmas, Ap,
as the first and most fundamental evidence of collective behavior. But we have dealt with static
perturbations only. What about the dynamical response of the plasma, i.e. the characteristic time
associated with a local displacement from quasi—neutrality?

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



1.2 Dynamic properties of plasmas page 5
1.2 Dynamic properties of plasmas
Heuristic Approach
. T
Thermal motion of electrons Vhe ~ ] — (1.12)
Me
T
Characteristic length Ap = gg— (1.13)
e’n
A Vel e?
Characteristic time =22 veol/etn = @ (1.14)
Uth T/m en
L 1 e’n
Characteristic frequency wp, = — =1/ —— “plasma frequency” (1.15)
T Eom
You have completed the formal calculation® in Plasma I. From
p du on
V- E=— —=—eE, —=-V. 1.16
you have obtained for the perturbed density
0’1 _
YT w2 = 0, (1.17)
the equation of a harmonic oscillator of angular frequency w,. Numerically
£o[Hz] = <2 ~ 9y/n[m—7] (1.18)
P 2m

For example one finds the following values:

Aurora fp ~9Vv10!2 =9 MHz.
Tokamak fp ~9v10% = 90 GHz.

Note that for a wave to be able to propagate in a cold unmagnetized plasma, its angular frequency
must be w > w,. Otherwise the plasma electrons have enough time to respond and cancel the

external excitation (i.e. the wave electric field).

Also note that, for dynamical collective effects to manifest, the oscillations at the frequency w,
should not be prevented by collision processes. Stated otherwise, it should be w, > Veonisions-

() see notes on http://crpp.epfl.ch/physplasl/program.html

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010


http://crpp.epfl.ch/physplas1/program.html

2 Production of plasmas page 6

Chapter 2 Production of plasmas

2.1 Ionisation and Recombination

Ionisation of the neutral atoms is a “necessary condition” to have a plasma. This is an exam-
ple of inelastic collisions. Figure 2.1 shows the most important ionisation and recombination
mechanisms.

IONISATION ’/\‘ RECOMBINATION
invcrsci process ey
ei. Ceo
e— \
o—— q e -~ o -~ q
p+ p+

. . e . (b) Three—body recombination
(a) impact ionisation

e— < e

N e "3

. |
mverse process
|

hv e*./ 3 \\\
AN = — | ¢« | =
photon l p+ //’
o 1 o e—

N

(c) Radiative ionisation (d) Radiative recombination

Figure 2.1: Main ionisation and recombination processes. For radiative ionisation to take place, the photon
energy Fphoton = hv is required to exceed the ionisation energy FE;.

Both mechanisms of ionisation shown in figure 2.1 are present in nature, e.g.
e Aurora (strong magnetic field): Impact ionisation dominates (a)
e Nebula (no magnetic field): Radiative ionisation dominates (c)

High energy photons are required for the radiative ionisation. FE; = 13.6 eV for hydrogen, \ =
%—‘j ~ 50 nm (ultraviolet range). In the absence of strong UV fluxes, impact ionisation is the
dominant mechanism for plasma production. This is the case for common laboratory plasmas,
where strong UV sources are unavailable.

For typical densities of plasmas in the laboratory and in space, three-body recombination is very
unlikely and can in general be neglected. Other types of ionisation/recombination processes are
also possible®® | but they are usually negligible compared to the processes shown in figure 2.1.
The equilibrium of impact ionisation and radiative recombination can be used to characterise
many plasmas. Such equilibrium is called ‘coronal’ | as it is believed to regulate the solar corona

parameters.

&) Examples:
Charge—exchange recombination : H™ + H~ — 2H
Dissociative recombination (only for molecules): e + (AB)* — A+ B

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



2.1 Ionisation and Recombination page 7

2.1.1 Single Particle Cross—Sections

Impact ionisation and radiative recombination are collisional phenomena and as such they can be
described by a cross—section, o (figure 2.2).

dx=v. dt

Figure 2.2: The collision probability of an electron beam incident on a homogenous distribution of neutral par-
ticles is equal to the ratio of the cross—section o of this process and the section S of the beam.

Basic Notions

e For a single electron:

A

# of collisions = S v;, dt Nyargets
—— ~

J/

yolume V probability of collisions
# of targets in volume V
of collisions of targets
g

= NtargetsO Vin, where Ntargets =

(2.1)

unit time unit volume

and vy, is the relative velocity between incoming particles and targets. The density of the
targets Niargets 15 assumed to be constant and uniform.

e For ionisation:

# of ionisations

= NpOionVel, 2.2
unit time nion el ( )

where n,, is the neutral particle density and v, the electron velocity“l)
e Mean—free path:
1

NnOion

)\mfp .

ion

(2.3)

(D We assume Vel > Up, SiNCE Me K My

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



2.1 Ionisation and Recombination page 8

Properties

Figure 2.3 shows the ionisation/recombination cross—sections for one single electron as a function
of electron energy.

Figure 2.3: Cross—sections w for ionisation and recombination processes. Note that no ionisation occurs below
the ionisation energy (F; ~ 10 eV).

Note that
e Ui,y depends on the electron velocity (energy)
e 0,on =0 for F < E;, where FE; is the ionisation threshold energy(")
® 0y, increases with energy, but not indefinitely.
® 0. (recombination cross—section) decreases with energy
The third point can be intuitively justified by means of the duality established by the quantum me-

chanics between particles and waves with a convenient wavelength. If we associate to an electron

its de Broglie wavelength Ay = ﬁ (h is the Planck constant), the maximum interaction between
m.

the electron and the neutral is expected for A\ ~ 2ay, see figure 2.4. For example, oo, = o}n2* for
H-atom at A ~ 2qy — E ~ 100-200 eV.

2&0

7LdeBroglie

Figure 2.4: Qualitative explanation based on quantum mechanics of the dependence of iy, upon the energy of
the colliding electron. The interaction is expected to be maximum at A ~ 2ag

(D e.g. H-atom:

2 dmegh?
€ ~ 13.6 eV, where ag = o0
4megag mee

~5.10"" m (2.4)

1

is the Bohr radius of the H-atom.
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2.1 Ionisation and Recombination page 9

The decreased efficiency of the recombination process results from the reduced interaction time
between particles as the relative velocity increases.

You have seen in Plasma I that in practice we produce ionisation by injecting a known pressure of
gas in a vacuum chamber, which was previously brought to very low base pressures. The pressure
of the injected gas is in general much lower than atmospheric so that enough energy can be given
to electrons between collisions by an applied voltage:

A
P= 0, (2.5)

where d is the distance between the electrodes across which a potential difference AV is applied
(figure 2.5).

< 3 >

plasma

AV

|H
T+

Figure 2.5: A voltage AV is applied between two electrodes (distance d in between) to accelerate the electrons
and sustain a plasma discharge.

Examples : Which is the voltage to ionize the gas?

a.) Spark plug: electrode gap d ~ 1 mm, AV ~ 1 kV.

b.) Lightning: discharge height d ~ 1 km, AV ~ 1 GV.

c.) Plasma monitor: noble gaz at very low pressure (high A¢,) in tiny cells, sandwiched between
electrodes.

2.1.2 Average Cross—Sections

Up to now we dealt with a single electron. Let us now consider a distribution, for example a
Maxwellian characterised by a temperature T'.

To calculate the ionisation rate for a distribution we need to average over such distribution the
expression that gives the number of ionising collisions per unit time, which in general depends on
energy.

# of ionisations

> = Ny (TionVe) (2.6)

Tonisation rate = < —
unit time

where n,, is the density of neutrals playing the role of ‘targets’. Thus

(Gionte) = J vefe(ve)Tion (ve)ve
ionle fdvefe(ve) ,

where v, is the velocity of electrons. Figure 2.6 shows the result as a function of the temperature.

(2.7)

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



2.1 Ionisation and Recombination page 10

A

<gv>
<0 >
ion e
\.
\.
\-
~ = __ SOrec Ve’
T J[eV]

Figure 2.6: (0ionve) as a function of T. Note that (gionve) # 0 for T' < E;, as even then there will be some
particles with energy greater than FE;, i.e. able to ionise

2.1.3 Equilibrium between impact ionisation and recombination

The equilibrium condition between impact ionisation and radiative recombination can be expressed
as:
Ne <Uionve>

n\OionVe) = Tle\Orecle/ = - 2.8
N (TionVe) = Ne(Orece) or " (owee) (2.8)

*k)

The ratio n,/n,"*) is called degree of ionisation. Clearly it increases with the temperature of the
plasma.

The exact expression for n./n, depends on the assumptions taken for the equilibrium. Consider
the simplest model for hydrogen: a global thermodynamical equilibrium (G.T.E.), where all species
are characterised by the same temperature 7: T, = T; = T,, = T. Note that this condition is
rarely satisfied in plasmas. Under such assumptions and with n. =~ n; one finds the so—called Saha

equation

n T32[eV] E
£ ~3.107 {——l} 2.9
Ny, n;[m=3] P T (2.9)

A good representation of the transition to plasma state is given by the quantity
a =ne/(Ne + ny) (2.10)

called the relative degree of ionisation (see figure 2.7).

(+)  Note that ne ~ n; in plasmas.
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2.1 Ionisation and Recombination

page 11

The transition is made sharp by the exponential
term in Saha equation. We can consider this
as a phase transition. For T > FE; ionisation is
practically 100%.

Note that ‘life’ (T < 1 eV, n > 10%° m™3) is
incompatible with plasma state, although, as we
know, most of the energy that is necessary for
life comes from fusion reactions that occur in the
Sun. However, it is possible to have a plasma
at very low T, if the density is very low, e.g.
interstellar plasma, n, ~ 10% m=3.

Ordinary matter lies in a very small corner of
the T', n diagram (see figure 2.8). We will con-
sider plasmas over a wide range, but below ener-
gies at which relativistic effects become impor-
tant (7" < 500 keV).

3

Saha equation — E;=13.6 eV, nnzl(]19 m
: — T T T T T

08

PLASMA STATE

04

relative degree of ionisation a

02

Figure 2.7: Relative degree of ionisation « for a hy-
drogen plasma of density n,, = 10 m=3.
The dotted line indicates T' = E;/10.

CHARACTERISTICS OF TYPICAL PLASMAS

Magnetic
fusion
reactor

Nebula

4 |Interstellar space

10

~
R
~—r
L
o
=
+~
oy}
=
5]
5y
=
D)
=

Aurora

¢
" N
. &

p plasmias

102

10> 10° 10"

}; E#‘
. @ Lightni

Solar wind geon sign

LULEEOVE

Fluorescent light
Flames

5 Inertial
confinement
fusion

-

—

Solar core

Solids;
|iqunidss

Tee)cool
dense for class

102 107

Number Density (Charged Particles / m?)

Figure 2.8: Characterisation of typical plasmas.
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Example 1

Air at room temperature and pressure. Consider
NQI
1 e
E~145eV, Tr~—eV, n,~108m3 — " xq <1071
40 np
(2.11)

— Thermal ionisation in air is negligible (of course, ionisation by non-thermal particles, such
as from cosmic rays, is possible).

— The exponential factor in Saha equation becomes non—negligibly small for T" approaching FE;
(but, again, we can have T' < Ej).

Example 2
Solar corona
T ~ 500 eV, n, ~ 10" m= — e 03.10% or ¢~ (2.12)
nn ne + nn

— The plasma is completely ionised.

2.1.4 Weak vs. Strong Ionisation

Definition: Weakly ionised plasma
charged particles <+ neutral collisions dominate

Definition: Strongly ionised plasma
charged particles <+ charged particles collisions dominate

The quantities to compare are the respective mean free paths. For a strongly ionised plasma we
have

Coulomb ion
"0 Coulomb =~ MnTion, /\mfp < mfp> (213)

where ocoulomn 18 the cross—section for Coulomb (electrostatic force) collisions. We will calculate
OCoulomb later in the course, but we can have a first, rough estimate by considering

O Coulomb == 7Tb27 (214)

where b := €% /4meoT (“Landau length”) is the distance at which the electrostatic energy is equal
to the thermal energy. Note that we should expect an effective length for collective e.s. interactions
larger than b, hence a larger cross—section, as particles will ‘keep interacting’ at distances larger
than b since we are still within the Debye sphere (for most plasmas of interest b << Ap).

Taking oo, =~ ma2 for hydrogen we can evaluate the degree of ionisation above which we have a
strongly ionised plasma

2 2
Ne Tion Tag o ((4meg 9 3.0
— > ~ = T =1.2 x 107°T“|eV]. 2.15
Ny, O Coulomb 71—62 CLO( 62 ) 8 [e ] ( )
Example

A neon tube has an electron temperature of about 10 eV (see figure 2.8). Equation (2.15) yields
ne /Ny > 12%. For example, if n./n, = 20%, and there are more neutrals than electrons, the tube
contains a strongly ionized plasma where collisions among charged particles dominate. The reason
for this is the long range of interaction of the Coulomb force.
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Chapter 3 Charged particle collisions

max

We have seen that collisions between electrons and atoms can produce ionisation, with o"®* ~

on

ma? (ag = Bohr radius). For these collisions the range of interaction is very short, namely about aq.

In Plasma I you have seen that at high enough energies (E 2 10 keV) nuclei can collide and
produce nuclear fusion reactions. Also, in this case the range of interaction is very short, of the
order of the size of the nuclei, namely about 107 m.

Both of these are examples of inelastic collisions. We now focus on collisions between charged
particles, occurring once the plasma is formed. Collisions of charged particles are the result of the
long-range Coulomb force and can be considered as elastic™).

We define as ‘collision’ the binary interaction between two charged particles.

This approach of considering the trajectory of a particle affected by a number of binary interac-
tions (collisions) is only an approximation. In reality, the trajectory of a particle is affected by
many other particles (those within the Debye sphere) at once. We will need to find a way to ac-
count for this effect, and we will do it by considering the combined effect of many binary collisions.

We have seen that a plasma with much less ions/electrons than neutral atoms can still be strongly
tonised in the sense that Coulomb collisions can dominate over collisions with neutrals. This is
due to the long range of Coulomb collisions. Based on a very simple model we took the Landau
length b, such that

62 e2 10—17

~T = b~ d 0 Coutomb ~ Tb? ~
dmegh dmegT O 7 Covemb T

[m?]
Now we need to calculate ocouomn properly, in particular considering multiple small-angle colli-
sions. We will find that

0 Coulomb > 7Tb2

and we will be in a position to evaluate the effective collision cross-section or frequency for the
different processes of interest. We will evaluate:

e Energy transfer rates (thermalisation, equilibrium, heating)
e Momentum transfer rates (isotropisation, “pitch angle” scattering)
e Plasma resistivity (drag)

e Diffusion rates (transport of particles across and along the magnetic field B)

This analysis will occupy this section of the course.

() Charged particles, if accelerated, emit radiation, so they loose energy. For example, electrons deflected by

collisions with ions in fusion plasmas emit radiation (Bremsstrahlung) in the form of X-rays. W ~
§ e

(%)3 < 1. Here we neglect the power loss by radiation and consider Coulomb collisions as elastic.
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3.1 Two particles interacting via Coulomb potential

We just review the lines of the calculation, as you have seen it in lecture 3 of Plasma Physics 1.

initial final

. VA

V17 V2 :> V].’ V2
mi, qi1;M2, q2 — mi, q1;M2, q2

Note that the mass and the charge are conserved. In elastic collisions the energy and the momen-
tum are also conserved:

12

miv? 4+ mavd = myv” + matt (3.1)
MyVy + MaVe = My V] + MoV (3.2
Definition 1: velocity of center—of-mass
wom TVIE VS (3.3)
mq + Mo
Definition 2: relative velocity
Vi=V]—Vy (3.4)
Definition 3: reduced mass()
mqme
= 3.5
a mi + Mo ( )
3.1.1 Going to the Center—of-Mass reference frame
mo
Vi—u= —FV 3.6
! my + Mo ( )
my
Vo—u=—"-—V 3.7
2 mi + Mo ( )
The force in this frame® ig
Pio=mip(vi—w= Ty 35)
=m—(vi—u)= ———v= uv )
12 ldt 1 M+ 11 2
d mimso . .
For—mo—(vo—1) = — 1172 & 3.9
21 mzdt(Vz u) m1+m2v KV (3.9)
and the equation of motion
uv = F(r) (3.10)
where r = x; — x5 and v = r. The Coulomb force F is a central force
r
F(r)= 22 T (3.11)

dreg r3

M) if mgy > my then no~my
® F,=-Fy
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From conservation of energy and momentum we know that

v =[]
y A Vy
and
[vi—uf = |(vi — )|
[va —uf = |(v2 —u)'|
au
v
+
b 'impact parameter’
Figure 3.1: Geometry of the Coulomb collision in the center—of-mass frame. As |v| = |v'| we know that b’ = b.

At t — —oo the particle mq, ¢; has velocity (v) = v(e), and impact parameter b.

i.e. velocities change direction but not absolute value. We also know that for a central force the
motion is in a plane and angular momentum is conserved. The problem is solved in the center—
of-mass frame (figure 3.1). Note that the process is entirely described by ¢, v and the impact
parameter b. Using conservation laws in the relevant geometry (see lecture notes in Plasma I), we

find:

0 b
tan 5= 2L with® by = bgo(v) = N2 (3.12)

b T 4megun?

bgo is the impact parameter corresponding to a deflection by 90°.(% In general the deflections will
be smaller with b > by, but we expect they will also be more frequent.

3.1.2 From Center—of—Mass to laboratory frame

In different frames the deflection angles will be different (figure 3.2).

Center of Mass

v—u .
Ay ; )e
L

center of mass

Figure 3.2: Deflection angle in center—of-mass frame (left) and in the frame of the laboratory (right). Note that
the angles of deflection are very different in the two frames.

D for § = 7/2 = 90°, tan7/2 = 1 and b = b
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After some trigonometry one finds for the deflection angle in the laboratory frame:

mmﬁv sin 6
tan;, = 2 (3.13)

mo :
U+ 20 Cos 0

ma
1+m2

For small angles and vy > vy we have 0 ~ — 6D, Furthermore, if ms > m; — as in the case

of electrons colliding with ions — then 67, ~ 6.

3.2 Effect of multiple collisions

To account for the overall
effect of collisions we need
to look at different deflec-
tion angles and impact pa-
rameters.

3.2.1 Rutherford )e o
differential cross—section --=="—--—-—-fmmmme

Particles with impact pa-
rameter in (b, b — db) are
scattered into angles (6, 0+
df), corresponding to df2

(figure 3.3).
We have Figure 3.3: Concept of the differential cross—section
2nrsin@ - r|dd
do = T Pl _ o sin o] (3.14)
r
do = 27b|db| (3.15)

Definition: Differential cross—section do/df)

. do PR # of particles per unit path length which
targets are scattered into the solid angle df)

ds?

Alternatively, do/dS2 can be defined in terms of the number of particles dN;. scattered in d2 per
N;

unit time dt divided by the total flux of particles. The incoming flux ®;, is ®;, = n;,,v = Todi
v

(%

thus for one electron (N;, = 1) we find

dN./dt do dNse  Nigrgets [ do
— =l N, —1dQ = = —2= (= | dQ
incoming flux targets (dQ) dt Adt (dQ)

Since the unit length dl is equal to vdt and the volume is V = Adl = Avdt we obtain again

stc Ntargets dO’ Ntargets dO’ dO'
- —= | dQl = ——— | =5 | dQ = Nyargets | 5= | dS2
dl~ Avdt (dQ> v \do Hargets | G0

(" This approximation is valid only if v; > vy
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Using the relation between b and o and the definitions of do, eq.(3.15), and df2, eq.(3.14), we find
(in the center—of-mass frame) the Rutherford cross—section:

do 27b|db b d b d 6 b3 a3 1

0 ~ 44 = —— (b)) = ———(byo cotg;) = —p = . 22 2,4 4 nd 0

dQ  2msinf|dd|  sin6db sinf df 2 4sin§  (4meg)*p?v* 4sin’ §
(3.16)

It describes the scattering of charged particles by Coulomb forces. To get the effective cross-section
for collisions giving deflections in a range @ € (6;,6,), we need to integrate*)

%2 do
—dS)
/91 < aa(s)

For example, for collisions giving 6 > 90°:

O=m 2 T 9 .
do _ bﬂ/ 7 sin 0 df _ ngo (3.17)

6 > 90°) = —d(0
oz om)= [ SGa00) =7 &

2
Note that in this case the same result could have been found intuitively: from the definition of by,
follows that the “target surface” o for which 6§ > 90° is 7b2,. The expression of the Rutherford
cross-section was used for the scattering of a—particles through metal foils:

/2 sin

e The dependence Sin_4g gave a proof of the nuclear model of atoms, and detailed mea-
surements gave estimates of the radius of the nucleons and of Z.

e Departure from o Sin*4g at high energies indicated the presence of short range nuclear
forces.

Observations

1. do/dQ) < v™*: as the number of collisions goes as vdo/dS2, collisional effects will scale as
T—3/2: the hotter the plasma, the less collisional.

2. For fixed v, do/dS) increases for decreasing 6. For small §: do/d) o< 6~*: small angle
collisions are much more frequent.

In the following we will consider, unless explicitly stated otherwise, only small angle collisions.

3.2.2 Integration over possible impact parameters and Coulomb logarithm

To consider the cumulative effect of many small angle collisions let’s analyse the energy transfer
rate as an example. This is the mechanism responsible for thermalisation. In this case we are
interested in how much energy is lost in each collision, and in summing over all possible collisions,
for example considering all possible impact parameters.

The energy lost by particle '1” in one collision is(f)

mimeso

1
AE, =~ —myv?

0 1
2 (m1 + m2)2 (3 8)

(*#) " the cross-section, derived here, corresponds to the effective cross-section for momentum transfer, which will
be defined in sec.(3.3).
(1) the derivation of AE}, is given in the appendix B.
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Considering that for small angles # ~ 2bg, /b, this can be re-written as

12

AEk 1 2 mimso <2b90)2

—miv
b

2 (m1 + m2)2
This is the energy lost in a single, small angle collision on a stationary target. Let’s calculate the
loss of energy per unit length for impact parameter interval db:

dE,
dl

(3.19)

= AFEydon (3.20)

over db

Remember that don is the number of collisions per unit length with impact parameter b €
(b,b + db). The total loss of energy per unit length is obtained by integrating over all relevant

impact parameters
dE bmax dE bmax
—k :/ —k :/ AE.n2rbdb =
dl all b bmin dl over db bmin

b

max 1 2b 2

:/ St (S0 o =
binin 2 (m1+m2) b

b
mqme max Jh
= Eunsrtiy s [

bmin

(3.21)

What are by, and byay? If we simply take by = 0, bnax = 00 we have a logarithmic divergence,
and not much physical meaning.

bmin: We are considering only small angles. For b < bgy the assumption of small angles would be
violated.

= binin = bgo. (3.22)

Note that at very high T., byy becomes so small that quantum mechanical corrections must
be included. In such cases one can take bpin ™~ A peproglie = h/mu.

bmax: Remember the Debye screening effect. Outside the Debye sphere, the potential is screened,
so the ‘collision’ does not ‘occur’

— bmax == Ap. (3.23)
Thus
dFE, 9 mM11Mo
— = E.n8xb InA 3.24
dl RTOT 2 (my + my) A, ( )

where In A is the so called Coulomb logarithm and
A T,/e?
Ao do_ Valjen (3.25)
boo  quqa/dmEopv

Note that because of the very weak logarithmic dependence, the exact choice of by, bmax is
irrelevant. Typically, for most plasmas treated in this course, one can take In A ~ 10-20.

D if my < mo, then

AEEZk = %(21)%)2

It will take a long time to loose all the initial energy.
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3.3 Effective collision frequencies for relaxation processes

We have to transform the loss per unit length to a loss per unit time.

3.3.1 Energy loss/transfer rate
dE, dE} dEj

i A A 2
at ~ ar - Udl (3.26)
if we identify vy with v (i.e. vg = 0).
Definition: Effective collision frequency for energy loss
1 dE}y
= —=— 3.27
BT R (3:27)

Note that by ‘collision frequency’ we don’t simply mean the rate at which collisions take place,
but the rate at which collisions produce a certain effect (in this case the loss of energy).
From the definition of vg, :

1 dEj @?#q¢:  InA
—y——k _g 3.28
= UEk dl 7m(47r50)2 mymav3’ (3:28)
or with the general relation between collision frequency and cross—section
v =nov (3.29)
we have
2.2
Ve, _ 4i¢; _InA
- . 3.30
TEe T 2med mymovt (3.30)
3.3.2 Momentum loss/transfer rate
Again, we consider only small angles($)
my 67 Ap, my 607
Ap, = —v) 2 ——— Dy, ~ —. 3.31
Pa = ma (v = v,) my + mg 2 b or Da my + mo 2 (3:31)
With eq.(3.18) we find
Ap, 1 AFE
Po _ 2T 112 A0 (3.32)
Pz 2 ma Ek
If, for example, m; < my, then
Ap, AFE AFE
o M2 Dk k (3.33)

pe 2my Ej > B,
We can apply the same concepts of effective collision frequency and cross—section as discussed for
Ey:
, mo <K My
; Mg =My - (3.34)
>1, mo > my

. m1+m2_1 mo .
Up—O'Ekz—,’nl—§O'Ek 1+E =0pg, X

— ol

The third case corresponds to electrons scattered by ions, for which the transfer of momentum
(and related change in the direction of the “pitch angle scattering”) is dominant over the transfer
of energy.

(8%)  the formal derivation of Ap, is given in the appendix B.
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Chapter 4 Relaxation process and plasma resistivity

4.1 Summary of the velocity—dependent collision frequencies

In a plasma we have 4 kinds of collisions between charged particles:

Energy Momentum
e—i vy = %mlnTAU?» veli = E/k% (4.1a)
i—e V]ZE/: = e%% ,/Ii)/e - %yg: (4.1b)
i i vl = n%% Vit = vf! (4.1¢)
e—e vy = ¢ InA vele = v (4.1d)

“2med m2v?
where Z is the charge number of the ions. In principle In A, # InA;, but — due to the weak

logarithmic dependence — the difference can usually be neglected.

