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1 Fusion and the world’s energy needs
(P.P. and F.E. by J.Freidberg, Ch. 1 and 2 - Fusion Physics,
IAEA, Ch. 1)

The need for ways to supply energy that are economically and environmentally sustainable
represents one of the main issues mankind faces today. Discussing the whole energy issue in
general would take an entire course. Nevertheless, it is useful to reflect upon it, even if in
a necessarily superficial way, as an introduction to the course, and as a motivation for our
efforts. The attached slides remind us of some of the issues, including an overview of the
energy options available to meet the demand, including nuclear fusion, and have been used
as a basis for our in-class discussion.

2 Nuclear fusion

2.1 Fusion reactions

The ‘basic process’ is H + H + H + H → H4

1. D21 +T
3
1 → He42 (3.5 MeV) + n

1
0 (14.1 MeV); Emin ≃ 4 keV,∆Ef = 17.6 MeV

Note 1: Energy share between α’s and n’s is dictated by the masses:{
1
2m1v
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2. D21 +D
2
1

↗ 50% T31 (1 MeV) + p11(3 MeV) ∆Ef = 4 MeV

↘ 50% He32 (0.8 MeV) + n10(2.45 MeV) ∆Ef = 3.2 MeV

Emin ≃ 10 keV

3. D21 +He
3
2 → He42 (3.7 MeV) + p11(14.5 MeV); Emin ≃ 30 keV; ∆Ef ∼= 18.2 MeV

Et cetera, with increasing Emin; He3 is a T-decay product, but could also be mined from the
surface of the moon.

Note 2: Reaction 3 is the ‘cleanest’, as it does not produce (fast) neutrons, has no radioac-
tive elements. No neutron irradiation ⇒ no activation of structure materials.

Note 3: there is no energy at which a mono-energetic beam can produce more fusion reac-
tions than Coulomb interactions (σCoul ≥ σfus ∀ E). This implies:

- No chance to make fusion energy with beams (thay are scattered before they can fuse).

- We need to deal with a Maxwellian equilibrium generated by Coulomb collisions, like in
a gas.

- That is why we speak of thermonuclear fusion.
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Figure 1: Cross-section dependence upon energy for the most important fusion reactions for
use as energy source.

2.2 Sources of fuel for fusion (D-T)

D is 1
6700 of hydrogenic atoms in oceans i.e. ∼ 1.6 g/l ⇒∼ 5 x 1016 kg total in oceans. But

1 kg of D-T gives 2.7 x 1014J (or 7.5 x 107 kWh, or the world’s need for 1 min) ⇒ so the
supply is practically unlimited (∼ 1016 × 1014J, or ∼ 1016 x 1 min = 1016

60x24x365 ∼ 2 × 10
10

years).

By comparison, 1 kg of coal gives (700 K) 3 x 107 J.

Tritium does not exist in nature, as it is radio-active and relatively short-lived (12.5 years).
It can be produced from nuclear reactions with Lithium:
n10 + Li

6
3 → T31 +He42 + 4.8 MeV (Li6 is ∼ 7% abundant)

n10 + Li
7
3 → T31 +He42 + n10 − 2.5 MeV (Li7 is ∼ 93% abundant)

As we can see in Fig. 2, the cross section for Li6 is much larger than for Li7, so much that we
may not even need to use artificially Li6 - enriched Lithium. But we need to have low-energy
neutrons, i.e. to moderate them (from 14MeV down to thermal) before they interact with
Lithium.
The second thing to note is that, if we need to multiply neutrons before we breed T (and
we do need to do it, as we must guarantee one new T for each fusion reaction), we must
do it while the neutrons are still at high energy, for example using reactions with Lead or
Beryllium.
So, the logical sequence is to first use neutron-multipliers, then moderate the neutrons, and
finally, breed Tritium.

Li is in the earth crust, and also in ocean waters (∼ 0.17 g/m3 ; for comparison, Uranium is
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Figure 2: Cross-section for neutron reactions for n-multiplication and Tritium breeding.

0.003 g/m3).

As we will see, in practice T is generated ‘in situ’, in a blanket containing Lithium that
surrounds the plasma reactor. To compare the ‘feasibility’ of the different reactions, one
should consider not just the minimum energy, but also the reaction rate as a function of
energy, which stems from the concept of cross-section. This will also allow us to calculate
the conditions for fusion energy production.

2.3 Fusion as a collisional process (P.P. and F.E. by J.Freidberg, Ch. 3)

Note 1: we focus only on DT reactions.

Fusion reaction rate ( # of fusion reactions per unit volume per unit time)

RDT (v) = nD(nTσDT (v)v)

(
1

m3s

)
for velocity v

Fusion power density for velocity v (or corresponding energy) = RDT (v)∆Ef =

=

# of reactions/s/volume︷ ︸︸ ︷
(nDnTσDT (v)v) × (∆Ef )︸ ︷︷ ︸

energy of one reaction

(
W

m3

)

∆Ef is the energy released in one reaction (for DT, ∆Ef = 17.6 MeV).