In summary, the general form of v, for collisions of particles of the species j (projectiles) upon
particles of the species k (targets) is

2 r72 4
i/k Zj Zke lnAk
VEk ~ N

- (4.2)

2
2mey My myvy

and for most cases we can take In A, ~ const.

4.2 Average collision frequencies

Until now we have considered the case of a particle with a given velocity v colliding with a fixed
target. We have averaged over the impact parameters and summed all the contributions from the
continuous distribution of scatterers.

In a plasma we usually deal with many particles of the same species with different velocities —
what we call a ‘population’. Of course, the full description of the dynamics of each particle is
impossible. Thus we might be interested in the average behaviour of this population in terms of
energy and momentum transfer, instead of considering the behaviour of single particles.

The common way to describe a population is through its distribution function f(x,v,t). For the
time being let’s forget the dependence of f upon the spatial and temporal coordinates, and retain
only the information on the distribution of velocities: f = f(v). To get information on the average
behaviour of a population, we need to average our previous results for the collision frequencies
over the velocity distribution.

‘Philosophical’ problem: we do not know yet what kind of distribution we can consider (e.g.
Maxwellian?), as we do not know yet the averaged value of collisional cross—sections. As we must
assume one form for the distribution in order to perform the average, we choose a Maxwellian;
then we will check whether in the plasmas of interest there is enough time for collisions to ther-
malise the particles and force their distributions to relax into Maxwellians.
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To get out of this logical trap one can look for experimental evidence (see appendix C) for methods
to measure distribution functions). It is found experimentally that f.;(v) is in general well ap-
proximated by a Maxwellian even before collisions have the time to act on the particles, especially
in the case of electrons.*)

In the next sections we will derive the expressions for the average collision frequencies for exchange
of energy and momentum.

A Maxwellian can be characterised by only
two parameters, its width and the shift.
Physically, these correspond to a tempera- 5!
ture and a drift, and we will try to ex-
press our results in terms of these quanti-
ties.

wt

The average rate of change for the generic  25f
quantity A (energy or momentum) can be ex- &,/ !
pressed as a frequency 74 or by a characteristic \
time 74 = 1/04, with '

Da= @ <%> (4.3) 7

0 tA 5 10 t 15 20

and the average (-) is performed over the dis-

tribution function f(V) Eq.(4.3) tells us that Figure 4.1: Concept of ‘average collision frequency’ and

if we start at ¢ = 0 with a value A = Ao, after associated characteristic time: after 74 the
- - )

. . change of A with respect to its initial value
a time 7,4 the change of A = A(t) will be of the Ag is of the order of the initial value Ag.
same order as Ay (figure 4.1).

4.3 Momentum loss of thermal plasma
4.3.1 e—1

Ignore the ion thermal motion: v; < v.. The electrons are described by a Maxwellian distribution
shifted by a drift velocity vq

m 3/2 Me(Ve — 2
fe(ve) = TNe (27_‘_;1) eXp{_%}- (44)

The rate at which an electron of velocity v, loses momentum has been given in eq.(4.1a)

Z%e* In A

e/t
v (ve) = nji——s ——.
(ve) dmed m2v3

p

(4.5)

The total loss of momentum per unit volume per unit time defines the average collision frequency

, 1 dp
—e/z = — _—
%= ) o)

(*)  This is called the Langmuir paradoz, and it is still unsolved. Turbulent electric fields are thought to be the
key—issue.
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with

d 1

Py _ —/fe(v) mev v, (v) d*o, (4.7)

dt Ne ————

dp/dt
where v, = V;/ " and v = v, have been introduced to simplify the notation. An intuitive guess is
5 v (v (48)

where vy = /T./m.. A more accurate calculation'”), assuming vq = vqX, vq < Vgne and

In A ~ const, independent of v, yields

—e/i 1 2 e/t e/t
Vp/ = g\/;ljp/ (Uthe> ~ .26 I/p/ (Uthe> (49)

N
O
o © N Y o AN /
e AN ) O — N\
—— _ _
v = Vd7 ion Vd, electron Vd7 ion
d, ion d, electron

X X

Figure 4.2: Galileian transformation of the collision e — 7 (left) into i « e (right).

4.3.2 i1—e

As it is still the electron thermal motion which is dominating the relative motion, the result can
be obtained from the case e — i by a simple Galileian transformation (figure 4.2). Since the total
momentum of the plasma is conserved, the momentum lost by the electrons must be equal to that
acquired by the ions, then the rate of momentum transfer is the same

dpe dpz e/i ife —e/i —i/e
dt dt = |peVp/ | = |pi1/p/ ‘ = ‘p6| Up/ — |p’L’ Vp/
and
P n;M;vg BN A
e/t
Pe,zVp
L me /d f( ) e/i
- o V]Jell)PeV,
T Vg M - — p’ p
me 1 .
- d e e,r e/t
mi NiMeVq / vfeWpeaty )
P
—i/e Me _e/;
= EV”/ (4.10)

Note that D;,/ ‘K 175/ " since Te < 1. This makes sense, since for the light electrons it is much
more difficult to scatter (e.g. isotropize) the heavy ions.

() See exercise no.2, given on Thursday, 30" of September, 2010.
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4.3.3 1—1

We can consider the same formalism as above, with one caveat: both classes of particles move,
and we need to consider two drifting Maxwellian distributions. Using the center—of-mass frame

one finds:

e The two ion masses are equal® (same ion species)

1/2 3/2
ﬂi/i:i % E Z2,7€/i

e The ion species are different

a1 12 ¢ InAy my 1/2
VZ/Z _ = _n i 13/ ( ) ’
P 3 4red gV 2Tz'3/ 2\m; +my

4.3.4 e—e

Again, this is similar to ¢ — ¢ and e — i. The result is

1
ﬂ;/e —e/z

ok

4.4 Summary of average collision frequencies

4.4.1 Momentum loss

iy 1\/§€/i( ) 1\/5 Z%* InA 1 [2 Z%*InA 1
U = — — . e — — —ni—— i _n N
P 3V gr U 3V Mdmegmiuh, 3V T C4me2ml? 37

1

De/e ~ \/_7;/1
71/6 ~ NeMle e/z
nimy;

3/2
—z/z ~ E ﬂe/i
\f L) ot

4.4.2 Energy loss

2m1
m1+m2

Based on vg, ~ v, we find

m; p
1?%/: = 29;,/6 o~ I/E/}:
vyl =il
vy = el

i.e. the same relations as for the NOT averaged collision frequencies.

Note: We only treated the cases e — ¢ and 7 — e rigorously, as we assumed vy = 0.

*) Hint: Eq.(4.11) is just 17;/ */\/2 calculated for parameters for ions instead of electrons

(4.11)

(4.12)

(4.13)

(4.14a)

(4.14b)

(4.14c¢)

(4.14d)

(4.15a)

(4.15b)
(4.15¢)
(4.15d)

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



4.5 Hierarchy of characteristic time scales page 24

4.5 Hierarchy of characteristic time scales

Let’s have a look at the hierarchy of characteristic time scales 7 = 77!, The shortest time scale
corresponds to the largest 7, i.e. 1/55/". Note that

L o\ -1
7_;)/2 B 17}12/2 N m; 1/2 7—; 3/2 1
e \wlt) T \me 1.) Z*

We can identify three typical time-scales, as shown in figure 4.3:

a.) — electrons lose momentum on ions
— electrons lose momentum on other electrons

— electrons lose energy to other electrons®

b.) — ions lose momentum on other ions

— ions lose energy to other ions(¥

c.) — electrons and ions reach the thermal equilibrium
dT, dT; _e/i
== (T.-T) =0 4.16

— jons lose momentum on electrons

Mg

~ ~
« Me Me————> time
— ® l % — ; >
Ji eje i/ efi i/e m. e/i
T, T / / m; €/
p Tp Tp Tey Tp = 5= Tp
| I 1
ele __efi i/i m; €/l i/e e/i
T = AT = [P 16—
! 1:'?..' Ve Tp TEA Me p TE}. T ‘—)-}?';f Tp
(a) (b) | (c)

Figure 4.3: Characteristic time scales 7 = 1/v. All these time scales can be expressed as a function of the fastest
/i
one (1,/").

4.5.1 Quantitative estimates

We introduce the following definitions to simplify the notation:

Ve = ﬂ;/ : (~ 17;/ ) = electron collision frequency (4.17)

v = ﬂ;/ ’ (= 17}3/:) = ion collision frequency (4.18)
Thus

o/ for T,=T, Z=1 (4.19)

V; me

®) e/e has both types of ‘exchanges’: isotropisation and thermalisation
(& U /i has both types of ‘exchanges’: isotropisation and thermalisation
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For example, for a hydrogen plasma:

] n [m~7]

T2 [eV]

)

n[m

ve [s7H ~5-107H x
] T2 eV)

and  y[s71] ~ 107" x : (4.20)

Take T, = T; = 10 keV; n ~ 10?® m—3. The time-scales after which we can speak of electron and
ion ‘temperatures’ (i.e. the population is at the thermal equilibrium) are

Ve~ 5-103 s 5 7, ~ 0.2 ms and v; ~100 st = 7, ~ 10 ms (4.21)
but  Trog ~ %re ~ 1840 - 0.2 ms ~ 0.4 s. (4.22)
€

This means that on short time-
scales T <  Tp,1, we could
have reached the thermal equi-
librium between particles of the
same species at two different tem-
peratures 1, and 7T;. But this
does mnot mnecessarily imply that Coulomb
the two populations are in ther-
mal equilibrium with each other,
i.e. . = 1T, = T. In
fact, in most laboratory and fu-
sion plasmas it is found that
T, # T,. For example, remem-

G [m”]
A

1)
(

ber the Lawson criterion(D. For
the same values as above we have
T ~ 1 s. Over this time

we should have thermalised elec-
trons and ions (i.e. have well de-
fined T,, T;) but not quite T, =
T;.

Note that compared to ion and elec-
tron gyrofrequencies, v, and v; are
very small: the Larmor motion is
essentially unperturbed by collisions.
‘Larmor’ physics is still valid (e.g.
plasma diamagnetism).

~ 40 E [keV]

Figure 4.4: Fusion and Coulomb—scattering cross—sections

Note also that for T' ~ 10 keV we have O'gélole > Opusion Where @ = e or @ = ¢ and () is the
energy or the momentum (see figure 4.4), so the ions must be confined for many collision times
before they can give rise to fusion reactions. In general it does make sense to consider Maxwellian

distributions (in particular for evaluating the fusion reactivity).

(D" This criterion gives the ignition condition in fusion devices. It can be written as follows: nrgT; > 3 X
102! m—2.keV -s where n is the ion density, 7z is the energy confinement time and 7T} is the ion temperature,
refer to lecture 4 of Plasma Physics I or Chapter 9 in F.F. Chen’s textbook (vol.2).
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4.6 Plasma resistivity

Take a fully ionised plasma to which we apply an external electric field E. Electrons and ions will
be accelerated in opposite directions, but will also be subject to a friction force due to Coulomb
collisions. This friction force is responsible for the finite resistivity of the plasma. In order to
calculate it, we assume

e Only electrons carry currents*

e Only e — i collisions occur (ignore e — )

e Distribution of electrons remains Maxwellian with a drift vgq
The momentum equation!’") along E (along B or with B = 0) is

me—— = —cE —fn(vd6 — Vdi)V;/i (4.23)

acceleration

vV
deceleration

or, in its scalar form

d e
meﬂ = —eF — Zivd
dt 7' (V)

(4.24)

Note that for electrons the directions of v4 and E are opposite. To solve eq.(4.24) we need to
evaluate T,f/ “; but for which velocity? Two cases can be distinguished:

1. vg € Vine

2. V4 = Ughe

4.6.1 Vq <K Vthe

In this case, the velocity that dominates corresponds to the electron thermal motion and does
not depend on vq, as calculated in 4.3.1. We have a steady-state solution (% = 0) in which the

acceleration due to the electric field is balanced by the collisional drag exerted by the ions:

_e/i B

—e/i E—=— - terminal __ _Tp € ) 4.95

e MeUq vg —me ( )
As j = —en,.vq the previous equation can be recast as

: 2
f;/ieE = Med o Jj= ie/,E. (4.26)
ene Me Uy
With the definition of the resistivity , j = n~'E, we find
B meﬂf,/i M. 1\/§(niZ)Ze4lnA B V2 mi?7Ze2n A (4.27)
= e2n,  €2n.3 7T47T€§mé/2T63/2 - 3/2 1283T63/2 '

() m, < my; for similar energies — |v;| < |ve]
(1) Note that we need to consider momentum exchange collisions, as we have to do with directed velocity.
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We observe that

e There is no dependence on the plasma density. In fact, the effect of density is to increase
both the number of carriers and the number of collisions, so the two effects balance out.

® X 7./, For a metal, n o< T, a > 0: very different!

e Our simple calculation over—estimates n by a factor of 2 because we did not account for the
acceleration of electrons by E: faster electrons are less subject to collisions and carry more
current.

e From more complete calculations:

Ze*/m.In A ZlnA
n [Qm] = cvm n3/2 =51-107"x —nw “Spitzer resistivity”
4e23/ 27T (T.[eV])

(4.28)
This value agrees reasonably well with the experiments.
Examples:
1. Plasma at 100 eV: i ~ 6- 1077 Qm [~ 7 of stainless steel]
2. Plasma at 1 keV: n ~ 2-107% Qm [~ 7 of copper]*)
3. For T"> 1 keV plasma becomes almost superconducting
The decrease of the resistivity with the temperature has two consequences:
1. Magnetic flux is ‘frozen’ within plasma — a general property of supraconductors®%

2. Heating by current (‘ohmic heating’) becomes less and less effective at high T,. The increase
in energy per unit volume is

P
T force x velocity x density = e|E| x vqg x n = nj* o< T, %%, (4.29)
Volume

Note that in the presence of B (with B|E), we would have n ~ n and 7, > 7: particles move
preferentially along the magnetic field lines, therefore the resistivity in this direction is smaller
than in the direction perpendicular to B.

(1) e.g. solar flares: gigantic eruptions with I ~ MA sustained by a small AV < 1 Volt
(8%)  e.g. solar wind carrying B-field with it.
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4.6.2 Vda Z Vthe

If E is sufficiently high that the relative speed is not much smaller than the electron thermal
speed, ﬁf/ * cannot be considered independent of v4 and we do not have necessarily a steady—state
solution. In this case we cannot take the value of 1/5/ " averaged over a Maxwellian distribution,
but we need to retain the velocity dependent expression of uﬁ/ “(vq) and the time derivative d/dt.

Thus
dvg
Me
The key question is the sign of the term on the right hand side. For

= —el — V;/i(vd)mevd. (4.30)

elE| > V;/imevd (4.31)

we have acceleration, otherwise deceleration. If we have acceleration, an increase in vq leads
to a decrease in 1/;/ ‘. Then there is even more acceleration and so on. This is called the run-
away regime: electrons with sufficiently high velocity are more and more accelerated by E as the
collisional drag due to the friction force is insufficient to balance the acceleration given by the
electric field (figure 4.5).

E .
¢ Run—away region
o
.S
ge)
s
g
©
(]
<]
o<
g
d o
(]
S,
[
Q
\ 3
1 1
Vv . yterminal Vd
ths d th,e

Figure 4.5: Sketch of the collisional drag F, acting on electrons as a function of their velocity vy for E > Ep.
The black arrows indicate the overall acceleration or deceleration.

By expressing v£/* in terms of vq, v5/" = Z/E/i(vd), see eq.4.5, we have
Z)Ze* InA
o) > AT A
dres  mivg
neZeIn A 1 neZed In A
) — —mev? > < 4.32
£l 4redmev3 o g 8rel| E| (432)
Let’s divide by T,:
1meo? FE
Mebq , =D (4.33)

—_ >_
2 T. ~ |E|
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Figure 4.6: Melting damage to the upper inner wall of JET, thought to be caused by run-away electrons.

neZeIn A
8reTe

that for |E| = Ep the run-away regime is reached at FEqgp = %mevg =T.,.

where we have introduced the Dreicer electric field Ep := . The meaning of this form is

The production of run-away electrons is a serious problem in tokamaks. For typical parameters of
fusion plasmas the Dreicer field can be as low as 1 V/m. The probability of generating run-away
electrons is then quite high, and these electrons can reach energies of the order of a few MeV. If
their number is sufficiently high they give rise to ’electron beams’ that are no more confined inside
the plasma. In fact, they are thought to be responsible for damages to the vacuum vessel walls
and to other components installed inside the vessel (figure 4.6).

Once an electron exceeds the critical velocity, eq.(4.33), it is continuously accelerated and can reach
energies of several tens of MeV. Because of the toroidal acceleration, electrons emit synchrotron
radiation. A relativistic limit to the maximum energy an electron can reach is given by a balance
between the amount of power that is absorbed from the accelerating electric field and the amount
of power lost by electromagnetic radiation.
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So far we have studied the physics of collisions in uniform plasmas. The effect of collisions in non-
uniform plasmas is to provide transport of both particles and energy. The transport in velocity
space will be discussed later on in the course. Now we deal with transport in real space.

Chapter 5 Diffusion and transport

Let us review some general results of statistical mechanisms for a random walk in one dimension
(figure 5.1). A particle undergoing N statistically independent steps of size £ = |§;| will arrive at
position

T = Zg (5.1)

i=1 i=24 i=N=5
S A S Y —
< X

: o
(final position after N steps)

Figure 5.1: Random walk

Three random walks starting at x = 0

150 T T T T quadratic displacement
= walk 166 14000 T T T
= walk 176 walk 166
= walk 352 walk 176
100 H === mean of 1000 walks 12000 - walk 352 B
<x*> of 1000 walks
10000
" 50 4
g
o 8000
= ;
B%) "
a 0 6000
4000
—50 B
2000
100 : i i i 0 ‘ ‘
0 200 400 600 800 1000 0 200 400 600 800 1000
step t step t
(a) (b)

Figure 5.2: (a) Deviation from origin as a function of time for three random walks. The black line indicates the
average deviation as a function of time calculated for 1000 random walks.
(b) Squared deviation for the three random walks. The black line indicates the average square
deviation as a function of time calculated for 1000 random walks. Note that the diffusion coefficient
D is given by the slope of z2.

As each displacement is in a random direction the average displacement(*)

T =0. (5.2)

(*)  Here ‘average’ means: averaged over many random walks, not averaged over time for one random walk
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(figure 5.2a). However, the mean quadratic displacement (figure 5.2b)
2= @ +) Y GG =NE+Y Y GE = NE#0, (53)
i i gt i i
where we could set @ = EE = 0 by virtue of the statistical independence of the &;. Introducing
the inter—collision time 7 and replacing

t

&= ()’ and N =-— (5.4)
T
we finally obtain
=~ & 2
22t = t =Dt .
x . (V)T , (5.5)

where D is the diffusion coefficient. In general
D = (step size)? x frequency. (5.6)

where the step size is the distance particles travel in one direction in between and as a consequence
of a collision and the frequency corresponds to the inverse of the characteristic time between
collisions.

5.1 Transport of particles
5.1.1 Weakly ionised plasmas with B =0

We consider here the case of a weakly ionised plasma, but the same formalism can be applied also
to strongly ionized plasmas.

For electrons we have

1 e
step size = Apgp = — = Ut—l/l (5.7)
no pem

frequency = /" (5.8)

where 1™ = NpeutralsOelihe 15 the frequency of electron/neutral collisions. The choice of the colli-
sion frequency depends on the degree of ionisation: in strongly ionised plasmas one should use v,
instead.

Thus
02
D 2= Ny = Vg/lia (5.9)
2

D; = % (5.10)
Note that

D. 03, V7" v v e

De _ Vine V17 Uthe o 5.11

Dy vi, vem v * 2L AN (5.11)

because the atomic cross—section for elastic collisions is similar for electrons and ions. We see that
collisions reduce transport.
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In the following we want to answer the following questions:
1. Is diffusion really the important transport mechanism?
2. Can ions and electrons diffuse at (very) different rates in real plasmas?

To answer these questions we need a model. The equation of motion in non-magnetised plasmas
(B = 0) is sufficiently simple that we can use it and compare the result with the simple random
walk model.
m— =qE — P i/ (5.12)
n \W_/
drag term

We are interested in small v relative to vy, and steady-state (d/dt = 0). Thus

1\V
v = (i>E - (-) P (5.13)
my mv/ n
The plasma pressure is defined as p = nT and if we assume an uniform temperature 7', the pressure
gradient becomes

Vp=V(nT)=TVn (5.14)
and

v=(L)E- (l) vn (5.15)

mv mrv n
lq| T
q _
=19 p=_-
,U mv mrv

where p is called “mobility” and D = T//mv = v} /v is the diffusion coefficient as defined before
in our heuristic model. The relation

po_ gl

£ _H 5.16

D= (5.16)
is called FEinstein relation. Let’s calculate the particle flux for the species j:

Fj =NV, = %HJMJE — Djan. (517)

j

KFE=0

I'y=—-D;Vn; “Fick’s law” (5.18)
saying that particles diffuse down along the density gradient. With the continuity equation

6771]-

—+V.I';=0 5.19

ot Vo (5.19)
assuming D; = const, we get the diffusion equation'?)

on,; on,;

a_tj + V . (—D]Vn]) = a_tj — DjVQTLj = 0, (521)

() The diffusion equation is a consequence of the continuity equation. If there are sources and sinks, these will
appear in the right-hand side of the diffusion equation. For example consider an ionisation term S (source,

sign “+”) and a recombination term —an? (sink, sign “—”). Then the diffusion equation becomes
0
a—? ~DV?n =8 — an (5.20)
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Remember our second question: can ions and electrons diffuse at different rates? The answer is
no; to maintain quasi-neutrality we need I', =~ I';. As D, # D;, this means that an electric field
must be created in the plasma. This field will try to slow down the electrons and accelerate the
ions. Assuming n, = n; = n, we have

ri=unE—-DVn=T,=—unE— D)JV,. (5.22)

Solving for E yields

D;— D\ V ,
E= <—> v “ambipolar field” (5.23)
12 + He n

Y

Figure 5.3: Direction of ambipolar field

(figure 5.3). Note that if D, = D; then E = 0 even for u, # p;. Now we can calculate the flux of
both species.

iDe eDi
Hille ¥ fel’s )vn. (5.24)

This is the form we found for the Fick’s law, with the ambipolar diffusion coefficient D,.
To estimate the order of magnitude we have (pe > ;)

1L D; T, Te | 1.=T;
Da ~ DZ _De = D,L — De - D,L _Dz - 2Dza 525
e " TD, T (5:25)

where we have used the Einstein relation between p, D and T. Thus we find that
D; < D, < Dg; (5.26)

the ambipolar field slows down electrons and increases ion diffusion (by a significant amount, in
this example a factor of 2).
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5.1.2 Plasmas with B # 0

Dynamics along B This case is of particular importance for fusion, as we try to confine plasmas
by magnetic fields. The dynamics along B will be very similar to the case B = 0, with one
difference: ambipolarity is more complicated as there is now a privileged direction in the plasma.
The quasi-neutrality condition is 3-D. Such condition will depend on the specific configuration.
For example, in a closed configuration the ambipolar field could be short—circuited by electron
motion along B, and/or across conducting end plates, if the configuration is linear.

Dynamics across B The equations of motion and continuity are much more complicated, but
we can use our general concepts of diffusion and the simple random walk model.

Observation:

Without collisions:
there would be no diffusion across B (over distances greater than py )

With collisions:
particles can jump across B (figure 5.4). After each collision the guiding center is displaced
by approximately p; (this is our step size)®

Q neutral particle

Figure 5.4: Step size for perpendicular diffusion

Weakly ionised plasmas In this case the diffusion coefficient depends on the neutral density
DJ_e7i ~ p%e,i Ve,i/n’ (527)

with DLL' > DLe-

(#)  We need to have a gyro-motion that is not too perturbed by collisions, i.e. Q> v
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Strongly ionised plasmas Which collision frequency to use? To answer this question we state
first that only collisions between un—like particles give rise to a net diffusion and particle trans-
port. Like particles’ collisions only produce a ‘swapping’ of the guiding center positions. Stated
otherwise, for identical particles Av is equal and opposite due to conservation of momentum.
Thus®

Dy, ~ p%e_;/’, (5.29)
Dy =~ py,0c. (5.30)
Note that
D,.
1 (if TL~TY), (5.31)
DJ_i

i.e. that cross—field diffusion is automatically ambipolar. No need for E-field to maintain neutral-
ity.

5.2 Transport of energy

Let’s study now the transport of energy due to heat conduction, i.e. the flux of heat due to

temperature gradient. It follows the same diffusion equation as for particles (we will not prove it)
——— VT =0, (5.32)

where we assumed that the thermal diffusivity x = const. The main difference is that for x all

collisions contribute, including those between like—particles. Also, the relevant collision frequency

18 VE, -

5.2.1 Across B

Xle = pLe [Vg/,; + 772'/:} 7 %e _;/17 (533)
Xii = PR [PLS + 7 = phio = o), (5.34)
where Dg/k 'k 172/ 4 ﬂ;/ “~ 205" and " = 17;3/Z > 1/2/ was used. Assuming T, = T; we get the

ratio

XLezp%e\/?’;;/Zz\/i% [mi _ [2me (5.35)
Xt P, bl m; \ Me m;

—> lons ‘transport’ heat across B much more efficiently than electrons.

) In this “classical” diffusion picture (“minimum diffusion” state) the diffusion coefficients behave as

1
D, x i (5.28)
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5.2.2 Along B

e o [ 9] 2 e (5.30)
k k
2 2
Xl ~ —hi Db (5.37)

P A

the ratio is

X|le L m; [m, [ m;
Alle = 7 [ 1 5.38
X V2me | m; 2m, > ( )

= Electrons ‘transport’ heat along B much more efficiently than ions.

5.2.3 Compare || and L Transport

1, (5.39)

max(Xje, Xii) o Xle _ Ve 1 (@ 02

2
max(Xie X1:) X1 25" pQLiE;/Z ,OLi> oY a7

e.g. ~ 10" for JET tokamak plasma. In general

Xlle 2> X|i == XLi =2 XLes (5.40)
DHa >D,;, =D, (5.41)

Thus the different types of transport are dominated by

Parallel heat — electrons
Parallel particle — electrons (ambipolar E)
Perpendicular heat —> ions
Perpendicular particle —— neither
Note that
1
D) " D, xuw. (5.42)

Thus parallel transport is slowed down by collisions whereas perpendicular transport needs colli-
sions.
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5.3 Qualitative survey on the limits of this “classical” model

Let us concentrate on L transport of particles (D)

—2
D, ~ p2 ¢ B ; (5.43)
1L =pPLYy X 712 .

by increasing B (magnets) and by heating the plasma we should be able to make it as small as we
need it to be to achieve fusion! To find out whether this optimistic conclusion is valid in practice
we need an experimental verification. This means we need a way to measure directly the motion
of test—particles and verify that

1. It follows the diffusion equation
2. D is consistent with our “classical” theory

For the simplest plasma (a linear long column with magnetic field along its axis, and very qui-
escent), yes, diffusion can be classical and follow our (approximate) calculation (details on this
experimental verification are given in Appendix A).

But, how often is plasma behaving ‘classically’? Take the JET tokamak for example: R = 1 m;
T=05s; B=3T; T, ~10keV; n = 10*° m~3. Experimentally one finds'¥

DTP ~ 1 m?/s. (5.44)
Compare it to classical prediction:

DY, ~ p7 75"~ (107%)% x 5-10° m?/s = 5- 10" m*/s, (5.45)
thus

DY? > DY (5.46)

This is probably the most critical physics problem for fusion. Is there something wrong in our
‘classical” estimate for tokamaks? Is the Larmor radius really the step size to use? The answer is
no, we need to modify our estimate of diffusion due to Coulomb collisions somewhat, that leads
to “neo—classical” diffusion.

A tokamak is not a cylinder, but a torus with twisted field lines: particles follow more complicated
orbits than just gyro—orbits. It is the size of these orbits that needs to be considered for diffusion.
This size is 5+ 10 times larger than the Larmor radius, so the resulting diffusion is 25+ 100 times
larger, but still much smaller in most cases that measured experimentally.

(1) Note that one cannot have a direct measure of D in fusion plasmas, but macroscopic analysis can give a

relation between D and measurable quantities: D ~ %
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5.3.1 Qualitative explanation for ‘neo—classical’ diffusion

1. Particles move along helical B—field:

2. As B x 1/R, particles experience along their motion minima (outside) and maxima (inside)
of B

3. Particles can be trapped in the effective magnetic mirror they see. The fraction of trapped
particles depends on the ratio a/R (aspect ratio), see figure (a) below.

|B| as seen by particle trapped particles

radial
direction

28 -b@ @ -32)
X,
"~ ~ S =~

toroidal direction

(a)

4. Projected on the poloidal plane (i.e. a section of the torus), this trapped orbit has the shape
of a banana, so it is called the banana orbit, see figure (b) above.

Thus particles move quickly around the banana, then, when they collide, they jump to a different

banana orbit, so the width of this orbit is the size of the jump to be used for DX . Example
for JET:
Dyt ~ 60 DY < DY, (5.47)

So the ‘neo—classical’ model is still far off the experimental behavior. This behavior is called
“anomalous” transport and is still not entirely understood, although it is unanimously attributed
to the effect of plasma turbulence, originating from unstable waves in the plasma.
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Chapter 6 Waves in plasmas

All plasma particles are ”sources” for Maxwell’s equations. Therefore most dynamical processes
in plasmas are related to electromagnetic waves and oscillations. Waves are used to heat plasmas,
and to drive current non—inductively. Another example of the importance of waves is the role that
microscopic electromagnetic waves and instabilities play in producing transport of particles and
energy in plasmas well above the levels due to collisional effects.

6.1 Mathematical technique

a.) We will use normal mode (or plane wave) analysis. This corresponds to considering all
quantities in Fourier space, using the Fourier transform defined for any quantity g as

~ 1 —i(k-x—w

gk,w)= L /d?’x/dtg(x, t)eilkex—wt) (6.1)
with the inverse transform given by

a(x, 1) = / & / o 8 (K, w)et) (6.2)

This will lead to complex quantities. Naturally, all physical quantities are real, and we will
need to consider the real part at the end of all calculations.

The Fourier transformation is a linear operation. Its use comes from the fact that by using
it we can split a complicated problem into small pieces, solve it for these small pieces, and
combine the pieces together to form the complete solution. This implies that the system of
equations to be solved is linear.

b.) What we do is to linearise the systems of equations, considering small perturbations to an
existing equilibrium. Take for example the continuity equation (a differential equation) for
the mass density p and the fluid velocity u:

ap B
n + V- (pu) =0, (6.3)

where p = p(x,t) and u = u(x, ).
1. Chose an equilibrium — no time dependence — steady state:
po(x) = po  (uniform equilibrium), up(x) =0 (static equilibrium) (6.4)

2. Consider small perturbations to this equilibrium
P1

p=po+ pi(x,t), ‘—‘ < 1 (expansion parameter) (6.5)
Po
3. Linearise by retaining first order terms only to get the linearised continuity equation
d(po + p1)
——— + V. +p)(uy +uw) | =0
ot (po + p1)(_ o 1)
=0
0 0
ﬂ -+ ﬁ + V . (poul) + V . (plul) =0
N ot , N ot , S—— N————
Order 0; = 0 by definition  Order 1 Order 1 and pp=cte  Order 2; neglected
0
% + poV -y = 0. (6.6)
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4. Now we consider normal modes, i.e. we consider the perturbed quantities as Fourier
transforms:

p1(x,t) = /d%/dw o (k, w)eltex=wh (6.7)

and the same for u;. Thus

9 ~ i(k-x—w
5 {/d3k/dw o (k,w)e'k t)}
+ poV - { / >k / dw 1 (k, w)e“k'x—wﬂ} =0
= /dgk:/dw [—iwﬁl(k,w)] eilkex—wt)
+ o / &k / e ik - Ty (K, w) | 60 — p, (6.8)

Where we have used the following formal substitutions:

V =ik and % — —iw. (6.9)

So in our example the linearised continuity equation becomes in Fourier space an alge-
braic equation:

In the following we will drop the tilde symbol to simplify the notation.
Note that it is important to refer to the equilibrium, in respect to which the linearisation was
done.

6.2 Phase and group velocities

6.2.1 Phase velocity
wk

Vph = EE (611)
It can be |vpn| > ¢, as vy, does not carry information.
6.2.2 Group velocity

ow

Ve = o (6.12)
It cannot be |vg4| > ¢, as v, does carry information. Proof in 1-D:

El _ Eoei(k+Ak)x7i(w+Aw)t’ (613)

E2 — E0€i(k_Ak)x_i(w_Aw)t. (614)
The modulated wave packet resulting from the superposition of E; and Fs is

Etot — El + EQ — Eoei(kx—wt){ei(Akx—Awt) + e—i(Akr—Awt)}' (615)
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As e + e~ = 2 cosa we have
E,,; = 2Fye!tkz=wt) cos(Akx — Awt). (6.16)

The envelope of the wave, given by cos(Akx — Awt), is what carries the information, and propa-
gates at the group velocity

CAw 0w

s = AL~ Ok (6.17)

6.3 Reminder of the MHD plasma model

The first plasma model we consider to analyse plasma waves is the simplest, the Magneto-
hydrodynamics model (MHD). Let’s review very briefly its basis and some of its properties (already
covered in Plasma I). The system of equations for the MHD plasma model is:

0
a—f+v-(pu):o; V.J=0; (6.18)
d “ideal” MHD
P I xB-Vp: EiuxB—]? deal (6.19)
dt nJ  “resistive” MHD
d
) =0; V x B = pol; (6.20)
0B
VXxE=——; V.-B = 0; (6.21)
ot
Here
d 0
— = — . .22
ETlrY +u-V (6.22)

is the convective derivative. Variables are p (mass density)™*), u (fluid velocity), J, p, E, B.
We have 16 equations, of which 14 are independent, and 14 unknowns. The MHD approximation
describes phenomena that are

e Macroscopic (taking place on length-scales L > py )

-1

e Relatively slow (with time-scales 7 > Q_", Q; the ion-cyclotron frequency)

e But fast enough that u 2 vy,

Note that the charge density does not appear, as we consider quasi—neutrality, and that the electric
field in the Lorentz force and in the displacement current (in Ampere law) has been neglected.

6.3.1 Flux freezing and diffusion of B—fields through plasma

In hot plasmas the resistivity is so small that usually we can take n — 0. An important consequence
is that the magnetic flux is ‘frozen’ into the plasma. The field lines and the flux tubes associated
with them acquire an important physical meaning as if they were real objects. To estimate over
how much time the flux can be considered as frozen in the plasma, let us consider Ohm’s law with

(*)  the exponent v in the equation of state is the adiabatic index, v = z—", where ¢, and ¢, = ¢, + R represent
the specific heat evaluated by keeping constant the volume or the pressure, respectively. For a mono-atomic
gas v = 5/3, for polyatomic gases, v = %, where f denotes the number of internal degrees of freedom.
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n # 0 (resistive MHD)("). We are interested in the typical time-scale associated with variations of
B in the plasma

8B arada; m
EF:CIY_VXEOQ —Vx{—uxB+nJ}. (6.23)

Assume 7 = constant and consider Ampere law J = tv x B

68_]:) = Vx(uxB)—%Vx(VxB)
= VX(uxB)—ME(V(v-B)—WB)
0
— Vx(uxB)+ LvB. (6.24)
N—— NO

convection
diffusion

So B varies in a plasma because it is transported by it (convective term) or because it diffuses
through it (diffusion term). To estimate the relative importance of the two terms, consider the
scale length L ~ |V|~. Thus

diffusion |%V2B‘ %% _.n
convection |V x (u x B)| uB T pgul

= R, (6.25)

where R, = pouL/n is the magnetic Reynolds number®. In most plasmas of interest Ry, > 1.

The characteristic time for the diffusion of B in plasmas is

and in general is macroscopic, e.g. in the JET tokamak (L =21 m, T, = 10 keV, =5 x 107° x
T 5 A ~ 7.5 x 1071 Om)
T ~ 1700 s. (6.28)

In space plasmas this is even larger, due to the enormous values of L. An example demonstrating
the long time that it takes to decouple plasma and magnetic field comes from solar flares and solar
wind.

The solar wind is generated by a plasma that ‘erupts’ from the sun and is ejected out radially.
Each ‘blob’ of plasma forming the solar wind carries with it the magnetic field that it had in-
side the sun, practically unchanged until it reaches the earth magnetosphere. The interaction
with the magnetosphere and the earth magnetic field depends on the orientation of B in the so-
lar wind. This is difficult to predict, as the field inside the sun is turbulent and changes orientation.

() Note that this has been discussed in the Plasma I lecture (see relevant notes). It is summarized here for
completeness. One can also refer to the second problem of problemset #5.
®  in ordinary fluids, described by the Navier-Stokes equation, we define

R inertial force  [pu-Vu|  pul

- 6.26
viscous force |£V2u| W’ (6.26)

where p is the viscosity.
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(a) STRETCH (b)

FOLD

MERGE

@

(d) ()

Figure 6.1: The stretch-twist-fold scheme for fast dynamo effect. Courtesy of A. Brandenburg, K. Subramanian,
Physics Reports 417 (2005) 1-209.

The freezing of B in a plasma is also believed to be at the origin of the magnetic field in the
universe and in the (melted) metallic core of planets such as the earth through ”dynamo effect”,
illustrated in figure 6.1.

The dynamo algorithm starts with first stretching a closed flux rope of cross—section Sy to twice
its length preserving its volume, as in an incompressible flow, see (a) — (b) in figure 6.1. The
rope’s cross-section then decreases by a factor of two (S; = Sp/2), and because of flux freezing the
magnetic field doubles (B; = 2Bp). In the next step, the rope is twisted into a figure eight, (b)
— (c), and then folded, (¢) — (d), so that now there are two loops, whose fields now point in the
same direction and together occupy the same volume as the original flux loop. The flux through
this volume has now doubled. The last important step consists of merging the two loops into one,
(d) — (a), through small diffusive effects. This is important in order that the new arrangement
doesn’t easily undo itself and the whole process becomes irreversible. The newly merged loops
now become topologically the same as the original single loop, but with the field strength scaled
up by a factor of 2.

It is believed that complex fluid motion can lead to effective stretching and folding of flux tubes,
therefore to amplification (or creation from thermal noise) of magnetic fields (”dynamo effect”).
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6.4 Ideal MHD waves
The ideal MHD can be reduced by combining its equations, obtaining

ap u 1

EJrV-(pu)—O pa——Verlu—o(VxB)xB (6.29)
0B d
= “(pp~ ) = 0®

5 V x (ux B) P (pp™7) =0 (6.30)

This is a system of 8 equations with 8 unknowns: p, p, u, B. We now consider small perturbations
to a uniform and static (no flow) equilibrium

B(x,t) = By + Bi(x, 1) u(x,t) = u(x,1) (6.31)
p(x,t) = po + p1(x,t) p(x,t) = po + p1(x,1) (6.32)

and linearise the original system of equations in respect to the equilibrium

0 ou 1
0B
3_t1 =V x (u x By) b = el P1 = C?ﬂl(ﬂ) (6.34)
Po

Here cs = \/ypo/po is the sound speed. After elimination of p; and Fourier transformation (refer
to section 6.1) this becomes

—wp1 + pok -u; =0 (635) | WA
1
—Wwpolu; = —kplci + —(k X B1> X BO (636)
Ho |
—LUBl =k x (u1 X Bo) (637) ,//
6.4.1 The shear Alfvén wave k,~ B
0 0
Without loss of generality we can choose By = Byz and
k, = 0 (see figure 6.5). Let us now consider the particular
case of a transverse wave uy, = uy, = 0, i.e.

<y

k = (ky,0, k) (6.38)

u; = (0, Uiy, O) (639)
Figure 6.2: Notation for the study of
We will treat the case uy, # 0 # uy, later. MHD waves.

d d
() Rewriting the continuity equation as dit) = —pV - u, we have dit) +pV . -u=0.

(0 From eq.(6.30) and eq.(6.32) we have (po+ p1)(po+ p1)~7 = popy " = (po +p1)(1 — 'yZ—l) =po. At the
0

'zero’ order (i.e. neglecting all the perturbation terms labelled as ’1") we simply have pg = pg, while at the

first order we obtain p; = ’ypoﬂ.
Po
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ke 0
We have k-u; = 0 | wi, | =0 and therefore from
k. 0

Eq.(6.35), we find p; = 0, i.e. there is no variation of the mass density and we can conclude that
the wave is of non—compressional type.

The component along the y-axis of eq.(6.36) becomes

1
WPy = —% (k X Bl) X B0:|y =

. 3 g 2
= —— (k X Bl)x (k X Bl)y (k X Bl)z =
Ho 0 0 By
)
B B | T U Z B
= 2k xB)e=—| ke 0 k| =—k.By,
Ko Ho B, Bly By, i Ko

Eq.(6.37) gives

—wBy, = |k x (u; x BO)} — [k x :?;Bouly] = Bok,uy, (6.40)

Y Yy

Then the system of eq.(6.35), eq.(6.36) and eq.(6.37) can be written as:

k.B

wpotty + = °By, =0, (6.42)
0

szouly -+ CUBly = 0, (643)

where eq.(6.42) and eq.(6.43) can be written as a homogenous linear system

k- Bo
Yy ) _ [ wWPo T
A (Bly) 0, where A (szo " > . (6.44)

To have a non-trivial solution (u;, # 0 # By,), we must have det A = 0. Thus, we obtain the
following dispersion relation

2
2 __ BO

w =
Polo

y =

k2 = Ak = Ak cos? 0, (6.45)

where ca = By/\/lopo is the Alfvén speed. Typical values are

Magnetosphere:
B~5x107%T 5x 1078
_ = Cp ~ ~ ].06 m/s.
n~ 10 m=3 } 4 V1.7 x 10727 . 106 - 47 - 107 /
Tokamak: 5
B~3T
- ca ~ ~ 6 x 10° m/s.
n ~ 102 m=3 } A V1.7 x 107271020 - 47 - 107 /
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The solution given by eq.(6.45) is called shear Alfvén wave or non—compressional Alfvén wave, as
there is no density perturbation:
o k- uq

p=——"=0, (6.46)

This is different from sound waves, for example. Note that

e The velocity of a particles born with energies 3.5 MeV is > ¢4, so the a’s become resonant(l)
with Alfvén waves during slowing down in a fusion reactor.

Alfvén waves were observed in space first, then in mercury plasma (large py — smaller A:
easier to measure in a bounded laboratory plasma).

e Alfvén waves are equivalent to waves on a string with tension S and mass per unit length
M
0%y 0%y S
o~ "9z CTM (6.47)

See problem #1 of problemset #5 where you can show the analogy between a wave travelling
along a magnetic field line and a chord.

6.4.2 The compressional Alfvén waves and the magneto—sonic waves

Now we consider the other case u1, # 0, uy, = 0, u1, # 0, where the perturbation has a longitudinal
component. Choosing B;, = 0 we get with our previous choices By = Bye, and k, = 0 from
eq.(6.37)

=B
B, — U1 Do

(k x 9). (6.48)

w

Inserting p; from eq.(6.35) and B; from eq.(6.48) in eq.(6.36) we get a linear system for u,
and uy,, which again has only a non-trivial solution if the determinant of the coefficient matrix
vanishes. After some algebra one finds the dispersion relation

w — WK + ) + k2R el = 0, (6.49)

which has the solutions

1 1
= AL (G 4 ) - (6.50)
Note that
Cs\%2  YPoMopo Y Po Y
A R ) — L8 _ 7 6.51
<CA) po Bj 2 % 26’ ( )

The pressure ratio ( is an important parameter to characterize a plasma®*). For many plasmas
of interest we have f < 1, so ¢ < c4. In this limit the “4+” branch of eq.(6.50) becomes

w? ~ k2. (6.52)

() As we will see later in the kinetic model, the condition vparticle ~ vpn makes it possible that a strong
interaction between waves and particles with exchange of energy may occur. This may lead to instabilities,
and the particle motion may be affected by the wave.

(%) B2 /2u is often referred to as “magnetic pressure”.
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This solution is called fast wave or compressional Alfvén wave'"). For the “—” branch we find the
so—called slow wave or magneto—sonic wave

w? ~ k? = k*c? cos? 0. (6.53)
A useful way to represent the solutions is the surface described by the vector of phase velocity
wk/k? (figure 6.3).
These are all possible modes of oscillation that an (unbounded) “MHD plasma” can sustain. As
we relax the assumptions that lead to the MHD model many other modes appear, for example

separating ions and electrons in their oscillatory motion. To describe these modes we need a more
detailed plasma model, such as the multi—fluid or the kinetic models.

AB:BOZ AB:BOZ

Cp cosO

%cs cos0

(a) (b)

Figure 6.3: Alfvén waves
(a) non-compressional transverse shear Alfvén wave, dispersion relation eq.(6.45).
(b) outer circle: compressional fast Alfvén wave, dispersion relation eq.(6.52), inner curve: slow
magneto-sonic wave, dispersion relation eq.(6.53).

() p1750<—>V'U1750
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6.5 General Description of Plasma Waves

We start from Maxwell equations, with the plasma, present through p and j as “source”, for the

fields

0B 1 0E
E= " B=/j+—=— .54
VX ot VX T (6.54)
v E="2 V.-B=0 (6.55)
€0
and take the curl of the first equation to obtain the wave equation
dj 10°E

E)=—pww=—-—=—5 .

V x (V x E) Hoge ~ 35 (6.56)

We need to assume a constitutive relation between j and E totally general,

jxt) = /dt'/d%’g(t,t/,x, x') - EX,t) (6.57)

where o is the conductivity tensor which contains the model for the plasma dynamics. Note
that in general this is a non—local relation. However, if the unperturbed system is uniform and
stationary, then, as a consequence of translation invariance,

a(t,t;x,x)=c(t—t;x—x) (6.58)
and we can use Fourier decomposition
jka = ng . E%k (659)

From the Fourier transform of eq.(6.56), i.e. for plane waves, we have

2
—k x (k X Eu) = iwptoo - Bk + —Fu (6.60)
C

Multiplying by ¢?/w? we find*)

2

2 .
—C—zkx(kxE):iwg-EjLE:(£+1)-EE§-E (6.61)
w w Eow

where

100
1={01 0] =46 (6.62)
00 1

e=—+1 (6.63)

{N2 {ﬁ—n} —|—§} "E=0 (6.64)

(*)  Again the heavy notation has been dropped, e.g. E,x - E
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where the index of refraction
N = — = (6.65)

has been defined and

k x (k x E) = k? {%—1}-E (6.66)

was given in dyadic notation.) Note that, as we are in Fourier space, all quantities are complex.
Eq.(6.64) only has a non-trivial solution E # 0 (i.e. a condition for waves to propagate) if

kk
det {N2 {ﬁ — ]1} +§} =0 (6.68)
that leads to the dispersion relation
D(w,k) =0 (6.69)

which may be solved to obtain w = w(k) or k = k(w). Frequency and wavelength are thus related
in a way that depends on plasma dynamics.

6.6 Dispersion Relations
6.6.1 Summary of Two—Fluid Model for B, =0, 7' # 0 [see in Plasmas I]

In the following we assume that the wave propagates along the z—direction. Note that the fluid
model is expected to break down for k2% > 1.

e Transverse waves (“T”): E,, E, #0, £, =0

w? =W, + k¢ (6.70)

e Longitudinal waves, (“L”): E,,E, =0, E, #0

w? = wge + 3 k%5, “Langmuir waves” (6.71)
w? = k*c? (6.72)
w? ~ W “Ton acoustic waves” (6.73)
w? ~ Wl + kg (6.74)

Note that ion acoustic waves can propagate only in plasmas with 7, > T;, otherwise we have
resonant interaction and damping (as we will show in the study of wave-particle interactions using
the kinetic model). If T, 2 T, waves with w < w,; do not propagate.

() The explicit expression for kk is

K2 koky  kok.
Kk = [kik;] = | kyks k2 kyk. (6.67)
koky kok, k2
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™k

Figure 6.4: Summary of the dispersion relations derived for an warm (7 # 0) unmagnetised plasma (By = 0)
in the frame of the two—fluid model. ~ is the adiabatic index. ~“T” stands for transverse, *~“L” for
longitudinal waves.

The solutions of the dispersion relation are shown in figure 6.4.

6.6.2 Two—Fluid Model for By # 0, T =0

We will now consider plasma waves and oscillations with By # 0% in the cold plasma model,
T = 0. We expect that By, by introducing a “privileged” direction, will bring a much wider
variety of plasma modes of oscillation.

Langmuir waves and ion acoustic waves (for the case T' # 0) are expected to be the same in
magnetised plasma if E; || Bo, as in such geometry the Lorentz force will have no effect.

Let’s take a two—fluid model with 7' = 0, and therefore p = 0, with an equilibrium
Uy — 0 BO = Boez (675)

where o = e, 4 denotes the plasma species and By, no9 = ng and py are uniform. The linearisation
of the equation of motion

ou,
Me { ai 4 (- V)ua} = ¢ {E + u, x B} (6.76)
yields
ma% = anl + gaUa1 X BO (677)

(#) Most plasmas of interest, also because of flux freezing, have By # 0 somewhere
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and after Fourier transformation
—iwmaugr = ¢ E1 + guua X Bo. (6.78)
With
T 7 Z
daUq1 X BO = anO Ualz Ualy Ualz | = QQBO<ualy:% - Ualzg) (679)
0 0 1
Eq. (6.78) becomes
—iw —Q, 0
O —iw 0 | -uy = log, (6.80)
0 0 —iw Ma
and finally
—iw —Q, 0 -
wa =2 Q. —iw 0 ‘Ei=p -E (6.81)
m . —a
@ 0 0 —w

where we have introduced the mobility tensor p . Note that due to the u, X Bg term, p (hence

o and g) will not be diagonal. From Eq. (6.81), we find

—iw Qo 0

02 —w? Q2 —w?
_ o — S _—iw
Latv M, Q2 -w?  Q2-w? '
0 0 L
w

Note that, as mentioned before, the x and y—directions are coupled. As

Jj= Z qaNaoUa1 = Z GaTa0lt - E,=0-E

we get for the conductivity tensor

—iw Qo 0
2 Q2 —w? Q2 —w?
P Qo —iw 0
g = qanaOII' Nao - 2-w? QZ—w?
Mo 0 0 1
w

Finally we obtain from the definition Eq. (6.63) for the dielectric tensor

€1 —i€2 0
g = iEQ €1 0
0 0 €3

where

61_1+292_w2

:_Z wQQ—wQ

«

UJpa

63—1—
w2

(67

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)

(6.87)

(6.88)
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y <

Figure 6.5: Notation: Geometry of magnetic field and wave.

Note that, for a cold plasma, € does not depend on k, but only on w. For B — 0 we have e, — 0
and €; — €3, thus € becomes a diagonal matrix with all elements equal to e3. As we have expected,
there is no privileged direction anymore.

Let’s use these results to discuss the wave equation eq.(6.64) and its solutions given by eq.(6.68).
Choosing k in the yz—plane and defining the angle 6 with respect to the z—axis as shown in figure
6.5, we find

kk —N2 0 0 €1 —162 0
N? {F—]l] +e = 0 —N?cos?f NZ?sinfcosf | + [ie; € O
0 N?sinfcosf —N2sin?6 0 0 e
—N2 + € —i62 0
= i€y —N?cos?0+¢; NZ?sinfcosb
0 N?sinfcos —NZ2sin?6 + e
and we impose the condition
—N?+¢ —i€g 0
det i€y —NZ%cos’0+¢€;  NZ?sinfcosf | =0 (6.89)
0 N?sinfcos —N2sin?6 + e,

to have a non—trivial solution for E;. This leads to a dispersion relation of the type
AN*+ BN?*4+C =0 (6.90)

where A, B and C' depend on the angle § between k and By, but not on |k|, and on w. Explicitly

. 2 . 2
®  calculation: €; =14 -~ doe0 (Qgi‘zz) =145, ﬁ

€ow a  me
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A =¢g;sin®f + e3cos’ f (6.91)
B=— (g, —&5)"sin®0 + e1e4 (1+ cos?6) (6.92)
C= €3 (81 -+ 82) (81 — 82) (693)

Some important points are

o “cut—off” — where the wave is reflected

N=0,C=0 — — — 00 (k—0,w#0) (6.94)
e “resonance” — where the wave is absorbed
N =00, A0 — %%0 (6.95)
6.6.3 Cut-offs
Introducing
ER=€1+ € (6.96)
€[, = €1 — €2 (697)
we can write
C = egreres (6.98)

Note that C is independent of 6. In the cold plasma model, the cut—offs do not depend on the
propagation angle. In general there are three cut—offs

er=0 — W= Wwg (6.99)
e, =0 — W = wr, (6100)
€3 =0 = w? ~ w2, (6.101)

where in the limit €, > €,

|
WYEY {, /02 + 402, + Q} (6.102)

thus wr, < wpe < wWp.
In the limit B — 0 we find that wg , = wpe, consistently with our previous model. A useful form

1S

(WwF wr)(wtwrp)
(wF Q) (w )

€R,L = (6.103)
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6.6.4 Resonances

As the condition
A= A(w,0) = € sin*0 + e3cos* 0 = 0 (if e, # 0) (6.104)

depends on the angle 6, for given values of €, €3 (i.e. of plasma parameters and frequency), there
will be one angle for which the wave will encounter a resonance. Let’s consider the “principal”
directions # = 0 and 6 = 7/2.

For 6 =0 (k || By), eq.(6.104) becomes

tan?f = — = = 0 (6.105)
€1

Thus there are resonances for

€3 =0 — w? = w2(® (6.106)
€1 — 00 = w? =02, “cyclotron resonances” (6.107)

A useful expression for the index of refraction in parallel propagation is:

N k2 c? _ WFwp)wtwr) - Wi /w?
w? (W) (wF Q) 1FQ/w
w2, [w?
_per 1
1FQ/w <

(D wp seems to be both a cut—off and a resonance. In reality, as we have seen for 7' # 0 and By = 0, w;, is only
a cut—off.
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In the previous lecture, we have seen that the general expression of the dispersion relation is
AN* + BN? + C = 0. The cut-off frequencies are given by N — 0 = C = 0 and in the cold
plasma model, they don’t depend on the propagation angle #. The resonance frequencies are given
by N — oo = A = 0 and they depend on the propagation angle #. Let’s consider the “principal”
directions, i.e. parallel and perpendicular propagation.

6.6.5 Propagation parallel to By: 6§ =0

In that case, the expression for the coefficient A, found in the previous lecture, becomes

Aw,0)=0  —  tan=0=-2 (6.108)
€1
Thus there are resonances for
€3 =0 — w? = wf)(*) (6.109)
€1 — 00 — w? = le “cyclotron resonances” (6.110)

Let’s analyse the meaning of the cyclotron resonances by looking at the dispersion relation and
wave equation for waves propagating parallel to By:

—N2 + € —i€2 0
i62 —N2—|—€1 0 'E1 =0 (6]_1].)
0 0 €3

One can note that e3 = 0 gives the usual longitudinal (E = (0,0, E,)) dispersion relation w = wy,
as in the case By = 0, as F.e, | Bg || k.e.. Let us now concentrate on transverse waves
(E = (E,, E,,0)), dropping the subscript for E4

—N? E,—ieE, =0
(=N F ) B —ieE, (6.112)
i6E,+ (-N*+e)E, =0
therefore (—N2+¢;)> — €2 =0 — —N? + ¢ = +ey and
N? = {61 te=cr (6.113)
€1 — €3 = €],

by introducing the “rotating vectors” Ep; = F, FiE, we can separate the two components
and give a physical interpretation to the two solutions. As

() G2 () e ()G (236 ) ()

the wave equation becomes

1 —N2—|—€1 —1€9 1 1 Er o —N2—|—€R —N2+€L Er —0
2 iEQ —N2+€1 1 —1 EL o i(—N2+€R) —i(—N2+EL) EL o

(6.114)

) wp, seems to be both a cut-off and a resonance. In reality, as we have seen for 7" # 0 and By = 0, wp, is only
a cut—off.
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and for 7
Ep#0
N2 =¢p — R 7 (6.115) B,
E, =0
Er=0
N?=¢ — " (6.116) g £
EL 7é 0 B /

Right-handed wave (R)

N’=¢p Epr#0 E,=0 — E,=iE, .

To understand whether the electric field of the wave Figure 6.6: A wave field Ep rotating with
rotates with or against the direction of the cy- the electrons.

clotron rotation of ions and electrons, let’s look at

the normal mode in real space on a plane (z,y)

E, ‘ cos wt
E, = RS |iE, | efkx—wb = F, | sinwt (6.117)
0 0

x=0
Thus, for w > 0, the field rotates with the electrons.(?)
Left-handed wave (L)
N°’=¢ E #0 Erp=0 — E,=iE,
In this case the electric field rotates with the ions.

We expect (R) and (L) to resonate with electrons and ions, respectively:

k2c?  (wTF wp)(wtw)

N? = =
w? (WF | Qe |)(w £ D)

(6.118)

where the upper sign is for the R-wave, the lower for the L-wave. As expected, the resonances
(N? — 00) are given by the denominator of eq.(6.118):

(R) w—| Q| (L) w — Q; (6.119)
We find again the cut—off frequencies given by the numerator:
W= Wg w = wr, (6.120)

For these frequencies £ — 0 but w remains finite.

() Consider the diamagnetic nature of particle orbits, i.e. the magnetic field of a rotating particle will always try
to decrease the magnetic field which makes it rotate. This argument yields a positive rotation for electrons
and a negative for ions.

In general polarization can be defined as P = i%, where P > 0 means clockwise rotation and P < 0
counter-clock rotation. If |E,| = |E,| the polarization is circular, and P = +1, where P = 41 is for the
R-wave and P = —1 is for the L-wave.
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If we let w — 0 and k — 0 (the limit of “slow” and “large” processes described by MHD), both
branches behave in the same way

2
k2c? WR WL wy e2n 1 MmN eopo=1/2 Cugm;n ¢ ¢
~ — — — g —_— = — = —
2 = = = 252 2 2 B 2
w Q, | Q Q, | Q gom goB B B ¢
@ ’ e ‘ v ’ e ‘ 0% mems 0 pro A
— w? ~ Ak

As expected, we find the shear (incompressional) Alfvén waves, as found in the MHD model, in
the low frequency/long wavelength limit.

The phase velocities of R- and L-waves are different: if we send a wave propagating parallel to
By polarised in the perpendicular plane, its polarisation will rotate as it propagates through the
plasma (i.e. the plasma is a birefringent medium). This phenomenon is called Faraday rotation
(figure 6.7) and is used to get information on the B-field or the density inside the plasma. It is
useful in large astrophysical plasmas or when access to both ends of a magnetised plasma—column
is possible.

Figure 6.7: Faraday rotation of the plane of polarisation of an electromagnetic wave travelling along
By.http://www.wikipedia.org.

Whistler waves

For the R-wave, in the limit w/k < ¢ (and w < wp, <| Q. |), if Q; K w K| Q. | S wr we have

k2 c? w? w? w2
- ~1-—= P ~1 P ~ P 121
w2 (w—+ ) (w—1] Q) + w| Qe | w | Qe | (6 )
Thus
0
Y0 — Yave, P (6.122)
ko wp k ok

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



6.6 Dispersion Relations page 58

The phase and group velocities increase with the frequency. Thus if we send a pulse made of
different frequencies in this range, along By, the higher frequencies will propagate faster. “Whistler
waves” () are a manifestation of this phenomenon, see figure 6.8.

lighting

Figure 6.8: A lightning provides a broadband source of electromagnetic waves, high frequencies arrive faster,
followed by lower frequencies. This leads to a falling tone in the spectrum (see figure 6.9), hence the
name “whistler waves”. They were discovered during radio transmissions in world—war I, where they
were sometimes mistaken for bomb noise.

14

12 4§

—_
(=2} o (=]

frequency f [kHz|

'y

0 2 4 6 8 10 12 14
time t [s]

Figure 6.9: Spectrograms (frequency vs. time plot) of whistler signals, as received at Palmer Station, Antarctica
on August 24, 2005 and showing the curvature caused by the low-frequency branch of the R-wave
dispersion relation. At each time ¢, the receiver rapidly scans the frequency range between 0 and 15
kHz, tracing a vertical line. Red (blue) color corresponds to signals of strong (weak) intensity at the
scanned frequency. The downward motion of the frequency with time then indicates a descending
glide tone. Source: http://www.wikipedia.org.

(#)  Note that the exact slope of whistlers and the time dependence of the pulse frequency contain information
on the Earth’ magnetosphere plasma through which they have propagated. This is why there are several
whistler recording instruments in polar regions (Antarctica).
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Summary of the Dispersion Relation for Propagation Parallel to B, transverse waves

A summary of the dispersion relation for propagation parallel to the magnetic field is shown in
figure 6.10.

/S w/k=c

region of whistlers (also called “helicon” waves)

co/kfc

\\\\\as\g;ag;gg;;gg for Rowaves N\ \
MR

R electron cyclotron waves

Loy iy,
Q////////////////p/%///////

L ion cyclotron waves

/
shear Alfvén waves

k

Figure 6.10: Summary of dispersion relation for parallel propagation (k || Bp) and for the cold plasma model
T =0.

6.6.6 Propagation perpendicular to By: 0 = 7/2

In that case, the condition for non trivial solutions — see eq.(6.34) in the previous lecture — becomes

—N? 46 —ie 0
det icy €1 0 =0 (6.123)
0 0 —N2 + €3

Y

61(—N2 + 61)(—N2 + 63) + i€2<i€2)(_N2 —I— 63) = 0

= aN'+ (=€l —e1e3+)N* +ejes —e363 =0
= aN'+ (6 —ecre5—E)N* +eg(er+e) (e —€)=0
——— N——
€R €r,
= AN*+BN?*+C =0 (6.124)

We already found the cut—off points where N — 0 and which were independent of the angle of
propagation,

W= wp W= wg W= wr, (6.125)
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Now we need to find the resonances, N — oo. As

_ —B+VB?—4AC

N? 6.126

N — oo for A — 0. Thus
w2

e =1+ Z ﬁ =0 “Hybrid resonances” (6.127)

or explicitly
L+ e (%)
w? = Wiy = Qe E ;2 “Lower hybrid (LH) resonance”®) (6.128)
1+ (2
w? = wiy ~ wl 4 Q2 “Upper hybrid (UH) resonance” (6.129)

We note that the lower hybrid resonance is given by a combination of ion and electron Larmor
motion, whereas the upper hybrid resonance is given by a combination of space—charge and electron
Larmor motion. The qualitative mechanism for the latter is given in figure 6.11.

Ol
Figure 6.11: Upper hybrid (UH) oscillation. Elec-
trons form regions of compression

and rarefaction (space-charge oscilla- () ()
tions). With Bg # 0 perpendicular to \ (

the motion, the Lorentz force consti- .
electron orbits

tutes an additional restoring force be- &
sides the space—charge induced elec-
tric field. The natural response fre- () ()

quency will be higher than in the
By = 0 case.

-~

lines of constant density

Wave Equation and Dispersion Relation for 6 = 7/2

Looking at the coefficient matrix eq.(6.123) we remark that the third component is decoupled
again. Thus E, # 0, E, = E, = 0 is a solution if N? = €3, leading to the dispersion relation

E || B = w =w] + k* “Ordinary mode” (OM). (6.130)

As expected, this is the same as for B = 0. E,, £, # 0, E, = 0 is a solution if (—N?+€1)e;—e2 = 0.

2 2V 2 2
ELB— N*= (S: wC;R;EZQ Zg)) “Extraordinary mode” (XM). (6.131)
— Wun — Win

&) Lower hybrid waves are used in magnetic fusion devices to generate plasma current (localised where the
wave absorption occurs) without using the ohmic transformer (“Lower Hybrid Current Drive”, abbreviated
by “LHCD”).
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where the cut—offs and resonances are as calculated above. Note that the distinction between
OM and XM Yis only possible for perpendicular propagation. For § # 7/2, OM and XM are
coupled together. As for § = 0, we can take the limit w — 0 and k& — 0. We find w?/k* — 4,
corresponding to compressional Alfvén waves already found in the MHD model.

Summary of the Dispersion Relations
The dispersion relations shown in figure 6.1 of the previous lecture and in figure 6.12 below
summarise the characteristics of the waves that can propagate in a uniform, infinitely extended,

magnetised “cold” plasma.(

S w/k=c

XM ! ’ w/k=c A
””””” R . ’i\’(((((((((((((((((((((((((( N ”\\’:
\\\\\\\ no propagation for XM \\\
S ,,,,,,,,,,,,,,,,,,,,,,,,,,,,\,\,\,},\,\,\,\,\,\},\,\,\},\,\,\,\,\,\,\,\,\},\,,,,
upper hybrid

N7 / ******* 7/ 00
7 /
44 44 / s /A

% no propagation for XM & OM
N
l/, L - lower hybrid
/ . XM

/ compressional Alfvén waves

k

Figure 6.12: Summary of the dispersion relation for By #0, T =0, k L By (0 = 7/2)

6.7 Some Comments on the Use of Wave Dispersion Relations
We will address the following issues:
e How to use the dispersion relation D(w,k) = 0, w(k), k(w) to calculate E-fields?
e How good is the model used for actual plasma experiments?

— in a bounded geometry

D Ask= ke,, we can have k || E, i.e. “electrostatic” waves, as

%Z—VXE . BlszE
ot w

=0 (6.132)

(D Examples of different kinds of waves recorded in the earth ionosphere and magneto-
sphere, as well as from other planets, can be found in the form of audio files at
http://www.science.nasa.gov /ssl/pad/sppb/edu/lionroar/.
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— with an inhomogeneous plasma (to assess the accessibility of waves)
In general, one has
det(-)=0 = D(w,k) =0 = wk) or k(w) (6.133)

i.e. a wave exists only if w = w(k). There are two ways to proceed, corresponding to two classes
of problems.

6.7.1 Initial Condition Problem

We fix E(x,t = 0). After applying the dispersion relation we have

E(x,t) :/R3 d*k /<c dw Eo(k,w) ei(k'x_”t)5(w —w(k))

= / Ak By (k) elexw) (6.134)
RS N g

vV
normal modes

where Eq(k) is to be determined. Note that k € R? and w € C. This approach is usually applied to
calculate instability growth rates using the imaginary part of w, Sw = Im(w). Taking eq.(6.134)
at t = 0 and applying the inverse Fourier transformation yields

Eo(k) = (2;)3 /R 3 d*z E(x,0) e k> (6.135)

Note that in general D(w, k) = 0 can have more than one solution w;(k), j = 1,2,..., N. If this is
the case we need more information than just E(x, 0) to calculate the Fourier coefficients Ey;(k):

N
E(x, 1) =) /]R 3 Ak Eg; (k) RICRID) (6.136)
j=1

or fort =0:

E(x,0) = /R 3 d*k {Z on(k)} elkex (6.137)

We also need

JE
ot

t=0

N
— / Pk {—iij(k) on(k)} elkx (6.138)
R3 ,
7j=1
In general we need as many derivatives (at time ¢ = 0)

O 1E
oti—1

N
:/ &k [ —iw (k)] By(k) e j=1,...,N (6.139)
R3 j=1

t=0

as we have roots for the dispersion relation to have a full linear system to determine all the E; (k).
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6.7.2 Boundary Value Problem
Fix E(x = 0,t). Then

B(x,f) = /R do By (w) ¢ (K)x—t) (6.140)

with k € C?, w € R. This implies

E(0,t) = / dw Eg(w) e« (6.141)
1 iwt
Bole) = 5 /R dwB(0,1) ¢ (6.142)

For several roots k;(w) we have analogously to eq.(6.136)

N

E(x )= / dos By (w) ¢ (ki @)x1) (6.143)

j=17%

and we need

I'E

oxt

= /R dw {ZEOj(w) [ikj(w)}f} et (=1,...,N (6.144)

to determine the Eg;(w).

x=0

This is the scenario used for example to heat the plasma via electromagnetic waves: an antenna
is installed at the plasma edge and is fed with a given (obviously real) frequency w.

6.8 Waves in Inhomogeneous Plasmas

6.8.1 Possible Extensions of the Model

So far we have considered uniform (unperturbed) plasmas. In general the main plasma parameters,
such as the density ng, temperature T,, magnetic field By, pressure py etc. have gradients along
at least one direction. Two consequences for wave propagation are:

1. One needs to check the “accessibility”: the wave should be able to reach a resonance before
a cut—off.

2. The solution k(w) will now depend on the spatial position x: the plane wave formalism has
a problem. One approximation around this problem is the WKB method: Assuming that
k is only a slowly varying function of space (i.e. the variations occur over scales that are
much longer than the wavelength), we can write

Eexp {i /0 k() - dx — iwt} (6.145)

instead of exp {i(k ‘X — wt)} along the direction of propagation of the wave (“ray tracing”).
The method can be applied if the scale of variation is much larger than the wavelength.
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6.8.2 Drift Waves

This last part has not been treated during the lecture.

In non-uniform plasmas, in addition to modifying the local dispersion relation (as accounted for in
the WKB approximation), new waves are introduced, i.e. new modes of oscillation in the plasma.
To illustrate this, we consider a simplified case, in which we assume

1. A plasma slab, with variations only along x.

2. Low frequency, electrostatic waves E; = —V¢, B; =0, By = Bye..

3. Incompressible fluid V - v = 0.

4. Long wavelengths A\ > Ap. Thus n, = n; at all orders (no deviation from neutrality).
5. T, uniform, T; = 0; variations only in ng(z).

6. Adiabatic electrons, i.e. moving fast enough to equilibrate with potential according to Boltz-
mann statistics**)

Ne = Ny €XP {;—f} (6.146)
or at first order
e
Ni1 = Nel = no% (6.147)

We start from the ion continuity equation

on;
YV (nvi) =0 (6.148)
ot
we linearise it using v;o =0 and V- v;; =0
on; oni1 dng
il = ile—— = .14
ot + Vi1 Vn() ot + Vi1 Az 0 (6 9)
and do a Fourier transformation ¢t — w. Thus(t?
. dn
—iwng + fumd—; =0 (6.150)
or with eq.(6.147)
1d 1
—iwep = —vaen—Og = v Tip (6.151)

where L, is the characteristic length for the density gradient. In order to obtain an expression for
Vi1, We start from the equation of motion for ions (Z = 1)

dv;
mid—‘; =e(E+v; xBy) =e(E+v; xBy) (6.152)

(**) " This corresponds to saying m. — 0.
(1) Note that we cannot do a Fourier transformation # — k,, as the medium is inhomogeneous in this direction.
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where we have neglected T;. Linearisation and Fourier transformation yields
—iwmivy = e(E1 + vii X By) (6.153)

Considering w < €; we can neglect the left hand side and find®, for the y-component of the
previous equation

By,  —ikyo
1y = —2 = ¥ 6.155
Vite = g By (6.155)
Using this in eq.(6.151) we finally get the dispersion relation
T, 1
- ° " 6.156
YT T eBo Ly (6.156)
We see that the phase velocity is
w T, 1
_r_ = 6.157
Tk T ey, (6.157)
where v4 is the diamagnetic drift velocity,
n
Ln - Z
oz

is the density gradient scale length, and we have assumed uniform 7.

Drift waves are important as they can appear in all plasmas with a pressure gradient, and can
always be destabilised by the free energy associated with such a gradient. Different mechanisms
for the instability can occur, including finite resistivity or effects related to the presence of different
velocity classes of particles (“kinetic effects”). This is why drift instabilities are sometimes called
universal instabilities.

Drift waves and instabilities are thought to be responsible for anomalous (i.e. larger than col-
lisional) transport in magnetised plasmas. This is why they are a very important subject of
theoretical and experimental investigations.

Note on the main limitations of a fluid model: The main limitation in the treatment of
waves in plasmas using a fluid model is that it does not account for different responses of different
plasma particles (with different velocities) to various plasma waves.

Questions

e Will we have other characteristic plasma oscillations and waves due to the single particle
nature of the plasma, namely for short A\’s and high frequency w = ;7

e How will the exchange of energy between particles and waves take place (aside from slow
collisional processes)?

These questions will be addressed in the next part of the course, focused on the kinetic model.

() Another way to see this approximation is to neglect all other drift velocities against

ExB

=3 (6.154)

VExB =
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Note: The lecture has started with a short review of the previous lectures: Definition and creation
of a plasma, collisions and transport, waves.

Chapter 7 The kinetic model and the Vlasov equation

7.1 Origin of the Vlasov Equation

Particles are described by means of their distribution function f(x,v,t), with [, f(x,v,t) d*z d =
Ny (Ny being the total number of particles inside V'), such that

f(x,v,t)d*x d (7.1)

represents*) the number of particles that at the time ¢ occupy the hypervolume (in the phase space)
of size d®z d3v centred at x, v. The volume d3z d3v is macroscopically small but microscopically
large.

e Macroscopically small: the quantities that characterise f(x,v,t) and determine its evolution
are representative of the point x, v in the phase space, and not of the entire volume.

e Microscopically large: there are enough particles inside the volume d*z d3v to allow a sta-
tistical description.

We define the position in the phase space of the particle j by the independent variables x;, v,
with

Vj = m—] or pj = Fj (73)

We will consider only the non-relativistic case.

The force on the particle j can be split into two contributions, F; = Fj-Xt + Fijnt:

e The macroscopic part F;Xt (external to the volume d*z d3v) is the same for all particles in
the volume.

e The microscopic part Fi* is due to collisions between particles inside d*z d*v and may be
different for different particles.

e We will assume that
[F| < [F§ (7.4)

so we don’t need to follow every particle j, but we can treat the particles in the phase space
volume d®z d3v statistically"). The kinetic theory will therefore apply to plasmas in which
collisions are relatively unimportant®) — as is the case for hot plasmas.

(*)  Note that this interpretation depends on the normalisation we have chosen for f. If f was normalised so
that fVm f(x,v,t)d®rd3v = 1, instead of fth f(x,v,t)d3xd3v = Ny,,,, the distribution function would
have the meaning of probability to find a particle inside the volume d3z d3wv.

() It is basically a transition to a continuum description.

() Note that this is indeed the regime we are interested in: in a strongly collisional plasma, distributions become
Maxwellians very quickly and fluid theory provides a very good model.
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The assumption (7.4) allows us to neglect the correlations between particles®. In this approxi-
mation, Liouville’s theorem applies and phase space density is conserved in phase space, i.e. the
continuity equation is valid on phase space.

Let’s apply the conservation of the number of particles:
Ny = / f(x,v,t)d*z dv (7.6)
1%

through their evolution in phase space (Lagrangian approach). Introducing the phase space “ve-
locity”

. F
U= (x,v) = (V, E) (7.7)
we have
N
LA S / fU-d°s (7.8)
dt v Ot
S—— %’_,
Liouville

net flux in phase space into volume V'

Using the divergence theorem (in the 6-dimensional phase space) we obtain

dN )
d_;:o:/v{a—{+vps-(fU)}d3xd% vV (7.9)

where the phase space differential operator is defined as

. o 0

Vis = (Va, V) = (a av> (7.10)
As V is an arbitrary phase space volume

af 0 Fy

EJ“a_ (f) + 5o (F) =0 (7.11)
or

of _9f F Of g0 0 Fy_

ot Vox T 8v+f{8 ov m}J_O (7.12)

=0

Here F = F*** (first crucial passage to get the Vlasov equation).

0 0
In the last equation —-v = 0, as x and v are independent phase space coordinates, and —-F /m =

X
0, as the electromagnetic fields are independent of v and the Lorentz force is perpendicular to v

(®)  Remember that

B, T 2/3

as for an ideal gas.
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(second crucial passage).(Y Thus, for each species a,

afa afa Ga afa _ « : ”
5 +v o + p— (E+v xB) 5y = 0 Vlasov equation (7.13)

Indeed F*** is the force due to the macroscopic fields E and B created either by external sources
or by plasma particles, via

p(x,t) = Z qa/fa(x,v,t) d®v (7.14)

a=e,l

jx,t) = Z qa/vfa(x,v,t) d*v (7.15)

a=e,i

7.2 Collision Terms

Collision terms can be added to the right hand side of the Vlasov equation(l, such as

e Krook term:

(%)C = _Vp(f - fMaxwell) (716)

where we consider that, under the effects of collisions, f relaxes towards a Maxwellian
distribution at a rate given by v, (momentum transfer).

e Fokker—Planck term:
Including the theory of Coulomb collisions properly one finds

of 0 (d{(Av) 1 0? d (AvAV)
) == - : 1
<8t)c av( dt f)+28v8v a ! (7.17)
v-space convection stpacetiiffusion
(‘drag’)
where Av is a variation in v due to a collision, (Av) is the average over possible v—increments
and
d (AvAv)
Y=t 7.18
” (7.18)

are the v—space diffusion coefficients due to Coulomb collisions.

(D Explicitly

Vy -

F q o

m mav{EM + v B<x,t>}

q 0 q q

mavi{Eijk Uy Bk(X, t)} = %f‘:ijk 51‘3‘ Bk(X,t) = E(‘:iik Bk(X, t) =0

Even more general: remember that q = x and p = mv are canonical variables. Thus
0 0 0 0H 0 0H
Vi - Vy F=—.q+— -p=— (— ~Z (=Z=)=0

(mv) + oq a+ Jp P oq (ap) op ( 8q)

(D" The collisional Vlasov equation is often referred to as Boltzmann equation.
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7.3 Properties of the Phase Space Evolution of f

1. Incompressible Vy - v = 0,

2. f conserved along ‘characteristics’ or ‘particle orbits’,

df of of dx 9of dv

3. If C; are constants of motion (dC;/dt = 0), then f = f(C1,Cs,...,Cx) is a solution of the
Vlasov equation as
df _ 9f dCy | 9f dCy Jdf dCy
dt — 9C, dt ~ 9C, dt T 9Cy dt

=0 (7.20)

Note that in the full system with self—consistent fields it is virtually impossible to find the
constants of motion. However, it is possible to find them in the unperturbed equilibrium
(no self-consistent fields).

Example 1: no external fields, plasma in equilibrium:

af

Voo =0 (7.21)

v is a constant of motion and any f = f(v) is a solution of Vlasov equation.
Example 2: B = By = Bye,, stationary equilibrium:

af 4 af _
i + m(v x By) Gy 0. (7.22)

v, V3 T+ 0, /Q, y — v, /Q are constants of motion and any

is a solution.

4. Total energy and momentum in particles and fields are conserved (details follow in the lecture
of next week),

5. Entropy is conserved (cf. exercise 1 of problemset 8),

6. e Vlasov (no collisions): evolution is time-reversible

e Boltzmann (collisions): evolution is irreversible, f tends to a Maxwellian
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7.4 Conserved quantities

In a collisionless plasma, i.e. a plasma in which the interaction within the same microscopic phase
space volume d®zd®v can be neglected with respect to those outside the volume (|F}m| < |F§Xt|),
from the Liouville theorem one finds the Vlasov equation eq.(7.13), describing the evolution of
fa(x,v,t) for the species a:

O . Ofa . Ofu
ot TV ox T2 gy Y

where a = q—”‘(E + v x B), or the equivalent form:

0fa )
at +(9X ( fa)+_ (afa)_

The Vlasov equation conserves:

e Total energy (see below):
2

Z a 1 B

Etot = Eparticles + Eﬁelds = 77; /UQfa d3$ d3U + 5/ (EOEI2 + /,1/_) dgil') (723)
0

e Total momentum:

Ptot = Pparticles + Pﬁelds = Z Mea /V fa d3$ dgv + €0 /(E X B) d337 (724)

e Entropy™) (see exercise 1 of problemset 8):

((15 0, S = —/ fIn fd*zd*v (7.25)

Meaning that the evolution is reversible. Of course, if we introduce collisions, f — fiaxwell
and we loose reversibility.

7.4.1 Conservation of energy

This part has not been treated in the lecture but in exercise 1 of problemset 9.

There are two contributions to the total energy: one — EP — from the particles and the other — Ef
— from the fields:

") =3 / e / d* %mazﬂ (v, 1) (7.26)
Bl (t) = /d% (25 oy ) (7.27)

240
For the particles:

% = Z/d?’ /dgv mavafa
- _Z/d3 /d% S ” { (Vo) + 8 (afa)} (7.28)
0 1 B
— —Za:/d31)§mav2/d3;pa—x.(Vfaz_za:\/d3x/d3vémav28_v‘(afa)

-~

(A) (B)

(*)  As usual, we have put kg = 1 and f is normalised first.
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further, using the Gauss theorem, the term (A) in eq.(7.29) becomes

/d%a (vfa)—/svf‘da:O

and this integral is zero because f rapidly tends to zero when |v| — oc.

0 B 0 J , 5 B e,
v - (viaf,) = v a—v~(afa)+afa~%(v)—v 8—V-(afa)+afa-2v (7.29)
where we have used
0
v,
0 4 _ 9 2 2 92\ _ gvz ) 7
R o [CRE R R B B (730
0 Uz
ov,

Using these equations to rewrite the term (B) in eq.(7.29), we get

e M L L SRR T B
—

=0from Gausstheorem

= +Z/d3x/d3vfaqav-E:/d3x/d3v2qafav-E:/d3xj-E

J
For the fields, eq.(7.27):
dE/f OE 1 0B
— = PrE-—+4+ — [ &*2B- =
dt 80/ or Mo/ ot
OE 0B
= *V x B — ppj = /d3$B —
g]g 0o ot (7.31)
. _VxE
5 V x
dE’ .
S = e daE. LV xB-Lj|+L[dsB:(-VxE)=

—fd%j'E—i—Hiofd?’xE (VxB)-— 1fd?’xB (V x E)
Using the vector identity
V- (ExB)=B:-(VxE)—-E.(V xB)
we can write:

/d?’x[E-(VxB)—B-(VxE)} :—/d?’xv-(ExB):/S(ExB)-da:O (7.32)

as for x — oco the fields must go to zero, to keep energy finite.

Finally we have:

dE™ dEP n del 0 total : q
T " T otal energy is conserve
dE’ dEP
el 4 = / Pz j E the work done by the electric field E
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7.5 Moments of the distribution function

From the distribution function we define

e the density in the configuration space:

N (X, 1) = /fa(x, v,t) d*v (7.33)
e the total number of particles (of species a):

Na ot () :/ fa(x,v,t) Pz d®v = /na(x, t) d*z

e the average “fluid” velocity:

<Va>(X, t) = /fa v (7.34)

/faxvt

These are just examples of “moments” of f. Let’s see the general case:

If g(v) is a polynomial function of the components of v, its average value for the species «
described by the distribution function f, is

/faxvt v) dv

ga V / - n é{ t) /fa(X,V,t)g(V)d3U
fa(x,v,t)d o

The integral !

const. /fa(x,v,t)g(v)d% (7.35)

is called a moment of f,, of order N, where N is the highest order of the polynomials defining the
function g(v).

The moments of f, of different order represent the physical quantities averaged over v, i.e. char-
acteristic of the whole species a. They correspond to quantities describing the plasma as a fluid
(the distinction into velocity classes has been lost by integrating).

f fa(X,V,t) g(V) d3v
f fa(X,V,t) d3v

if the quantity is normalised.
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Important moments of f (with physical interpretation) are:

e 0™ order moment of f,: g(v) =1, i.e. the density:
na(x,t) = /fa(x,v,t) d*v

e 15" order moment of f,: g(v) = v, i.e. the average fluid velocity of the species a:

v //ffvdd = [ v

e 2" order moment of f,, for example the energy density:

1 1 1
pE,oa = §ma / U2fo¢(xa v, t) dsv = Emoanoz|ua|2 + §ma /(V - ua)gfoz(xa v, t) dgv
—_— —~— _
{nacroscopic microscopic
kinetic energy thermal energy

where v = (v—u+u)-(v—-u+u).
Using the equipartition principle”, we can define the temperature (each particle has 3
degrees of freedom) as

%ma / (v — )2 (v, 1) dP = gnaTa (7.36)
In general, other moments of order two can be defined, for ex. tensor terms like

Mo / vv fo(x,v,t)d*v (7.37)
of which the microscopic part is the pressure tensor

P (x,t) =m, / fa(3, v, 1) (V — uy) (v —ugy) d®v
ie.

(Py), (x,1) = maq / Fulx, v, 1) [(v —u)ilv — ua)j] &

If the distribution function f, is symmetric around u,®, then the off-diagonal elements are
zero, the pressure becomes a scalar and there is a clear correspondence between the whole

(#) At equilibrium, each degree of freedom gets %kBTa of thermal energy. Note that in our notation kg = 1.

isotropic
®) A simple and common example of this is Ja 0 P
u, =
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pressure tensor and the temperature P, <+ T,(9. Proof for the isotropic case (and u, = 0
for simplicity):

(Pmy)a = /dgv MaUgUy fa(v) =0 (738)
as v, and v, are odd functions and we find the same result for all cross-terms:

(sz)a = (Pyx>a = (Pazz)a = (sz>a = (Pyz)a = (sz)a =0 (7'39)

We remain with the diagonal terms

J/

(Prz)a = (Pyy)a = (Pez)a = /d3v mavifa(V) =

~
identical due to symmetry

= %/d?’vfa(v) (vi—i—vi%—v?) = %/dgvfa(v)ﬁ:

211 213
=3l [ o] =[Gt <t <
In tensor notationD:

2
P (x,t) =m, / fa(x, v, t) vvd?v = m, / fa(x,v, t)%]l Bv =

1
(§ 77104/]“04(X,v,t)v2 d3v) 1=nT1,1=p,1 N (7.40)

mev?v, from which we obtain the heat flux

N |

e 3'd order moment: for ex. g(v) =

1
S, = éma/UQVfQ(X,V,L‘) d*v

This also includes both macroscopic (ordered) and microscopic (disordered, thermal) con-
tributions.

7.6 From the Vlasov equation to the fluid equations

If we multiply the Vlasov equation by g(v) and integrate over velocity, from the definition of the
moments we can derive the fluid equations.

/dgvg(v) lg—‘f+v-g—>{+%(E+va)~—] =0

(D If £, is not symmetric around ug, such correspondence exists only for the diagonal terms.

()]
v vy . 1 v
_ 2 _ 2
vl e =g vt
N T e 02

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010




7.6 From the Vlasov equation to the fluid equations page 75

e 0" order moment: g(v) =1

9 3 9 3 5 0 q
H,—/ . ~~ 7 . 4

/S LE+vy x]va)f} -dg = 0+

So, we find the continuity equation:

n nu

on 0
o + < (nu) =0 (7.41)

e 1°* order moment: g(v) =mv

of af F of
3 3 . 3 L) =
/d vmv—at —|—/d vV Imv (V 8x) —|—/d VMV (m E)V) 0

where F =¢(E+ v x B)

F
= m%(nu)+%-m/dvvvf+/dvv-¥:0
— > LY — .
(1) (2) ®3)
Let’s evaluate the three contributions separately:
. on ou eq.(7.41) ou 0

(1) = mu— + M = mngy + mu o (nu)

(2) = 83 -m/d%(v—u—ku)(v—u—i—u)f
X

= &~/d3vm(v—u)(v—u)f+m§x~/d3v(v—u)uf

S

=0as f:',fd3v:u
+ m2 : /d?’vu(v— u)f—l—m2 : /dgvuuf
ox o

—~
=0as [ vfd3v=u

9, ou 0

= &~B+m&~[(nu)u}:&~E+mnu-a—x+mua—x-(nu)
(3) = /d%ﬁ-(va) —/d%Ff. v
ov ov
(N J S~~~

TV
=0 using Gauss theorem 1

= —/d3va = —F(u)n = —ng(E +u x B)
Finally:

0 9) Ju 0
mn — mug - (nu) + Ix -P 4+ mnu- ox T mua (nu) =ng(E+uxB)  (7.42)

(**) " The surface integral S is computed on the boundary of the phase space. Supposing that f — 0 quickly when
when v and x — oo, the integral vanishes.

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



7.6 From the Vlasov equation to the fluid equations page 76

or

mn(%+u-V)u=mni—?:—V-E+nq(E+uXB) (7.43)

We have found the fluid equation of motion, without collisional dissipation.

We are now ready to look at plasma oscillations and waves in plasmas described by the Vlasov
model (hot plasmas) and at the fundamental problem of wave-particle interaction.
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7.7 Electrostatic Approximation (B; = 0)

Electrostatic approximation (electrostatic waves): the magnetic field of the wave is 0. As the term
N%(X — 1) - E in the wave equation derives from k x (k x E), then from V x (V x E), that is

from V x (—22), we see that

kk
N? (ﬁ — ]1) "E~0 (7.44)

in the electrostatic (e.s.) approximation. The e.s. dispersion relation associated with the wave
equation

e-E=0 is then dete =0 (7.45)

where € = 1 — o /iweg

Note:

e As a B-field is needed to support waves in vacuum, e.s. waves can only exist in the medium
(in our case, in the plasma). For example we cannot excite e.s. waves with antennas unless
they are immersed in the plasma.

o As

B
VXE:—%—t & kxE=-wB=0 = k|E (7.46)

for e.s. waves.

e In many cases the dependence of € on k is weak: as
kk
{N2 {— - ]1} +§} "E=0, (7.47)

for k — oo (i.e. small wavelengths), N — oo, and the only way to satisfy the wave eq.(7.47)
is to have the term [12—12‘ — ]l} -E ~ 0. For & — oo, w/k becomes small: e.s. waves are
generally characterised by relatively small phase velocities (or large N = kc/w).

e The reason why we concentrate on e.s. waves in discussing waves in the kinetic model is
because a wave with very large phase velocity (an “electromagnetic wave”) will not interact
strongly with particles as there will not be many with v ~ w/k, see figure 7.1a. Due to the
weak wave—particle interaction we do not need a kinetic model of plasma/waves. The wave
is so much faster than particles that the plasma can be considered as a fluid. However, if
w/k — Vparticles, We expect a strong interaction (figure 7.1.b). To describe this situation we
need the kinetic model, accounting for particles with different velocities.
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b £(v)
a.)

There are particles with v = ®/k

RN
T
o/k \

Y

Figure 7.1: a.) Weak and b.) strong wave-particle interaction.

7.8 Vlasov—-Maxwell Description of an Unmagnetised Plasma (B, = 0)

The equations of the Vlasov-Maxwell system are

V.E= L4 fee V-B=0
€o €0
0B 1 0E
E-_2 B = jj + — —
Vo ot VX ol + 55y

but we only need Poisson’s equation for e.s. waves and

=Y [ fad's =30 [ via

as well as
v.Ezﬁ_‘_,Oext
of  0f. g o
o LYy 2R B). =& —
o +v 8x+ma( +v x B) . 0

To solve for the unknowns E (or ¢) and f, we do the usual approach
1. Equilibrium: Eq = 0; By = 0; foo = fa0(V); Pexto =0
2. Perturbation: fu1(x,v,t) = fa1(v)elk*=8: By = 0 (e.s. waves)

3. Fourier: % — —iw; 8@ — ik
X
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Linearisation:
8 e a [0 (e 8 e
fl—i—v- f1+q—E1- fo:()
ot 0xX Mg ov
1 s Pext (7.48)
D PN Ay
o 7 €0
and we do not need further equations.
Fourier:
Ifa
ke e, go:o
(7.49)

ik-E; = Z Qo / for o+ =2 Pext

Use e.s. potential: E; = —V¢, i.e. in Fourier space E; = —ik¢ in the first equation of eq.(7.49),
solve for
o k afaO
fa=—gle 2 ov (7.50)

mew—K-v

and inject it in the second equation of eq.(7.49):

k 9fa0
K6 = —- Z 900 ov_ g3y 4 Lext (7.51)
0

me ) w—k-v €0

Note that there is a resonance for w =k - v, i.e. Vpat = w/k = vpn. Rewrite eq.(7.51) as

2 8fa0
¢ 1 k-=5 3 Pext
1 S I T LI 7.52
+Za:£0mak2/w—k~v VT Lok (7.52)
—: D(w, k)

where D(w, k) is the dispersion function. Note that

o If poyt = 0 we have the dispersion relation for e.s. waves:

D(w,k) = det €(w, k) =0 (7.53)
o If poyi # O:
1 pexi(w, k)
P(w, k) = 2oi® D(w.k) (7.54)

By perturbing the plasma with pey(w, k), we can have a large response only if we approach
the zeros of D(w, k), i.e. the roots of the dispersion relation. These are the plasma intrinsic
modes of oscillation.

From such a dispersion relation we hope to calculate which waves can exist and which exchange
enerqgy with particles.

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



7.8 Vlasov-Maxwell Description of an Unmagnetised Plasma (B, = 0) page 80

Choosing a geometry with k = ke, (no loss of generality) and defining u = v, we get for the case
Pext = 0

8fa0

s ou
O=e=1+ Z mQEOkQ / o kudvx dv, du (7.55)
or defining F,o = / fao dvg dvy,
dFaO
1 L du = :
+Zma50k/Rw_ku uw=0 (7.56)

Landau integral

Landau observed that this is an ill-posed problem. f,; does not evolve as a plane wave: we
cannot take f,1 o exp{i(k-x —wt)}. The problem is that the Vlasov equation describes the time
evolution of f,1, therefore needs initial conditions.

4 Im(u)

Figure 7.2: Possible integration paths around the pole.

Mathematically, the difficulty arises from the integral, since there is a pole at u = w/k. Take
w € C in general. In the complex u—plane, the path for the integral is the real axis, but how do
we go around the pole?tt) The result depends on which side of the pole our path of integration
passes (figure 7.2): the physics basis of the problem must be reviewed as it does not tell us how
to treat the singularity.

(1) Improper integral: 3 only as principal value

V. / 9(u) du = lim { [ OO+ / oi }g(u) du. (7.57)
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Chapter 8 Wave—particle interactions

In the last lecture, we have reviewed the Vlasov equation

of of B
P Al e TE+v xB) o= =0 (8.1)

and its properties
e f is conserved along particle orbits
e All functions of constants of motion satisfy Vlasov
e Total energy, momentum and entropy are conserved

Solving the Vlasov-Maxwell system for electrostatic waves™*) we found after linearisation and
Fourier transformation the dispersion relation

D(w, k) —1—1—2 /Rw_“kudu:O (8.2)

We have seen that in the presence of particles with u ~ w/k, i.e. of particles that resonate with
the waves, there are problems in the evaluation of the integral. Today we’ll see what we can
calculate by ‘avoiding’ the resonance:

e Streaming instability

e Dispersion relation for electron plasma waves (in order to check for consistency with the
fluid model)

8.1 Streaming Instability fy(u)}

To enhance the energy in parti-
cle collisions (to increase the proba-
bility of producing fusion reactions)
one can think of generating two
beams colliding head—on with each
other. It was immediately ob-
served in experiments trying to pro-

duce such a situation that the two L J

beams (or streaming plasmas) were /J

lost immediately, due to a strong in-
stability. The Vlasov model can

be used to calculate this instabil- Figure 8.1: Velocity distribution for two electron streams with
1ty. T=0.

T k\

U
—v, 0 +v,

Consider the simplest possible one dimensional model, two beams of electrons with 7" = 0, shown
in figure 8.1 and described by

o) = gme [ — o) + 5(u + vo) (8.3)

() In the electrostatic case the Maxwell equations reduce to the Poisson equation.
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We can calculate the dispersion relation for waves in such a plasma using eq.(8.2) by integrating

by parts:(f)
+oo
= kfo
_ dy—29
- /_OO u(w — ku)?

/OO dfy du B fo
1 1 1
- _inek{ (w — kvg)? + (w+ kvO)Z} (84)

oo du w—ku w— ku

we find with eq.(8.2)

Dby =1 - { . _1]{:%)2 o +1kv0)2} _0 (8.5)

Eq.(8.5) is a polynomial equation of degree 4 and thus has always 4 roots.(! There are two
possibilities (see figure 8.2):

Case A
4 roots € R = no problem = no instability, just oscillations.

Case B
2 roots € R, 2 roots € C. As D(w, k) is a polynomial with real coefficients, the two complex
roots are complex conjugates, i.e. w3 = wj. Thus there is always one solution with Sw > 0
= Instability.

The condition to have case B (instabil-
ity) is

D(w,k)

case A

or

kg < w?, (8.6)
kv

0

For sufficiently small k, ie.  suffi- o | ®,,
ciently long wavelengths, the instabil- |

ity always occurs. The energy of the

beams is then dissipated into waves in

the plasma. case B

Figure 8.2: Graphical solution of eq.(8.5).

I
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An illustration of a numerical simulation
of the streaming instability can be found
at

http://www.univ-orleans.fr/mapmo/membres/filbet/tsi_anim.html.

() Note that it does make sense to take the derivative of the §—functional under the integral.
() In fact, one sees easily that eq.(8.5) is degenerated to a quadratic equation for w?. Thus the exact solution

can be written down easily,
2 2 2
w w k
wr= -4 g PEA/1+ 10
2 2 Wpe

which is the result of eq.(8.6).

so w is not real (i.e. we have an instability). If w? < 0 — k%03 < wpe,
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8.2 Electron Plasma Waves: Vlasov Treatment

We consider only electrons (Langmuir waves), with ions simply providing a neutralising back-
ground, and search for high frequency waves®

w > wy > ku, Yu (8.7)

This means we assume that no particles can go fast enough to resonate with the wave. In this
limit the resonant denominator becomes

1 1 1 1 ku k:2 SR VA
- - - 14 = o o4 _
w—ku {1—ku/w} w{ LT * w3 * } (88)

Let’s consider a 1-D maxwellian distribution

Ra) = 2 exp {5} (39)
u) = ex — .
’ V 2T P 203,

where vy, = /T /m as usual, and try the first two terms of the expansion eq.(8.8)

R VR V2
D(w, k)~1+n,w{/ dud—uo / dud—u‘)%‘}
%,_/ -

o0

0 as Fp is an even function

-~ w? +00 ) w?
=1+ S {RE - [k =1+ pez{Fou —/ Fodu}_ be
- New 0 J oo w
0 ’
Thus
Dw,k)=0 <= w’=w ‘cold” Langmuir oscillations (8.10)
We need to go to higher order in ku/w to find thermal effects.(Y Using
dF dF
/ — 242 du =0 —2 is an odd function (8.11)
du du
dF +oo o
/ 1 —20 du = u fo‘ —3/ u? Fydu = —3n.v, (8.12)
u —00 —o0

—0

we find to order 3
w2 k2
- {1 +3 “th} =0 (8.13)

Assuming that w? > k*v} we can use the first order expression w? ~ w?, in the second denomi-
nator and finally get

w? ~ Wi, + 3k, (8.14)

This is the result found in fluid theory with pressure term (with an adiabatic exponent v = 3;
this corresponds to saying that the electron motion is one-dimensional along E || k, and that it is
adiabatic, which is a good approximation for high frequency waves).

&) we know from fluid theory that w = wyp, is a cut—off.
(D One shows easily that the solution to order 2jmax — 1 is

2 Jmax

b S oy ()

Jj=0

D(w, k) =
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8.3 Wave—Particle Interaction

In the following we will get to the core of the problem of wave—particle interaction, namely the
exchange of energy between particles and waves. We will discuss:

e Experimental motivation, see for example PRL 17 (1966) 172.
e Correct treatment of the Vlasov-Maxwell system:

— Laplace transform

— Landau integrals

— Calculation of wave (instability) potential
— Analytical continuation

— Ballistic modes and phase mixing

8.3.1 Experimental Motivation

Damping
People launch and detect waves: in the presence of resonant particles damping can be
observed over time scales much shorter than the collisional ones (or distances much shorter
than A.g) — important for plasma heating (fusion and space).

Instability
Particles with v ~ w/k can drive the wave, i.e. transfer energy to the wave (over short time
scales). Example: a-particles can drive Alfvén waves in a tokamak reactor.

8.3.2 Correct Treatment of the Vlasov-Maxwell System

Now we want to consider resonant par- p, + i
ticles: we must deal with the integral Im(p) 7

dF
/ —dv_dy (8.15)
R

= \

N

v
7
7
%/
o
777707
properly. To treat the problem correctly | N / Z //
we need to consider initial conditions poies % /
and ‘maintain’ them through the lineari- [\ Z Re(p)
sation and plane wave (or similar) de- j \ 0 Po é / P
composition. N % % /
The Laplace transform “respects” the / /?é
initial condition problem and causality. ////// //
It is defined as by, —
fal / fal —ptdt Figure 8.3: Domain of fal(p).

where p € C, (p < —iw)
and R{p} > py >0

with po € RT such that the integral converges at t — oo (figure 8.3).

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



8.3 Wave—Particle Interaction page 85

The inversion formula is

po+ico
for(t) = ! / far(p)e™Pdp (8.16)

omi o—ico
where the integral is performed along the vertical line $¢{p} = po situated to the right of all
singularities (poles) of fu1(p).

The importance of the Laplace transform is that, contrarily to the Fourier transform, initial
conditions are “maintained” in the problem via

—~—

afal
(552)®) = par(®) = fanl s (8.17)
Considering our linearised Vlasov-Poisson system(l
afo{l afoz()
ik f,, —E =0
or TV Wt v

(8.18)

ik-E=— an/foddv

we apply the Laplace transform to the time variable ¢t and Fourier to the spatial coordinates,

(8.19)

where go = ga(X,V) := fa1(x,v,t = 0) has been defined. Inserting f., out of the first eq.(8.19)
into the second eq.(8.19) we get

i q2 3 k afaO -
1 — — _fa [ PByp—9v 2
k2 ; EoMa / Up + 1k v o 80k2 p + 1k Y (8.20)
Choosing again k = ke, and introducing
F.o:= /faO dv, dv, Gy = /ga dv, dv, U= v, (8.21)

we get

gE( 1 Z fo / p+ 1/~cu

_ 8.22
p) cok? Z Wy / dFy,/du (8:22)
Ne p+1ku

Noting that p corresponds to —iw, the potential in Laplace space can be written as

ok c(ip. 1) (8:23)

(" Fourier transformation can be used for space coordinates only.
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where

e(ip, k) = D(ip, k) = 1 — —Z “oa /du d" (8.24)

Now we can invert the Laplace transform, formally

olt) = - / " ey (8.25)

271 J po—ico

with pg such that — for ®{p} > py > 0 — the integral fooo e P'p(t)dt always converges. Stated
otherwise, py must be to the right of all poles of gzNS(p) The problem with the standard definition of
the Laplace transform is the restriction R{p} = R{—iw} = v > pp > 0. The physically interesting
damped waves (v < 0) are not included. We therefore need to extend the definition to a domain
with R{p} < po by analytical continuation. This is done by moving the integration path that
defines the inverse Laplace transform

po+ico
far(t) = ! / far(p)edp (8.26)

omri 0—ico

to the left (py — —o0), but leaving all poles p; of fu1 on the same side of the contour (i.e. on the
left side; see figure 8.4).

Im(p) 4

" Re(p)

o g

Figure 8.4: Analytical continuation of the inverse Laplace transform.

This exercise also tells us how to solve the problem of the integral over the velocity space in the
presence of a resonant denominator:
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In other words, the need to have the analytical continuation of &(p) forces the contour of integration
to pass below the pole u = ¥ if k > 0 (a similar result holds for k£ < 0), removing the ambiguity

(Landau’s rule). This rule is a consequence of analytical continuation (A.C.).

Im(u) Im(u) Im (w)

\L Re(u) » Re(u) # 0 Re(u)

I —— = r
L L L; L77

Re{p}>0 Re{p}=0 Re{p}<0

Figure 8.5: Start with ®{p} > 0 and move the pole down until #{p} ~ 0. Don’t confuse u—plane and p—plane!

For R{p} < 0 (see figure 8.5)

A.C. /RduM

VA AR A= E

=0 (equal and opposite contributions)

:/oo h()du+27r1 Res hlu) = /OO il )d +2mh<k>

,oou—k ulp//’fu—lli7 ,Oou——

For the case R{p} = 0, there are no paths L', L” and the path C' is only a half—circle. Moreover,
the principal value (P.V.) symbol has to be kept in this case®*). Thus

AC/ PV/

To perform the calculation in practice, we distinguish three cases:

du—l— ﬁh(k) (8.27)

m{}o

(/OO ik ﬁ(lp)/kd“ R{p} >0
o <" Ay ip
\/— —1p/kdu + 27l'lh<?) R{p} <0

where h(u) is a regular function. Note that there is no discontinuity between different cases, and
that all integration contours that pass below the pole give the same result. The distinction of the
three cases is simply to make calculation easy.

(%)

P.v./_:o{...}dngig(l){/_jé{..-}dx+/wo+:{~-}dx}
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Having solved the mathematical difficulty (at least in principle!) we can go back to the physical
problem. To invert the Laplace transform we need to know the poles of the expression eq.(8.38)
for ¢(p) (in the p-plane!).

These are:

e poles of the numerator

S [l
(0% L L

k

The symbol £ means “according to Landau’s rule”.

e zeros of the denominator €(ip, k) = 0

Note that this latter condition corresponds to the dispersion relation: each wave in the plasma is
a root of the equation €(ip, k) = 0, therefore a pole for gz;(p) In general, as stated before, p € C,
and R{p} can be negative for some roots of the dispersion relation. In order to consider these
physically meaningful waves, we need to extend the definition of the inverse Laplace transform by
analytical continuation of ¢(p) for all p down to R{p} < 0: this is done by moving the contour of
integration towards R{p} — —oo, but leaving the poles on the same side of the contour (figure 8.4).
By definition

1 po-+ioco 5 ot 1 5 ot
o) =g |, wote =5 [ anoe (5.29)
Now
1 _
o) = 5r; | dpoto)e” (5.30)

where C’ is the modified integration contour.
To calculate the integral, we close the contour in the complex plane (figure 8.6), so that we can
use the Cauchy formula (theorem of residues)

Lavswer = [ apier
= [ aviwer s+ | e + [ s [avdee s

.

=0 =0 =0
The integrals over C, C5 and I' are all equal to 0 because
~ oo 1
o(p) 2 = 50 (8.32)
p

For T', obviously e”* — 0 for ®{p} — —oo and ¢t > 0. For C} and Cy, R{p} < py and only the
imaginary part of p goes to infinity. Thus e”’ remains finite, but ¢ — 0. Finally

o(t) = Z Res <g5(p)ept,pj) = Z ePi' Res (qg(p),pj) (8.33)

where the p; are the poles of qg(p)ept.(ﬁ) If p; is a pole of order n, the residue is given by
n—1

Res (&(p),m) = _1 0 Jim g [(p—pj)"é(p)} (8.34)

() As e?! is a regular function, the poles of ¢(p)e?* and ¢(p) are the same.
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Figure 8.6: Contour for the inverse Laplace transform.

The behavior of ¢ (stable vs. unstable) depends on the sign of R{p,}:

+Rpi}t Ry, 0 tabl
o(1) o {e . R{p;} > unstable (8.35)

e Pt R{p;} <0 stable

Note
A hierarchy of poles can be established in terms of physical relevance: poles to the right
(the first we meet as we move the path of integration) are the most important, as they are
the most unstable (if R{p;} > 0), or the least stable (if R{p;} < 0). The long term response
of the plasma is dominated by the first pole py, as ¢(t) o< eP*’.
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8.4 Summary of the Landau treatment of the Vlasov—-Maxwell System

e Start from the linearised, electrostatic (B; = 0), spatially Fourier transformed Vlasov—
Poisson system, eq.(8.18)
afod kfa1+_E afon -0
ot ov
(8.36)
ik-E= an/fald v
Laplace transform. In order to
— keep the information of the initial condition f,(t = 0)
— conserve causality
we apply the Laplace transform to the time variable ¢ — p, which is defined as
far(p / far(t)e P'de, peC, R{p} > po > 0, (8.37)
with py € R such that all poles p; of fa1 have R{p;} < po. This yields eq.(8.23)
G
i [ du—Te
. lza: ¢ / Y ip/k
¢(p) = (8.38)

eok3 e(ip, k)

Analytical continuation. The problem with the standard definition of the Laplace transform
is the restriction R{p} = R{—iw} = v > po > 0, i.e. the physically interesting damped
waves (v < 0) are not included. Thus we have to extend the definition for ®{p} < po
by analytical continuation, which is done by moving the integration contour of the inverse
Laplace transform

1 /po+ioo B
2 po—ioo

far(p)edp

far(t) = (8.39)

to the left (pp — —o0), but leaving all poles p; of fa1 on same side of the contour (i.e. on
the left side; see figure 8.4).

Calculation of the velocity integral
The initial definition of the Laplace transform with ®{p} > 0 shows that the pole is (for
k > 0) in the upper half-plane of u. Thus the integration contour is initially below the pole.
After the analytical continuation of the p-domain, this has to stay this way (figure 8.5). As

any integration contour which passes below the pole gives the same result, there are several
possibilities to write the result. One possibility is eq.(8.28)

dFao

(8.40)

r/oo uﬁ(—il;)/kd% §R{p} >0
[ M au= ey [ i il wip) <o (8.41)
RU— 3~ . hu(_)lp/k k

k/ 1p/k:du+2mh(k)’ R{p} <0
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We did note that there is no discontinuity between the three cases, which one can see more
clearly in the compact representation

/R h(“?p du = P.V./ h(“?p du + ir h (%) . peC (8.42)

where the principal value integral is always taken on the level of the pole. However, the

‘best’ integration contour depends from case to case according to the particular choice of

This is all we need to know to solve the dispersion relation €(ip, k) = 0.

e Inversion of the Laplace transform. Applying the residue theorem to the closed integration
contour C" U Cy; U Cy UT (figure 8.6) one shows that the aid—contours Cj, Cy and I' are
harmless and finds eq.(8.33)

o(t) = 3 Res (6m)enps) = >_ ¢ Res (40 s) (8.43)

where the poles p; are either:

— zeros of the denominator, i.e. solutions of the dispersion relation e(ip,k) = 0 (i.e.
waves).

— poles of the numerator

i.e. “ballistic modes”; less important, as they usually decay very quickly = R{p} < 0.

It is clear that the long term behavior will be dominated by the rightmost pole, as ¢
> ; ePit &~ eP1t where p; is the pole with the maximum real part.

8.5 Ballistic Modes and Phase Mixing

The poles of the numerator of eq.(8.38) give rise to perturbations corresponding to collective
motion without being solutions of the wave dispersion relation. They are called ballistic modes
(i.e. dependent on the initial condition), and can come from

1. Singularities in G, (u): This is unlikely, as G, (u) is the initial perturbation of F,(u) and it
is hard to imagine a physical case with singular (i.e. infinite energy) initial distribution.
Gao(u)

2. For regular G,(u), from the term [ duz=7- It can be demonstrated that this integral can

give poles only for ®{p} < 0, which are stable (for & > 0).

A physical way of seeing this is to go back one step and look for the origin of ballistic modes in
the expression for f,1(p). The expression for f.1(p) before integrating over velocities and before
inverting the Laplace transform reads

deOCX

ride gy Ldu (8.44)

~04 ) = . .
Jar(p, ) p+iku  mg p+iku

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



8.5 Ballistic Modes and Phase Mixing page 92

Inverting the Laplace transform we get

1 G,
o (t Pl Pt 8.45
fnltn) = o [ ey i /cb pmu‘f p (8.45)
The first term along with terms of the same kind in q;( ), keeps the “memory” of the initial
conditions™. As there is a pole for p = —iku, the integrals in eq.(8.45) will give rise to terms of
the form("
fan(u) o e’i(kt)“G(u) + .. (8.46)

which represent an oscillation in u—space with a “frequency” w, = kt becoming larger and larger as
t increases. Thus [ fa1(u,t) du, on which macroscopic quantities depend — like ny = [ fo1(u, ) du
— will become smaller and smaller. This phenomenon is known as phase mizing (figure 8.8). As a
result, microscopic perturbations remain but macroscopic effects decay exponentially (figure 8.7).

A. Fasoli -- PhD thesis (1993)

z=6cm

z=10cm

Z=14cm

z=18cm

z2=22cm

= %ﬁ? =

Experiment Theory

Figure 8.7: First order parallel distribution function (in phase components) at different z positions (grid at z = 0,
f=43.5kHz, A ~ 4.1 cm, dn/n = 5%). Shown on the right are the corresponding results for a linear

epo 5fo(v\|) I [ei(w/v)z _ eikllz]

T l :

1-D Vlasov model: f} ,(v,2) = f' (v, 2 = 0)el@/vi)= 4 KT ou, P

() Remember that the Vlasov equation conserves entropy.
() The second integral in eq.(8.45) will also have contributions coming from the poles of ¢(p), i.e. the solutions
of the dispersion relation.
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ﬂ A. Fasoli -- PhD thesis (1993)

J vy

frf=43 kHz

10 cm

\

Figure 8.8: Typical LIF interferometric trace. The density pertubation én o exp(ikz) plotted as a function of z
and the exponential reduction in the wave amplitude, due to Landau damping, can be observed. See
also the appendix to this chapter.

8.5.1 Phase Mixing in a Free Streaming Plasma

Let us now calculate this phase mizing effect explicitly, in a simple case. Consider a free streaming
plasma, i.e. ¢(t) =0 (i.e. no macroscopic fields). In this case eq.(8.45) becomes

_ 1 G(U) pt _ G(U) pt _ . _ —ikut
filt,u) = 27Ti/p+iku6 dp = Res p+iku€ ,p=—iku | = G(u)e (8.47)

where we have dropped the index a.

Example 1

Let us first consider an initial perturbation of the form G(u, k) = g(k) (u — up) and calculate the
evolution of the density

ny(k,t) = /_00 du fi(t,u) = /_00 du g(k) 0(u — ug) e % = g(k)eHuot (8.48)
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This means that if just a single velocity class carries a perturbation, there is no phase mixing
effect and therefore no decay.

Example 2

However, if we consider a distribution with a finite width in velocity space, e.g. the gaussian form:

G(u, k) = \/92_(7:{:2“ exp {—%} (8.49)

we get

k‘ o0 u—ug)? .
ni(k,t) = \/L(%iu/ P LU (8.50)

The perform the integration, we introduce a new variable n = u — uy = dn = du. We obtain

k ; o 0’
ni(k,t) = %e_lkuot/ e"zaa? M ) (8.51)

To solve this integral, let us set (“completing the square”)

7’ n ?
<2 T ikm) ( NI + §> — £ (8.52)

that gives, after explicit calculation

mE iv2 ktAu
— D —ikngt = (=
NI § 5

thus

UR UK ’ 2
a <2Au2 +1k:77t> T (2Au2 +§) &=

2
V2 ktA ktAu)?
__ Ui I iv2 wyl ( u) (8.53)
V2Au 2 2
Now we substitute this term into the integral of eq.(8.51)
2
k , * V2 ktA ktAu)?
nl(k,t) _ g( ) e—lkuot/ exp | — n + 1\/_ u B ( U) d’f]
V2rAu oo V2Au 2 2
(ktAu)? 2
kyem =2 _. o0 ivV2 ktA
_ g( )6 elkuot/ exp | — Ui —+ 1\/_ Y dn
V21 Au oo V2Au 2
and, by replacing
ivV2 ktA
p=— 4 V2 u, dn = vV2Audz (8.54)

V2Au 2
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we finally obtain the solution

k . tAu)? e : tAu)?
ni(k,t) = ﬁ\/_)elk““ e 3" / e dx = g(lf)e’”“‘ote’(kAZ : (8.55)
T -

[e.9]

NG

The decay is now exponential in #2, and is faster for larger Au, i.e. broader distributions in velocity
space. It is the difference in phase of the different velocity classes that gives the decay. Again,
there is no loss of information in a microscopic scale, but the macroscopic perturbation decays
due to phase mixing.

8.5.2 Experimental Demonstration: Plasma Echo

This microscopic information can be recovered if we look at the non—linear interaction between
two perturbations. Let us look at this qualitatively using an experimental demonstration.

Remember that in the experiment we can think of the initial perturbation at a given position
(boundary), and the time evolution can be replaced by the evolution in space. So replacing
ut — x, k — w/u and  — wt/k we will have e #ute=ihe _y omiwa/ug—ivt

A first antenna, located at © = 0, excites a perturbation at w;. A second antenna, at x = L,
excites a perturbation at w,. The perturbations produced at a generic point x will be

1(1)(33,15) x e Te et (8.56)
1(2)(33,15) ox e k) g int (8.57)

Let us measure the amplitude of the perturbation resulting from the two antennas at w = wy — w;
(assume wy > wy). The relevant non-linear term, the one oscillating at the difference frequency,

1S

x 1 ,
1(1) f1(2) ocexpq - [(wl —wo)x + ng] —i(wg —wy)t p (8.58)

/

this is the term
giving phase mixing

\
So there will be no phase mixing, i.e. a macroscopic perturbation is possible, for

w
r=—21 (8.59)
Wy — W1
This is what we observe experimentally, see figure 8.9. This provides a good proof of reversibility
in plasmas satisfying the hypothesis that lead to the Vlasov formulation of the kinetic problem.
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4 f, f, f-f,

SENS X 25

—
—
—
>

]
el
<
<
~

0\1 L Zmax
2%93 theory
24
1-
1 2 ji'zfl A. Fasoli -- PhD thesis (1993)

Figure 8.9: Echo measurement. The LIF signal oscillating at the difference frequency, (we — wy)/27 is shown,
along with the two first order waves (w; < ws), which are damped before the appearance of the echo
oscillations. L = 41 cm is the distance between the two grids. The theory line is calculated from
Zmax/L = wa/(wa — w1), where zpmax is the position of the echo maximum.

8.6 Quantitative estimate of Landau damping

In practice we are interested in calculating the rate of growth or absorption of a wave that prop-
agates in the plasma. Writing w = w, + iy we want to examine the case |y| < |w,|. In this limit
we can expand the dispersion relation around w = w,.:

e(w, k) = elw,+1iv, k) >~ e(wy, k) + iy% -

— ET’(W'M k) + iei(wr, k) + ivaerét:r7 k) +1 8[1€i(wr7 k)] n

0w,
E— (8.60)
Separating the real and imaginary part € = €, + ie; we obtain
0 P\, k
Real part: e-(wp, k) — 7% +0(*) =0
5e (:}ur k) (8.61)
Imaginary part:  €;(wy, k) + y—a—r? + O(7*) = 0

Ow,
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We can have three different cases, depending on the relative order of the real and imaginary parts
of €. For physical reasons we suppose that ¢,, ¢; are smooth functions of w,.

e ¢, < ¢;. We have

er(wr, k) = 7885’ ér(wr, k)
or = T 8.62
{ei(wr,k‘) =0 & ddlzo ‘u—y =0 = v o€ (wr, k) /0w, ( )
Tk

but if €; = 0 there is no exchange of energy, that is inconsistent with the finite v given by
eq.(8.62). Moreover, the dispersion relation obtained from eq.(8.62) would not be consistent
with the fluid limit. We conclude that this is not a physical case.

e ¢, ~¢;. We obtain
e (wr k) =0 €i(wr k) =0 (8.63)
that gives the dispersion relation, but there is no exchange of energy.

e ¢, > ¢;. Now ¢; is of the order v, thus the term v9¢;/Ow, is of the order 42 and can be
neglected. The equations for w, and v are decoupled:

e(wr k) ~ 0 (8.64)

T —a@fiff T/;f/)awr (8.69)

and the result is consistent with both the fluid limit and the possibility that wave and
particles exchange energy.

We observe that only the third case gives physical results. Eq.(8.64) gives the real frequency®
w, and eq.(8.65) the damping rate: this is the new term originating from the Laplace transform
approach introduced by Landau. As

Wi, “
e(w k) =1-) napk2 duud_—g (8.66)

applying the rule we derived for the Landau integral we can write

dFaO

e(wn k) = 1—Znak2/ g

w? dFa0 dF,
_ du . OCO
= 1—an2{PV/_Ooduu_&+17r T

k

} (8.67)

thus

aO

ér(wr, k) zl—znkQPVf du

2
€i(wr,k’) — _WZRP;ZE dFao’ s

(8.68)

(#)  We already calculated the dispersion relation for Langmuir waves and for ion—acoustic waves in this way.
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8.6.1 Why is the damping rate proportional to the slope of F;?

We see from eq.(8.65) to eq.(8.68) that the damping rate is proportional to the slope of the equi-
librium distribution function F, o: v o< dFao/ d“b:%-
Where does it come from? Consider particles with velocities just larger than the wave phase
velocity u 2 w/k. They can gain or lose energy depending on the relative phase of the wave —
but if they gain energy, their velocity increases and they go out of the resonance: they can not
exchange energy any more. If they lose energy, they slow down and stay longer in the resonance.
So, overall, they lose energy to the wave.

The opposite holds for particles with velocities just below the phase velocity v < w/k. Those that
gain energy from the wave remain in the resonance longer, and the net effect is that they gain
enerqy from the wave.

Fn(u) dFH

f@

u=w/k

gain energy
(on average)

lose energy
(on average)

A

Lk

/k u

(a)

Figure 8.10: (a) Particles with v < w/k will gain energy from the wave and particles with v 2 w/k will lose
energy to the wave. As there are more particles which gain energy, the overall effect is that the wave
is damped.

(b) Analogy with a surfer riding a wave.

The total energy balance is therefore given by the ratio between how many particles gain energy
from the wave (with v < w/k) and how many give energy to the wave (u 2 w/k). This balance
can be deduced from the slope of Fy(u) around the resonance u ~ w/k (figure 8.10).

A (very) qualitative analogy can be drawn with surfers trying to catch an ocean wave: to ‘ride’
the wave (i.e. to be pushed by it) the surfer must prepare himself or herself more or less at the
speed of the wave (u ~ w/k), but just a little slower.
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By using the kinetic model for the plasma and the electrostatic approximation for the waves, we
have demonstrated that waves can be damped even in the absence of collisions. The damping
mechanism, referred to as Landau damping, resides in the interaction between waves and plasma
particles. We have calculated the Landau damping rate, finding that

dF
v ox —2 (8.69)

du u=w/k

i.e. the damping is proportional to the slope of the equilibrium distribution function at the wave
phase velocity (the wave—particle resonance).

After the rigorous mathematical explanation, let us consider a simpler, more intuitive point of
view.

8.7 An intuitive, semi-quantitative approach to Landau damping

Consider a charged particle in the field of a single e.s. wave. Its motion (in the one-dimensional
case) can be described by
Pz du ¢ :
S0 _ 204 g ilke-wt) 8.70
ez~ dt - om (8.70)
As we are considering small amplitude waves, the perturbation to the motion due to the wave is
small, and in the exponent we can set x ~ o + ugt (unperturbed trajectory, or ‘characteristic’),
where ug is the velocity at t = 0. The integration yields

_qE'“eMWMt+C 8.71
t _ 1 Weo _ — .
u(t) m° i(kug — w) (8.71)
and with the initial condition u(t = 0) = g

1

C:m—%%ﬁ%@%jﬁ (8.72)
and then

U — Uy = %Egeimo% (8.73)
For resonant particles (kug — w ~ 0) we can expand the exponential

k=Dt 1 Li(kug — w)t + ... (8.74)
and obtain

U — Uy ~ iEoeikth (8.75)

m

So the deviation from the unperturbed velocity grows linearly with ¢ (within the approximations
adopted here) for the resonant particles. These are the ones that are responsible for the instability
or the damping of the wave. Note that the deviation can have different sign and values depending
on the phase term e,
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8.8 Stability criteria

The kinetic theory allows us to gain a deeper insight into the stability of a plasma. We can model
waves that we already found in the fluid model, characterised in general by variations of some
macroscopic quantities like density and potential. But we can also treat more subtle problems,
involving changes in phase space rather than in real space. In this case the interaction concerns
the waves and a small fraction of particles, the resonant ones. The instability is then “localised”
in phase space, and contrary to fluid instabilities we observe no bulk motion. We call this type of
waves micro—instabilities. Micro-instabilities are important, for example, to understand anomalous
transport, i.e. the transport that cannot be explained in terms of collisional process.

Note: we deal with waves here (¢ = 0), not ballistic modes.

8.8.1 1% Stability Criterion (Norton—Gardner Theorem)

“If the total distribution function Fy has only one mazimum then electrostatic waves are stable”™)
To prove this statement we start from the dispersion relation

e(ip, k) = 1—Zn kQ/
w dFeo w2 dFaO
= 1= pe du' du — pa / du. d
nek2 /L u — /d “ O[Z# nak2 "

ip _ip
% U=

dFao

L
w2 / % (F80+Za7ée Z2ZLL—ZFa0)
L

= 1-—r d
nek? u— % Y
w2 dFo
= 1-—*r du
nek? ru— E
k
where we have introduced the total distribution function
m
Fy:=F, Z:2°F, Fy ~ F, 8.76
0 0o+ Z o tao (Fo 0) (8.76)

aFe «

and the integral must be calculated according to the Landau rules. We replace ip = i(—iw) =
wy, + 17 and show that the dispersion relation cannot be satisfied if v > 0 (instability). In this case
the Landau integral can be evaluated on the real axis

2 w.
* dF, (u—<)+if
1 pe d k k_ — 8.77
k2n, /Oo Y (u—9)2 4 ()2 ( )

so the equations for real and imaginary parts can be identified:

Woe [, dRy  u—%
Realpart : 1 — —P& du—2 k —0 8.78
cal par | = 4 ()2 (8.78)

* dFy 1
I i . d -0 8.79
maginary par / u du (u— %>2+(%)2 ( )

(*)  This is also an intuitive result: if a Maxwellian for example had unstable character, plasma “thermodynam-
ics” (based on an equilibrium state) would not make sense.
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Doing a change of variable v/ = u — Upay, Where .y, is the position of the maximum of Fy, we
get

w? w < dE 1

Real t:1——Pe<maX—l)/d'°

cal par K2n, \" K)o A (0 F e — 2)? + (2)2
w? /OO dF v
_ Zrpe du' =9 _ =0 (8.80)
ane o0 du/ (u/ + Umax — ?T)2 + (%)2
| ~ 4R 1
Imaginary part : /oo du’ N TS G =0 (8.81)

Using the second equation in the first we have

w? o0 w4
1— 2 du’ u! =0 8.82
/{:Qne /—oo ("U/ + U/max - %)2 + (%)2 ( )

But if Fy has only one maximum it must satisfy

u dFq 0
du/

dF
— (U — Upay) ———— < 0 Vu eR (8.83)
u

Thus we can write

(.U2 oo uldi(l)
L+ 2pe / du / | duw 2 1 (2)2
k*ne J o (W + Umax — 52)? + (1)

>0 (8.84)

where we see clearly that the left hand side is always positive. So the dispersion relation cannot
be satisfied and the statement is proven.

Umax u

(u'=0)

Figure 8.11: Sketch illustrating the inequality (8.83). For w’ <0, ifj‘,’ is > 0; for v’ > 0, ?159 is <0.

8.8.2 Nyquist Criterion for Instability

So far we have seen a sufficient condition for stability, i.e. a necessary condition for instability: Fy
must have at least one minimum. Now we consider a sufficient condition for instability (“Nyquist
criterion”). We consider the Landau integral as a mapping (figure 8.12).
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Im{w/k} Im{G}
70000 ///AZ?A%////////A G(Im{w/k}=0)

. N

7
o //////////// ) e}
T2 .
Re{oo/k} o

——
STABLE possible roots of the

dispersion relation

Figure 8.12: G as a mapping. In the figure on the right, the thick red line indicates possible roots of the dispersion
relation. In the case shown here there are no unstable roots.

dFy
G:C—C, %rﬁG(%):/d—“wdu, keR* (8.85)
L

where Fyy has been defined in (8.76). With this definition

2

e(w,k)=1-— e

nek2

G (2)=0 (8.86)

is the dispersion relation, or

e R* (8.87)

So for roots of the dispersion relation, G' must assume positive real values. As the limit between
the stable and the unstable domain is the line

{2} =0 (8.88)

we are interested to map it using G and see if any of the solutions of the dispersion relation
G (%) R* lies in the unstable domain G (\s > 0) Or in other words: the question is
whether the mapping of the unstable domain, G (:s{ } > O) includes parts of the positive real

axis of the G—plane (figure 8.13).

NOTE: for
for

“ — 00, we have R(G) — 0% and ¥(G) — 0~

“ — —o0, we have R(G) — 0% and ¥(G) — 0F

Let us examine what happens when the mapping of the limit line G (E‘s {%} = 0) crosses the real
axis S{G} = 0. According to Landau we have

G (%) = P.V./u

dFo
—du + 17r@ (8.89)
du u=w/k

k
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Since & {%} = 0, the imaginary part of G is

dF;
3(G) = m1—2 (8.90)
du u=w/k
thus
dF,
G(S{«}=0)eR — =0 (8.91)
du u=w/k

i.e. crossings of the limit line with the real axis in the G—plane occur at extrema of the equilitbrium
distribution function Fy (figure 8.13).

| Im{ G} | Fo(u)

G(Im{w/k}=0) :

L\ :
> VT _ | _—

C /2?%/ Re{G} C B A ¢

Figure 8.13: Example of instability (note that the curve can be more complex). The number of crossings of
S{G} =0, i.e. points A, B,C, corresponds to the number of extrema of Fy(u). Here B represents
a minimum, while A, C are maxima. Roots of the dispersion relation between A and B are then
unstable.

The direction in which the limit line passes through the real axis tells us which kind we have:(")

dFp

g2 from < 0 to > 0 = minimum of Fy

* ${G}: from <0 to >0 <

dFp

* ${G}: from >0 to < 0 <= T

: from > 0 to < 0 = maximum of Fj

The presence of a minimum in the distribution function is necessary but not sufficient to have
instability. To have a sufficient condition for instability we have to demand additionally that

R{G (%)}, > 0 (8.92)

() A little “detail” in this argumentation is that we assume that the orientation of the limit line is always
counter—clockwise. Let us argument in the following way: take the most simple physical case with Fjy having
only one maximum. Then the argumentation of section 8.8.1 tells us that the maximum is mapped to the
negative real axis of the G—plane. Furthermore we know that the points w/k = oo are both mapped to
G = 0, so the orientation of the limit line is in fact counter—clockwise in this case. In order to produce the
other cases we change Fyy continuously and within the limitations of its physical sense, so we will have a
slightly deformed limit line, which will not change its orientation for non—pathological Fj.
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i.e. we cross the S{G} = 0 axis on the right side. Integration of eq.(8.89) yields

[e's) dFp

me@mem:Rv/ g,

—00 U — Umin

Umin —& dFp oo dFp
= lim { / — v dy + / d—“du}
e—0 S U — Umin tin+e U — Umin

- {0 [

=0 | U — Umin U — Umin

—0o0 Umin+E

L N
——d ——d
* /oo (U — Unin)? et Umin+e (U — Unmin)? !
= lim {Fo(umin —¢) _ Fo(tmin + €)

e—0 —& £

+/m Fy(u) du+/ Fo(w)
— oo (u - umin)z Umin+€ (U - U’min)2
= lim{ - Q—FO(umm) —I—/ o —FO(U) sdu +/ _FO(U) )2du}

e=0 € —00 (u - umin) min+€ (u — Umin
= lim{ - / o _Fo(tmin) du — / T Foltn) du
e=0 -0 <u - umln)2 Umin+E€ (u - umln)2

+/ mm Fo(u) du +/ Fo(u) »
o) (u - Umin)2 Upmin+E (U — umin)Q
— lim {/ minTE Fo(u) — Fﬁ(u;lin)du+/ Fo(u) — Fo(%;m)d’d}

=0 /oo (¥ — Unmin) min+e (U — Unmin)

- PV /OO Folw) = Foltm) 4, /Oo Folw) = Foltinmn) g, (8.93)

—00 (U - umin) 00 (U - U/min)

where we have used the following approximation Fy(tumin — €) + Fo(tmin + €) == 2Fy(Umin) between
the 4" and 5 line and between the 5* and 6 line we used the identity

Umin —¢€ oo

2 du du

i - - S — .94

€ / (U - umin>2 * / (U - umin>2 (8 9 )
—0o0 Umin+€

Note that as up, is a minimum the last integral in eq.(8.93) is not singular(i), thus there is no
need to write the principal value. Finally we have the following sufficient condition for instability:

e Fj has a minimum at umy;,

and

[ Bl Fl)

e (U — Unin)?

du >0

The second point means that the minimum must be “sufficiently deep” (figure 8.14).

() To be seen writing the Taylor series of F(u) around i, and using dFy/dul,,, = 0.
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) Folu)

destabilising

stabilising \\\\ SR stabilising

C B A

Figure 8.14: The minimum in Fy (point B) has to be sufficiently “deep” for instability. All points for which
Fo(u) > Fy(Umin) are destabilizing and all points for which Fy(u) < Fy(tmin) are stabilizing, but
of course only those close to the region u ~ s, give a significant contribution.
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Chapter 9 Waves in a hot magnetized plasma (kinetic model)

We'll look at some features of waves in a plasma described by the kinetic model in the presence
of an equilibrium magnetic field, By. The main concepts of wave—particle resonance, instability
and (collisionless) Landau damping remain the same as in the case of By = 0, but new features
appear. We'll review them considering only the main steps of the calculation.

We start from the general wave equation
kk
{N2 {——1} +§}-E:O (9.1)

where N = kc/w and € = 1 + EOLMQ. For electrostatic waves the wave equation becomes
e-E=0 (9.2)

The problem is to find € (or o). To do it in the kinetic model, we start from the Vlasov equation,
with By # 0, and linearise*

dfr df1 dfo 4q df1
2 E xB)  — + = By — = 4
ot v 8X+ ( v ) 67V+m(V>< 0) ov 0 (94)
where we wrote E = E; and B = B, for simplicity, or
Dfi dfo
where
D 0 8 0 0 0 q 0
— == E B = By) - — .
Di =91 TV o BtV X B o= v g (v < Bo) - (9.6)
is the derivative along the unperturbed trajectories
X =V (9.7)
v=1vxB, (9.8)
m
Assuming that f; — 0 as t — —o0, we can write
t a V/
filx,v,t) = —% . dt’ [E(x’, )+ v x B(x,t')] - .];0\(,/ ) (9.9)

where (x/, v’) are the unperturbed trajectories (‘characteristics’) that pass through (x,v) at ¢’ = t.
Let’s express B as a function of E:

B k xE
vxB--B . p_kx (9.10)
ot w
(*)  Note that
0
(V X BQ) . a—{? =0 (9.3)

in order to have an equilibrium state (dfo/dt = 0). Thus fo = fo(v,vL), where v and v are constants of
motion.
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We consider all perturbed quantities
o pillex—wt)+nt (9.11)

where 7 is a small positive quantity which makes the perturbation vanish for t — —oo. So

fl(V) i(kx—wt)+nt _ m/ dt’ {|:1_ k:| E 4 A% Ek} afO i(k-x’—wt')+nt’ (9.12)

w ov'*
or
t / /
q v -k v -E 8f el (x'—x)—(iw—n) (' —
fl(v)z—E i dt/{[l— - ]E+ - k} av? e (=) = (iw=m)(¢'~2) (9.13)

We now have to plug in the unperturbed trajectories, By = Bye., ‘(11—;’,, =Q(v' xe,), or

cosQt' —t) sinQ' —t) 0
vi= | —sinQt' —t) cosQt' —t) 0 v (9.14)
0 0 1

Using cylindrical coordinates

vy = v cosf (9.15)
vy = v, siné (9.16)
v, = UH (9.17)

we can write this as

vy cos{f — Q' —t)}
vi= | vy sin{0 — Q' —1t)} (9.18)

Y|
Finally we obtain for the positions

—v [sin{0 — Q(t' —t)} — sinb]
vy [cos {0 — Qt' —t)} — cosb] (9.19)
U”Q(t/ — t)

Without restriction of generality we choose k = (0, ky, k,) and define 7 :=1¢' —¢.

The key point is the exponential in the integral which becomes

Q

_ exp{iky;;l sin (6 -+ 2) +sin (0 - )]+ikzm}
- S e fin(o-0m )

<S5 () oo (0= 3o
Y g (B ) (B2 ) exp {in(6 — Q) — imf + ik}

n=—oo Mm—=—0o0

exp [ik (X — x)] = exp {ikyUJ_ [COS(G — Q1) — cos (9] + ikaT}
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where we used the generator of Bessel functions €@ = ™ ] (a)e™. So the perturbed

n=—oo

distribution function contains an infinite sum of harmonics of €2, weighted by the Bessel functions

Q Q
radius and the wavelength A o< k- L. the effect is due to the fact that the particles feel a different
wave field during their gyro-motion. If £,p < 1, then the effect tends to disappear.

In (M) This is a finite Larmor radius effect, as Mo kyp is the ratio between the Larmor

The next step is to replace the v’ in the integrand by eq.(9.18) and to calculate the current density

§= a0 / Pov far(v) (9.20)

Then the conductivity tensor o can be identified and we automatically have the dielectric tensor
€. The velocity integration is done in cylindrical coordinates d*v = v, dv,dvydf, where the 6-
integration

2
/ dg =m0 = 275, (9.21)
0

reduces the double sum to a single one. The details of the rather lengthy calculation can be found
n [1](10-4). The result is

€ —
[1 - za: ] b- Z w2 Z/d?’ kv —Qijflgﬁ nzia 88{)610 ks 88];]0 (9.22)
with
Iz T e,
T,(vio) = [ -2y, gz W (9.23)
—iv vy gy J), va{‘*‘ nJ? vit

keyv
where a, = Q means the derivative with respect
to the argument. Here we note the resonant denomlnator k.v)—w+nfl,, which can be interpreted
as Doppler shifted cyclotron resonances

w— kv = nfl, (9.24)

9.0.3 Perpendicular Propagation (k, = 0)

In the case of purely perpendicular propagation (k, = 0), the resonances are simply w = nfl,.
These resonances, again, are a finite Larmor radius effect. If k,p < 1, only the low-order res-
onances are important, as the “weight” given by the Bessel functions goes down as (k:yp)m‘, ie.

rapidly with n.

Note that, for k, # 0 (k, can be very small, but in practice it is difficult to have k, exactly zero),
the resonance w = nfl, + k,v) is satisfied for different values of w —nf2,. For a whole distribution
characterized by a thermal velocity vy, |, the ‘width’ of the resonance, (w—n8q)max — (W =120 ) min
is of the order of k. vy, . Thus, for a toroidal plasma, where |B| o< R, the cyclotron resonance
layer has a finite width, as illustrated in figure 9.1.
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b

(o—kv nf)

Figure 9.1: Sketch of the toroidal vessel with the width of the resonance layer.

Such a finite width layer exists also if £, = 0, mainly for electrons, because of relativistic effects,
which should be included as corrections to the mass (m = ymy) in the cyclotron frequency

Q. ~1/2
w— e fy:(l—v—) >1
fy

The resonance becomes in this case velocity dependent and it is a real wave-particle resonance.
The absorption at the cyclotron wave-particle resonances can be quite efficient, and is used to
heat particles (in particular electrons, if k, = 0) in fusion experiments.

The resonances at w = nf{) were not at all present in fluid theory and represent a very useful
mechanism to heat and drive current in fusion plasmas (when in practice, the wave injection can
only be perpendicular to By).

The absorption mechanism can be qualitatively described similarly to the Landau damping studied
for BO =0.

w =

w = nfd:

At the fundamental frequency (w = ), strong interaction from a distribution of particles is
possible only for relatively large wave-lengths k,p; < 1 (or A > pr). If we had the opposite
case, A ~< pr, then the particle motion would not be able to stay in phase with the wave,
a necessary condition for efficient energy exchange (see Fig.9.2).

: At the first harmonic, strong interaction is possible if k,pr, ~ 1. When A ~ p;, the particle

can encounter a field of the opposite sign in the second half of its Larmor cycle compared to
that of the first half (see Fig.9.2), so it can be continuously accelerated (or decelerated).

If the opposite was true (A > py, for ex.), there would be acceleration in one half of the Lar-
mor orbit, deceleration in the other half, and the net effect (in the absence of the collisions)
would be vanishing.

For higher harmonics (n large), to have resonance and effective exchange of energy, it should
be w ~ kyvy, 80 kypp ~§=mn

Note: This is consistent with our Bessel-function series, as the maximum of J,(a) increases with

n.
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Figure 9.2: Interaction between a particle and X1/2 waves.

Naturally, we need to explore the ’accessibility’ to heat the plasma. As stated above, we need
to reach a resonance by avoiding cut-offs. This can be visualized in a diagram (CMA diagram),
which takes into account the two main parameters varying radially, n and B (see ex.2, series XIII):

w? 02 )
X:w—g(ocn) Y_w( x By)
Cut-offs:
O—mode: X =1
X —mode: Y = (1— X)>?
Resonances:

W =WyHy Y=1-X
w=I1Q Y =%(1,025..)

Simple CMA diagram for X and O mode, perpendicular injection

A 2 T T T
B = = = 15" harmonic propagation
1.81 += = 2" harmonic propagation |
1.6 T
14r
1.2 =

>~ 1
0.8f

0.6

047 T

0.2

Figure 9.3: Clemmow-Mullaly-Allis diagram for X and O mode. Wave trajectories are shown for 1%¢ and 2"¢
harmonic injection and for different core plasma densities. Note that for low field side X1 injection
the wave first encounters a cutoff. X2 may encounter a cutoff or resonance, depending on the density.
O mode has a higher density limit but will eventually be cut off at the plasma frequency.
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The fundamental O-mode and the second harmonic of the X-mode (usually called X2) can reach
the resonance from the outside, where B is lower, before they reach the cut-off. Heating using
second harmonic X2, or third harmonic X3, is commonly used on the TCV tokamak (Fig. 9.4) at

CRPP/EPFL, for example.

2nd harmonic X2 (82.7GHz) 3 harmonic X3 (118GHz)

"1a » -

E= —
q . 3 I
H ——— S - —
6 x 0.5MW, 2s 3 x 0.5MW, 2s
Side launch ECH, Top launch ECH
ECCD ncut_off i 1 020 m-3
Neutof = 4x1019 M3

Figure 9.4: The TCV tokamak and the X2-X3 ECH system.

9.0.4 New waves introduced by the kinetic model with B, # 0

We have seen so far that the kinetic model introduces resonances at n{) for perpendicular propa-
gation, thus modifying the properties of the fluid waves. Moreover, the kinetic model revealed the
existence of Bernstein waves — electrostatic waves not predicted by the fluid model. The dispersion
relation is similar for ions and electrons, and an example is given in figure 9.5 for the case of ions.

(D/Qi y

™y

Figure 9.5: Dispersion relation for Bernstein waves. Waves with vy = 0w/0k, opposite to vpn = w/k, are called
“backward waves”.
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The Bernstein waves are slowly propagating, longitudinal, electrostatic waves. They are ‘back-
ward’ waves, because the phase velocity and the group velocity have opposite sign. An interesting
property of electron Bernstein waves (EBW) is that they do not have a cut-off for high density,
thus they can be used to heat dense plasmas. The main disadvantage is that, being electrostatic
waves, they cannot propagate in vacuum and cannot be launched by an external antenna. They
can nevertheless be driven via a ‘mode conversion’ in the plasma, from antenna driven electro-
magnetic waves.

9.0.5 Parallel Propagation (k, = 0)

This section has not been treated in the lecture but one can refer to the first exercise of Problemset
15.

For parallel propagation (k, = 0) the argument of the Bessel functions is zero and we can use
Jn(0) = bnp (9.25)

So only the term n = 0 persists. However, there is also the derivative of the Bessel functions J),(a)
and the term %.J,(a) which appear in the tensor T,. Using the formulae [2] (eq. 9.1.27):

—Ju(a) =

J(a) =

[Jn_l(a) + Jn+1(a)] (9.26)

[Jn,l(a) - Jnﬂ(a)] (9.27)

NSRS NN I

we verify that

2 2
% [571,1 + 671,,—1] 1% [571,1 - 571,—1} 0
To= | <% [601 = 0n1] “L[0r+0na] O (9.28)
0 0 Uﬁ(sn’o

With the notation we used in Lecture 6 we have

€1 —i€2 0
e=liee e O (9.29)
0 0 €3
where
2 2 k. 9fa0 _|_ Q_aafaO k 9fa0 _ Q_aafao
w v Z Qv v, Qv Z Qv vy Ovy
=1-) B 1+/d3v L ! + ” 9.30
“ ; w? { dngo | kv —w+ Qq k.o —w — Qq ( )
9 9fa0 | Qa 9fa0 9fa0 _ Qa 9fa0
- w? dngo | kv —w +Q, kvp —w —Qq

w U2 kz%fao
—1-N "2 )y Py 2 9.32
€3 Z w2 { +/ Unao szH —w ( )

In the limit of T,, — 0, i.e. when the distribution function is described by a delta function,
f(v) = 6(v), one finds the same dispersion relation as in the fluid model (see ex.1, series 13).
When T # 0, there are significant differences.
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Chapter 10 Examples of non—linear effects in plasmas

Our treatment of waves in plasmas and of wave—particle interaction was based upon the lineari-
sation of the equations describing the plasma and the electromagnetic fields.

We have considered only the first order terms, assuming small perturbations to the equilibrium
state. This allowed us to employ linear decomposition techniques (Laplace and/or Fourier trans-
forms) to solve the problem.

However, in many real physical systems higher order terms™) can play an important role. This
may happen for

e Externally driven high amplitude waves (e.g. to heat the plasma)

e Unstable waves. As f1,F « e, for v > 0 the amplitude of the perturbations grows to high
levels. But this exponential growth cannot go on forever"), and the non-linear terms will
lead to a saturation of the instability (see Appendix F).

In this lecture we will see some ex- | E | (a)
amples of non-linear phenomena in : :
wave-particle interactions, although
in principle the two aspects are cou-
pled, namely:

-A/2 A/2

e Non-linear response of particles
to waves

— Trapping of particles in
wave potential

— Modifications of f(v) by
large amplitude waves

— Nonlinear Landau damp-

——_©
— Wave-induced determinis- \ ///ﬂ ,

ing
tic chaos

e Modification of linear wave dy- ___ separatrix
namics by strongly perturbed 1
f(v) [43 b2 M 1 M vM) M
trapped” orbits passing” orbits

— Wave steepening, soliton Figure 10.1: Electrons can be trapped in the potential well of a

formation wave. (a) Electric field. (b) Potential energy. (c) Tra-
jectories in the phase space.

10.1 Wave-particle nonlinear interactions

Wave-particle interaction involves resonant particles that will easily respond non-linearly, i.e.
with strong modifications of their trajectories, reflected in substantial modifications of fo(v).

() Describing the fields and/or the particles, e.g. the particle distribution function f(v).
() Otherwise it would correspond to infinite energy.
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10.1.1 Particle trapping — qualitative description

Let’s take a 1-D electrostatic wave and consider only the electrons. We assume weak damping,
so that E ~ const over a few wavelengths (or periods) of the wave. So

E(z,t) = Esin(kz — w,t) (10.1)

In a frame moving at the same velocity as the wave phase velocity x — 2’ 4+ vppt the electrons
see a static field E(z') = Esin(ka’), to which corresponds the potential ¢(z') = — [ E(2) dz’ =
E/E cos(kx’). In the frame of the wave the electrons can therefore be ‘trapped’ in a potential
energy well of depth 2e¢p = 2eE/k (figure 10.1). This happens for electrons with kinetic energy
smaller than the maximum wave potential energy, so the limit velocity is determined by the
condition

1 2

§mevtrapping = 26¢ (102)

that leads to

[ep e B
Utrapping = 2 E =2 Ez (103)

A measurable effect of the trapping of particles in wave potential is the creation of a ‘plateau’
(figure 10.2) in the (time averaged) zero order distribution fy(v) as trapped particles ‘bounce’
back and forth in the potential well with a characteristic “bounce time” 5.3

fi(v)

plateau

Figure 10.2: Plateau in the zero—order distribution function due
to trapped particles. Note that such an ‘asym-
metry’ in the distribution function corresponds to

1 1 a current in the plasma. In tokamaks, a plasma
current is needed to create a poloidal magnetic
field which is needed to achieve magnetohydrody-
namical stability. Usually, this current is induced
by a transformer, with the obvious disadvantage
that the tokamak cannot operate continuously. So
creating a current by injection of waves into the
plasma ( “current drive”) is of great interest in or-
der to obtain a steady—state fusion power plant.

() Assuming a small width of the potential well, the bounce time for an electron with v ~ w,/k is calculated
from

mei = —eFEsin(kx) ~ —eEkzx. (10.4)

So we can define a bounce frequency w% = eEk/m, or
2w [ Me 47
B wB T ek kVtrapping ( )
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The wave—particle resonance has therefore a finite ‘width’ in the velocity space, Av,es & vV E, in the
sense that particle motion in that region is strongly modified (see Appendix G for measurements
of plateau formation). Trapping and plateau formation have a strong influence on:

e Wave absorption/damping (e.g. for externally launched waves). As v o< dfy/du, the damp-
ing rate varies due to trapping (figure 10.3)

— Non-linear Landau damping®

0
% Figure 10.3: Measurement of the amplitude
= -10 profile of a non-linear elec-
< tron wave excited at x = 0,
= . .

G} showing non—monotonic decay
7] [S.M. Hamberger et al, Phys.
-20 Rev. Lett. 28 (1972) 1114].

1 |
0 25 50

DISTANCE x FROM EXCITER {cm)

If the condition v > wp is not satisfied, the trapping effect starts to play a role.

e Instability growth. Again dfy/du is modified, in particular it is reduced

— Saturation of the linear instabilities

Note that two characteristic time scales are in competition in the non-linear process: the colli-
sional® time scale 7., and the bounce time 75:

— If 7.on. < 7 particles move out from the resonance before they can create a plateau. In this
case we expect instabilities to be saturated, or damped by collisions anyway.

— If 7o, > 75 the formation of a plateau is robust. Steady—state is reached through saturation
(see Appendix G for experimental measurements).

— If 7eon. ~ 7 we can have oscillations around a plateau (y ~ 0), with fy characterised by a
finite slope (v # 0): “Fishbone-like oscillations” or “bursts” (see Appendix F).

10.1.2 Deterministic chaos in wave-particle interaction

The wave energy absorbed by resonant particles via Landau damping is localised in the velocity
space. But we might be interested in phenomena that redistribute this energy over broader regions
of f(v). We have seen that collisions can do that(l), but the typical time scales are usually quite
long. How can the energy be redistributed before collisions can play a role?

How can we modify fyo(v) over an extended region of v for example to create a current, without
using large wave amplitudes? And how to describe the decorrelation of the particle motion in
phase space, e.g. to describe the additive action of different waves?

®) i.e does not necessarily follow an exponential law, as would result from linearised equations.
(D Or equivalent mechanisms that lead to a decorrelation of the trajectories in the phase space.
(" The distribution function will relax to a maxwellian, and in this case we have an effective heating.

Plasma Physics 11 Ambrogio FASOLI, CRPP/EPFL, 2010



10.1 Wave-particle nonlinear interactions page 117

To answer these questions we have to introduce the concept of chaos in particle orbits, i.e. an
exponential divergence in phase space of initially close orbits. Note that this is possible also in
deterministic systems (i.e. described by deterministic equations of motion).

(a) (b) (c)

T
~
&
B
~
=

x Z x

Figure 10.4: Transition to chaos with two waves. From (a) to (b) the width of the resonance Avyes x VE is
increased until the two separatrix touch and merge one into the other (c). This corresponds to
possible “chaotic” walks in phase space (see also Appendix H).

10.1.3 Chaos in two waves

The transition to chaos occurs when the two islands of trapped electrons in the phase space begin
to overlap (“Chirikov criterion”, figures 10.4-10.5). We can define a “separation” as

2(5) =G -G (109

We introduce the stochasticity parameter

K = 2{\/A_1+ \/A_g} (10.7)

where

ham 222 [a ()] )

For K = 1 the islands begin to overlap, chaos begins, and fast diffusion®* in the velocity space
occurs (see Appendix H for an experiment on two wave chaos).

Thus several resonant waves can make particles diffuse over an extended region of the velocity
space even for relatively small wave amplitudes.

This process can help driving current in tokamaks, for example using several cyclotron harmonics.
In some cases it can also lead to unwanted effects, like in the case of lower—hybrid (LH) current
drive. Antennas exciting LH waves from the plasma edge inject a discrete spectrum of kj’s,
containing spurious components at high % that can resonate with thermal electrons at the plasma
edge™. Due to resonance overlap, thermal electrons with energies of a few tens of eV can diffuse
in velocity space up to energies of several keV (figure 10.5), forming a beam that can damage the
vessel or other components installed close to the plasma edge like tiles or antennas.

(+#) " Much faster than collisional.
() AS pes = w/k, for high k’s the resonant velocity moves toward vy e.
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E [eV]

I
10 20 30 40  E[V/m]

Figure 10.5: Resonance overlap diagram (Chirikov) for n = 0,1, ... components of an injected wave, as a function
of the amplitude of the resulting wave (note that this is a generalisation of the effect shown in
figure 10.4). At high amplitudes the overlap region spans energies from ~ 10 eV up to ~ 1 keV, i.e.
thermal electrons can be accelerated to very high energies.

The use of the so—called quasi-linear theory is usually justified for this kind of problems. The
quasi-linear theory was developed to account for the changes in fo(v) due to wave—particle inter-
action, yet assuming that the wave dynamics show “linear” properties (e.g. 2|E[> = 2v|E[?).

In addition to the analysis of the saturation mechanisms for instabilities, quasi-linear theory is
used to calculate (non—inductive) current drive in tokamaks and seems to work fairly well.

10.2 Nonlinear wave dynamics

In the previous discussion we neglected the fact that the particles dynamics in the real space will
also change, influencing the wave-particle interaction itself and the wave dynamics.
What happens if we now do consider these effects?

10.2.1 Wave steepening

Consider the example of an ion-acoustic wave, that we already characterised using both fluid
and kinetic models. In one dimension (figure 10.6) we can describe it by its potential ®(x,t) o
sin(kx — wt), with

o
s (10.9)

w
T’i:Oa Te 07 = 7. 7 Cs M = )
#+ Ve Cs = . T

o

where M is the Mach number.
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v Foc sin(kr — wt)
E=-Vo © —

_— . .—

Figure 10.6: Unperturbed potential and force acting on particles (ions)

In linear Landau theory we considered the change in velocity of resonating particles, accelerated at
the positive phase (for ions) and decelerated for a negative phase. We explained qualitatively the
Landau damping from the argument that the particles accelerated by the wave, if they are a little
slower (faster) than the wave, would stay in the resonance for a longer (shorter) time (figure 10.6).
With reference to figure 10.6, the ions at the top of the potential curve have larger velocity in the
direction z, i.e. the direction of vy, with respect to the ions located in the well. This is because
they have been accelerated as the wave was passing by.

In a more complete (nonlinear) theory we should consider not only the change in velocity, but also
the possible displacement due to large amplitude waves.

From figure 10.7 the ions at the top are accelerated to the right, those at the bottom to the left.
As the density is proportional to ®, the potential will also be distorted: the wave steepens, i.e.
E = —V® increases and there is a net flow of mass in the direction of propagation. As the wave
velocity increases to M > 1, the wave becomes a “shock wave”.

A’]’I,OC@

o
o O
D
oXe!
o
Figure 10.7: Ton density behaviour under the effects of a high amplitude ion-acoustic wave. Remember that
n; < ®.
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10.2.2 Solitons

In the presence of dispersion, the process of steepening can be limited and a “soliton” is generated.
We call soliton a pulse that propagates practically without dissipation.
A soliton is described by the Korteveg-de Vries (KdV) equation, namely

—tav—+p-==0 (10.10)
x

The term 93/023 results from the dispersion and is the one that limits the steepening. In fact, if
this term was zero, then

ov ov
5 Tave =0 (10.11)

and the result would be a continuous wave steepening due to convection.
For plasmas, the KdV equation can be written in the form:

96 0o 10%
E + % 5% =0 (10.12)

where ¢ is the electrostatic potential.

Figure 10.8: Wave propagation properties can be strongly affected by “boundary conditions”, as in the case of a
tsunami.

Dissipation can prevent an extreme steepening of the wave, but is not always sufficient, for example
when the boundary conditions are changed.

Consider the analogy with large amplitude ocean waves (tsunami), described by similar equations
(figure 10.8). Tsunami are characterised by very long wavelengths, A 2 100 km, and large veloci-
ties(H1), vg ~ 800 km/h. In the ocean it propagates almost as a soliton, but as it approaches the
shore d — 0 = v4 — 0, the wavelength decreases and the amplitude must grow. This corresponds
to a resonance, N = % — 00. Thus the wave steepens as it gets closer to the shore, and eventually
breaks.

Note that soliton-like waves can also have smaller amplitudes than a tsunami. They can be
observed in oceans (figure 10.9) as well as in rivers.

() Note that, as A\ > d, where d is the depth of the ocean, even in the middle of the ocean the tsunami is a
“shallow water” wave, with vy ~ \/gd.
Note that a tsunami cannot be described by a linear plane wave, because no linear wave can travel for so
long without dispersion (8000 km from Sumatra to the South of Africa, in the case of tsunami in December
2004).
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Figure 10.9: Examples of solitons approaching the shore.
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Appendix A Debye length - formal derivation

Here we want to derive an expression for the electrostatic potential, ®, as a function of the other
parameters. Our assumptions are:

e Cold ions: T; =0 — n; = nyg

e Electrons described by a Maxwell-Boltzmann distribution (i.e. the electron population is at
the thermal equilibrium)

1 —
f(v):Aexp{—enP;gy}:Aexp{—QmUQTw} (A.1)

— Ne = Ny €XP {%} (A.2)

e Small perturbations

Ne ™ Neg or %b <1 (A.3)

e Spherical symmetry
¢=9(r),  ne=ne(r) (A.4)
We start from Poisson’s equation for the potential:

V20(r) = ‘% (A.5)

Now let’s put a test particle with charge g inside the plasma, at »r = 0. We can split the space
charge p in two contributions. The first contribution ppasme represents the charge due to the
plasma, and the second contribution comes from the test particle:

P = Pplasma + Qtest = e(ni - ne) + qtest(5<T) (AG)
Now remember the hypothesis of small perturbations: T ~ 1+ % + ..., then:

ed
p = —€ng ? + qtesté(r) (A7)

Due to the hypothesis of spherical symmetry

2 ldQ [r &(r)]
Veo(r) — R (A.8)
and eq.(A.5) can be written as
2 2
L O] _ o Blr) gy (A9)

rodr? g T €0

The test charge gi:d(r) represents a source term. We can solve eq.(A.9) by standard methods,
looking first for a solution of the associated homogeneous equation and then taking into account
the source term as a condition for a particular solution.
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The homogeneous equation can be cast in the form

d?[r ®(r)] B e*ng rd(r)
er = o T (Alo)

and with the substitution F'(r) = r®(r) we obtain
A

F(r) = Aexp (—L) —  ®(r)=—exp <—L) (A.11)
)\D r

where we have introduced the Debye length, \p:

EOT

Ap = 5
e

(A.12)

Now let’s go back to eq.(A.5). Consider a sphere (radius r, surface 3, volume V') centred on our
test particle. In the limit » — 0 there will be no other particles inside the sphere, and we can use
the Gauss Theorem to relate ® and ¢ and obtain the value of A:

qm:/mW:/VEW:/E%@ (A.13)
€0 1% 1% p)
where 7 is the unitary vector normal to the surface .
The electric field E = —V®(r) has only a radial component (along 7). In the approximation
r—01is

A

and after a few calculations, for® r = a:

@ﬁ:/EW@:Mf&:MA (A.15)
€0 by
ie. A= Zj%; and for g = e (ion)
o) = —— L expd (A.16)
"= 477807“ P )\D '

(8%) " For physical reasons r has a minimum value a, equal to the particle radius.
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Appendix B Energy and momentum transfer: formal deriva-
tion

Let’s see in detail the derivation of the energy and momentum transfer rate for one collision,
eqs.(3.19) and (3.32), respectively.

Example: heavy ion

No energy is exchanged
but nevertheless Ap_ / p_= 100 %

y .
Time scales for energy
or momentum exchanges

X can be very different!

heavy ion

Energy transfer rate

As mgy > my, we can assume the ion at rest, vo = 0. After the collision, from eq.(3.6), the velocity
of the electron will have components :

m m
vi=(u+ ———vcos, ————uvsinfh (B.1)
my + ms mi + mao
As vy = 0, the relative velocity is v = v; and the velocity of center of mass is u = v, and
we have:
v m
vy = |(my + mqcosf) : 2_ysing (B.2)
myp 4 Mg My + Mo

Loss in kinetic energy

2 . a2
AE, = E, — E}, = %m1 {02 _ {(m1—0—m20086)v} B {mwsm@} }

my + Mo my + mo
1, [1 m? 4+ m3 cos? 0 + 2myms cos O + m3 sin’ 0}
2 ! (m1 + m2)2
1 9 m? + m3 + 2mymy cos 6
=-—mv- |1 — =
2 (m1 —+ m2)2
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In the limit of small angles, we can expand cos# up to the second order: cosf ~ 1 — %,
1 ) [ m? 4+ m3 + 2mymg — myms6?
=-mv° |1 — =
2 (mq + mg)?
1 9 mime 2:|
= —-mv* | ————0
2 {(ml + m2)?

As tang = bazﬂ, we can write 6 ~ 21’% in the limit of small angles. This finally gives the energy

loss for a single collision, in the limit of small angles, eq.(3.19):

1 mime boo'\
AE, = = = (2=
k 2m1U (m1 +m2)2 ( b )

Momentum transfer rate

Let be  the direction of the incoming particle, then the variation of momentum along z will be
equal to:

ma mo
Ap, = mq(v; — v ) =mqvy |1 — + cosf || =
b (v 12) i [ (m1+m2 my + Mo )]

mo mao
= Ds — cosf | =
my+mg M+ Mo
me

=p,——— (1 — cos@
P my + mg( )
In the limit of small angles, cosf ~ 1 — %:
mo 62
Apy, >~ —Pa
Pk M+ 1y 2 p
and, reminding that
AEk o~ mimeo 6’2
Ek o (m1 + m2)2
we find eq.(3.32)
Apy 1 my o1 my AE (my + mo)?
Pk 2 mi + Mo 2 mi + Mo Ek m1me
o 1 my + Mo AEk
2 omy B
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Appendix C Examples of techniques to measure distribu-
tion functions

Electron distribution function

fe(v) can be extracted from:

e Probe measurements (Langmuir probes, see figures C.1 and C.2).

A Langmuir probe consists of one or more electrodes, inserted into a plasma, with a constant
or time-varying electric potential between the various electrodes or between them and the
surrounding vessel.

The beginning of Langmuir probe theory is the I — V' characteristic of the Debye sheath,
that is, the current density flowing to a surface in a plasma as a function of the voltage drop
across the sheath. As the potential drop in the Debye sheath is reduced, the more energetic
electrons are able to overcome the potential barrier of the electrostatic sheath. By varying
the potential, the electron distribution function may be reconstructed.

e Scattering of laser light from free electrons (Thomson scattering).

{In this region the current
jis o [ _(v) v dv

/

[mA]

DT 25ev |
0T :

fr

i ong=245 10" m?

VoV

pr

Figure C.1: Measured Current—Voltage characteristic measured by a Langmuir probe in a low-density, low-
temperature plasma. The main parameters are found by fitting the data with a known function.
In the region where the current changes its sign f.(v) o (dl,,./dV,,)"".

Ion distribution function

fi(v) can be obtained from:
e (Collective Thomson scattering,

e Laser induced fluorescence (LIF) via completely ionised ions, see figure C.3.
A tunable laser pumps a bound electron from quantum level E1 to a higher level E2. The
excited electron then spontaneously decays to a lower level E3, emitting a photon. By
using a very narrow band dye laser, the line width of the exciting laser line is substantially
narrower than the thermal Doppler width of the plasma ions so that scanning the dye laser
wavelength map out the ion velocity distribution f(x,v,t), Wobserved = Wiaser — Klaser Vion-
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Figure C.2: Reduced electron velocity distribution functions g(v) at r = 17 mm for heights z = 15, 20, 25, 30,
35 and 40 mm above the cathode. The abscissa is logarithmic. Each distribution function begins at
10 s m™* at the position indicated on the g axis. An E x B drift is clearly seen at z = 15 mm.
Courtesy of T. E. Sheridan et al., J. Vac. Sci. Technol. A 16(4), Jul/Aug 1998.
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Figure C.3: (a) Principle of Laser Induced Fluorescence (LIF) measurement.
(b) Example of f(vy), f(v|) measured by LIF on a ’Q-machine’. v and v, are the velocity
components parallel and perpendicular to the magnetic field B. Barium plasma (singly ionised).
T;1 ~2T;) ~0.23 eV. Courtesy of A. Fasoli, PhD thesis, 1993.
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Appendix D Experimental measurements of ”classical” dif-
fusion by optical tagging

We are considering a cylindrical vacuum vessel with a magnetic field along its axis. A Barium
plasma is produced. Such kind of plasmas are very quiescent, i.e. without significant levels of
fluctuations and turbulence.

’ OPTICAL FIBER

= CHOPPER

Y

TAG BEAM CW DYE

SEARCH
BEAM

k TO PMT

BUFFER GAS

INLET HOT PLATE

Figure D.1: Experimental set-up for cross-field transport studies

Particles in a certain region of the plasma are tagged by exciting them with a laser from the
ground-state A to state B from where some decay to a metastable Zeeman sub-level C. i.e. for
those particles, the A — B transition is no longer resonant with the laser frequency. Thus they can
be identified again (perhaps in another plasma region) by a ‘search’ laser, to which they appear
as a missing of fluorescence response.
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m=-12
493.4 nm

Gpolarized —

-0 \ -0 10
\ / search laser detuning GHz

6S 12

/
\ | — WITHOUT TAG LASER

m=-2 \ ——- WITH TAG LASER

SEARCH LASER-INDUCED FLUORESCENCE INTENSITY

(a) (b)

Figure D.2: (a) Scheme of barium II spin state tagging.
(b) tag signal amplitude as a function of the search laser frequency, showing ”dark” and ”bright”
characteristics. The background LIF signal from the two o lines is also displayed (continuous line)

It can be shown (see A. Fasoli, EPFL thesis #1162, 1993) that the perpendicular diffusion coeffi-
cient is proportional to the full-width at half maximum of the tag signal:

FWHM? 2] oo

D ~ 2| e
- o7 ¢ AN -

where Az is the distance along the magnetic field between the optical tagging position and the
search one. So as Az increases, the FWHM should increase too.
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...... Az=5 cm (Theory)
............ Az=20 cm (Theory)

1.0

---- A2=5 cm (Exp.)
—— Az=5cm (Exp.)

Tag signal (a.u.)

Figure D.3: Experimental verification of ”classical” diffusion for a cylindrical non—turbulent plasma. Optical
tagging was used to measure particle transport. Here, a radial scan of the tag signal expressed in

arbitrary units is shown (vi/vi¢ =~ 0; B ~ 0.15 T). Theoretical and experimental curves for two

values of the tag—search distance are shown on the same scale.

The experimental results of FWHM? as a function of the position Az can be fitted with a straight

line. The slope is directly proportional to the perpendicular diffusion coefficient.
By changing the magnetic field, one can find if the ”classical” prediction D oc B~? is satisfied.
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Figure D.4: Left: square of the tag radial profile FWHM as a function of the tag-search position Az. A least
square fit for Az < 30 cm is also shown. Right: B-field scaling of the measured perpendicular

diffusion coefficient. The shaded region corresponds to the values calculated from D, =1/ 2p221/2—1-.
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Appendix E How is an Interferogram Measured?

In an experiment as shown in figure E.1, a wave at frequency w is excited by an antenna, for
example by applying an oscillating voltage Vjcoswt to a grid immersed into the plasma. We
can then measure the effects of the launched wave at the generic position x by means of a probe
(electrical or optical, e.g. LIF). The measured voltage will be of the form V;(z) cos(wt — kx + ¢o).
‘Mixing’ the two signals we get

VoVi(x) cos(wt) cos(wt — kx + ¢p)
Vo)

5 [Cos(th — kx + ¢o) + cos(kx — gbo)] (E.1)

Using a low—pass filter to eliminate the component oscillating at 2w and supposing that the wave
is exponentially damped in the plasma

Vi(z) = Voe h® (E.2)
the signal becomes

%5 %3 (T 1% 7

706_’“:” cos(kx — ¢p) = 703? {e‘(k”’_d’“)} = 703? {e‘km)} + const. (E.3)
where k = k, + ik; is the complex wave vector. The imaginary and real parts give the damping
rate and the wavelength of the wave. Varying x, both values can be measured for a fixed frequency
w imposed by the antenna.

10
. Probe (electrical or optical)

V, cos(wt)

V,(z) cos(wt — kx + q,) .05 =

-
grid (to launch the wave) PLASMA

—~——
The observation point|is scanned continuously ki/ky o2 L

X

Mixer

) LO RF o b
@ © KT=65ev o

IF .
V, cos(wt) O KT =9.6ev o
005 | | | {
o] 5 10 15 20 25
(vp/7)2

Low pass filter

(a) (b)

Figure E.1: (a) Interferometry experiment.
(b) Experimental evidence of Landau damping: The damping rate is in agreement with the Landau
theory (solid line). J. H. Malmberg and C. B. Wharton, Phys. Rev. Lett. 17 (1966) 175.
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Appendix F Example of nonlinear saturation of particle—
driven instabilities

2.7257 2.7276 2.729% 2.7314 2.7333 2.7352

(o2
1

=

— theory
e experiment

amplitude

5.23 5.634 6.038 6.442 6.846 7.25
normalised time

Figure F.1: Non-linear saturation of fast-particle driven Alfvén wave in a tokamak [K.L. Wong et al., Phys.
Plasmas 4 (1997) 393-404].
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Figure F.2: “Bursting” saturation of low frequency instabilities driven by Neutral Beam Injection. Fishbone
instability: (a) soft X-ray emission; (b) poloidal magnetic field fluctuations; (c-d) expanded trace of
these fluctuations [K. McGuire et al., Phys. Rev. Lett. 50 (1983) 891].
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Appendix G Trapping effect

perpendicular

parallel beam

perpendicular
beam

to PMT

perpendicular

beam carriage to phasing

circuit and
generator

Figure G.1: Sketch of the Linear Magnetised Plasma (LMP) device at CRPP/EPFL, Lausanne. A quiescent
drifting Barium plasma is created by a hot—plate continuous discharge and diagnosed with Laser
Induced Fluorescence (LIF) and Optical Tagging techniques. Note the four rings surrounding the
plasma column, representing an antenna for the excitation of ion-acoustic waves with tunable k.

T.~T;~02eV, By~ 03T, n.~ 10 cm~3.

A. Fasoli -- PhD thesis (1993)

1.0~
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Figure G.2: Two waves trapping effect. Example of time resolved parallel ion distributions before (left) and after
(right) stochastic heating. On the left the unperturbed distribution is also represented (dashed line)
before the injection of two waves with phase velocities vy ; and vg 2. Note the formation of a plateau
around the resonant velocities.
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Appendix H Stochastic heating
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Figure H.1: Sketch of the evolution of the orbits in the phase space as a function of the stochasticity parameter
K. Particles that were originally localised on the separatrix for K < 1 diffuse in the phase space
when the two islands merge (K > 1).
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Figure H.2: Left: Parallel ion distribution function f(v) for different amplitudes of the excited waves. Note
the heating of the ion population for K > 1, evident from the broadening of f(v). Right: Parallel
temperature for different amplitudes. The shaded region correspond to K ~ 1: two islands in the
phase space can overlap, leading to a “stochastic heating” of the population.
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Figure H.3: For K > 1 non-linear heating is observed. It occurs on a time-scale ten times faster than the
collisional one. The parameter D,,, is the diffusion coefficient in the phase space: % =10 p 9of
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Appendix I Test-particle transport

optical pumping
and radiactive
decay = more
ions in state ‘C’

TAG
T(x,v)
less signal
when and
SEARCH where ‘tagged’
S(x,v) particle arrives

Figure I.1: Setup for the experimental characterisation of particle transport in the phase space (the measurements
were made on the LMP device). A narrow—band laser injects a “tag beam” at = € (zr, 27 + Ax),
exciting a selected class of particles with v € (vg, vg + Av). This defines a volume AxzAw in the phase
space with a width I'g. A second laser is then used as “search beam” at different positions xg, and
measures the broadening of I'y.
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Figure 1.2: A search beam at xg measures the evolution of the width I'y of the initially selected volume.
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Figure 1.3: Width I' and number of particles in the observed phase space volume as a function of the distance
from the exciter laser. With classical radial transport one should observe a dependence I'? ~ Dt,
while above the wave—particle stochastic threshold (K > 1) is I'? ~ exp («at).
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Ambipolar field, 33
Analytical continuation, 86
Aurora, 6

Ballistic modes, 91
Banana orbit, 38

Bessel function, 108
Bohr radius, 8
Boltzmann equation, 68
Bounce frequency, 115
Bounce time, 115
Bursting saturation, 135
Bursts, 116

Cauchy formula, 88
Chaos in particle orbits, 117
Characteristic length for the density gradient,
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Chirikov criterion, 117
Collective behavior, 2
Collective Thomson scattering, 128
Collision frequency

average, 21

effective, for energy loss, 19

electron, 24

ion, 24
Collisionality, 17
Collisions, 13

Coulomb, 12

multiple, 16
Collisions:elastic, 13
Collisions:inelastic, 13
Conductivity tensor, 48
Conservation, 70
Constitutive relation, 48
Continuity equation, 75
Convective derivative, 41
Corona, 12
Coronal equilibrium, 6
Coulomb

force, 14

logarithm, 18

potential, 14
Coulomb force, 13
Cross—section, 7

fusion, 25

Rutherford differential, 16
Current drive, 115

Damping, 84
deBroglie wavelength, 8
Debye

length, 3, 124

sheath, 128

shielding, 2

sphere, 3
Deflection anlge, 15
density gradient scale length, 65
Deterministic chaos, 116
Dielectric tensor, 48
Diffusion, 30

coefficient, 31

equation, 32

of B-fields, 41

perpendicular, 34
Diffusion coefficient

ambipolar, 33
Dispersion function, 79
Dispersion relation, 45, 49, 81
Distribution function

Maxwellian, 21

moments of, 72

plateau in the, 115
distribution function, 20, 66
Doppler shift, 108
Dreicer electric field, 29
Dynamo effect, 43

EBW, 112
Einstein relation, 32
Electron beam, 29
Electrostatic approximation, 77
Energy

conservation, 70

loss, 18

loss rate, 19, 126

total, 70
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transfer rate, 19, 126 Lagrangian approach, 67

Entropy, 70 Landau

Equilibrium damping, 96
static, 39 damping, non-linear, 116
thermal, 24 integral, 80
uniform, 39 length, 12

Equipartition principle, 73 rule, 87

Langmuir probe, 128
Laplace transform, 84
Larmor
motion, 25
Laser induced fluorescence, 128

Faraday rotation, 57

Fick law, 32

Fishbone instability, 135
Fishbone-like oscillations, 116

Flux . Lawson criterion, 25
freezing, 41 LHCD. 117
particles, 33 LIF, 93, 96, 128

Fokker—Planck term, 68 Lightning, 9

Fourier ,

Linear Magnetised Plasma, 136
Linearisation, 39

Liouville theorem, 67

G.T.E., 10 LMP; 136

Galileian transformation, 22 Lower hybrid current drive (LHCD), 60

Global thermodynamical equilibrium, 10 Mach number. 118
Guiding center, 34 ’

transform, 39
Friction force, 26

Magnetic pressure, 46
Magneto-hydrodynamic model, 41

Heat conduction, 35
Magnetosphere, 45

heat flux tensor, 74

Heating Mass
ohmic, 27 reduced, 14
Method of the characteristics, 106
identity dyad, 48 Method of the unperturbed trajectories, 106
Impact parameter, 15 MHD, 41
Index of refraction, 49 ideal, 41

Instability, 84
saturation, 114
sufficient condition, 103

Interferogram, 133

Interferometry, 133

Ionisation, 6
degree of, 10
impact, 6
radiative, 6
strong, 12
weak, 12

Island, 117

Isotropization, 22

Kinetic effects, 65
Kinetic model, 66, 106

Korteveg-de Vries equation, 120

Krook term, 68

resistive, 41

Two—fluid model, 49
Micro—instabilities, 100
Mobility, 32
Mobility tensor, 51
Mode

conversion, 112

extraordinary (XM), 60

ordinary (OM), 60
Modes

ballistic, 91
Momentum

loss rate, 19

total, 70

transfer rate, 19, 127

Nebula, 6
Neon tube, 12
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Non-linear effects, 114
Nonlinear wave dynamics, 118
Normal mode analysis, 39
Norton—-Gardner theorem, 100
Nyquist criterion, 101

Ohm’s law, 41
Optical tagging, 130

Particle trapping, 115
Phase mixing, 91
Phase transition, 11
Plane wave analysis, 39
Plasma
Barium, 129
collisionless, 70
definition of, 1
dynamic properties, 5
echo, 95
free streaming, 93
frequency, 5
hot magnetized, 106
interstellar, 11
Mercury, 46
monitor, 9
parameter, 3
production, 6
resitivity, 26
waves, 39
Pole, 85
Pressure ration (3, 46
Pressure tensor, 73
Principal value, 80
Problem
boundary value, 63
initial condition, 62
production, 6

Q-machine, 129
Quasi-linear theory, 118
Quasineutrality, 1

Random walk, 30

Rates, 9

Ray tracing, 63

Recombination, 6
charge-exchange, 6
dissociative, 6
radiative, 6
three-body, 6

Relaxation processes, 19
Resistivity, 26
Resonance

hybrid, 60

lower hybrid (LH), 60

upper hybrid (UH), 60
Resonance overlap, 117
Reynolds number, 42
rotating vectors, 55
Runaway-regime, 28
Rutherford differential cross—section, 16

Saha equation, 10
Scattering, 17

pitch angle, 19
Solar corona, 12
Solar flare, 42
Solar wind, 42
Solitons, 120
Sound speed, 44
Spark plug, 9
Spin state tagging, 131
Spitzer resistivity, 27
Stability criteria, 100
Stochastic heating, 137
Stochasticity parameter, 117
Streaming instability, 81
Supraconductor, 27
Synchrotron radiation, 29

Theorem of residues, 88
Thermal diffusivity, 35
Thermalisation, 17
Thomson scattering, 128
Time scales
characteristic, 24
Transport, 30
anomalous, 38
classical, 37
energy, 35
neo-classical, 37
particle, 31
Trapped particles, 38
Tsunami, 120

Universal instabilities, 65

Velocity
center—of-mass, 14
diamagnetic drift, 65
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drift, 21

fluid, 41

group, 40

phase, 40

phase space, 67

relative, 14
Vlasov equation, 66, 68
Vlasov—Maxwell system, 78
Vlasov—Poisson system, 85

Wave steepening, 118
Wave-particle interaction, 81
Waves, 39
Absorption, 53
backward, 111
Bernstein, 112
compressional Alfvén, 47
cut—off, 53
cyclotron resonance, 54
drift waves, 64
electron plasma waves, 83
electrostatic, 61, 77
fast, 47
helicon, 59
ideal MHD, 44
inhomogenous plasmas, 63
ion acoustic, 49
Langmuir, 49, 83
longitudinal, 49
magneto—sonic, 46, 47
non—compressional, 45
reflection, 53
resonance, 53
right-handed, 56
shear Alfvén, 44
shock wave, 119
slow, 47
sound, 46
transverse, 44, 49
wave equation, 48
Whistler, 57
WKB method, 63
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