Note 2: this quantity, as RDT(v), is velocity (or energy) dependent, so it does not represent
a global property of a plasma. We must perform an average over the distribution function.

Fusion power density = nDnT ⟨σv⟩DT∆Ef = 1
4n
2
e⟨σv⟩DT∆Ef



2.3 Fusion as a collisional process (P.P. and F.E. by J.Freidberg, Ch. 3) 5

Note 3: we can assume that nD ≃ nT ≃ 1
2ne , where nα is assumed to be negligible. Other-

wise,
∑
Zjnj = nD + nT + 2nα = ne .

Note 4: the symbol ⟨ ⟩DT indicates an average over the D and T distributions (σ depends
on v, so it cannot be taken out of the integral defining the average). Formally:

RDT = nDnT ⟨σv⟩DT =
∫∫
dvDdvT fD(vD)fT (vT )σDT (|vD − vT |)(|vD − vT |)

Note 5: v is in fact the relative velocity: (|vD − vT |)

For two Maxwellian distributions with the same temperature (TD = TT = T ), we have:

⟨σv⟩DT =
(
mr
2πT

)3/2 ∫ ∞
0

4πv3 exp
(
−
mrv

2

2T

)
σDT (v)dv

where mr is the reduced mass mr =
mDmT
mD+mT

. This is represented as a function of temperature
in Fig. 3.

Figure 3: Fusion ⟨σv⟩DT as a function of the plasma temperature.

Note 6: the maximum of ⟨σv⟩DT vs.T is around 60 keV (it was around 100 keV for the
mono-energetic case, as it can be seen in Fig. 1).
Note 7: at T = 9 keV the curve is at 10% of its maximum, while to be at 10% of the max.
for the mono-energetic case we need to be at 35 keV.

2.3.1 Numerical example to evaluate if fusion can be obtained in a reasonable size
reactor

We want a D-T fusion reactor with Pfusion ∼ 1 GW (note: Pfusion ̸= Pelectric): what volume
do we need?
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In magnetic fusion we can take ne ∼ 5×1020m−3 ; ⟨σv⟩DT ∼ 4×10−22 m
3

s (for T ∼ 20 keV)

volume =
Pfusion

nDnT ⟨σv⟩DT∆Ef
=

109J/s
1
4(5× 1020)2m−6 × 4× 10−22m3/s× 17.6× 106eV × 1.6× 10−19J/eV

∼= 14m3(reasonable)

Note 8: characteristic (thermal) velocity of ions is vthi =
√
Ti
mi

. Assuming Ti = 20 keV for
a Deuterium ion, √

Ti
mi
=

√
20× 103eV × 1.6× 10−19J/eV

3.3× 10−27kg ≃ 106m/s

For 1 m (reactor dimension) we have ∆t = 1m
106m/s

= 1µs→ we need a confinement scheme!

2.4 Power balance in fusion (P.P. and F.E. by J.Freidberg, Ch. 4)

We need (at least) a power produced by fusion reactions that exceeds the losses from the
plasma. This ‘starting point’ is called “break-even”, at which the fusion power coincides with
the input power.

Break-even: fusion powerinput power =
Pf
Pin
= 1

We know that Pf
volume =

1
4n
2
e⟨σv⟩DT∆Ef (∆Ef = 17.6 MeV)

and that in steady-state, Pin = Pl −Pα, where Pl = lost power (as plasma heating = losses).

We have two kinds of losses:

1. direct losses from plasma, described by a characteristic time over which energy is
‘transported’ outside the plasma by conduction and convection, defined by: Pdl

volume =
energy/volume

τE
= 3neT

τE
(defines τE)

Note 1: the average energy is 32T for both ions and electrons (assumed at the same
temperature T), so the total energy per unit of volume is 3nT.

τE = ‘energy confinement time’.

2. radiation due to acceleration (deceleration) of electrons in the field of ions (‘bremsstrahlung’).

Pb
volume

= A
∑
species j

Z2j njne(Te |keV)1/2 = Ane(Te |keV)1/2
∑
j

njZ
2
j , A ≃ 5×10−37Wm3

where Te |keV is the numerical value of the temperature expressed in keV (the physical
units of Te are already included in A).



2.4 Power balance in fusion (P.P. and F.E. by J.Freidberg, Ch. 4) 7

We can write
∑
j

njZ
2
j = neZeff with Zeff =

∑
j

njZ
2
j

ne
where Zj = charge

number

Therefore, we obtain that Pb
volume ≃ An

2
eZeffT

1/2
e

Note 2: as shown in Fig. 4, Pb is in the form of X-rays, which are not re-absorbed by the
plasma since the plasma is transparent to these wavelengths. Also, the X-rays go through
the metal walls and are therefore lost from the plasma region.

Figure 4: Emission spectrum for bremsstrahlung radiation for different plasma temperatures.

Note 3: as the emission spectrum depends on Te , a measurement of it provides information
on the electron temperature.

Note 4: Zeff is the parameter that describes such emission. In pure D-T (only H-species)
plasma Zeff = 1.

The total lost power can therefore be written as:

Pl
volume

≃
Pdl
volume

+
Pb
volume

=
3neTe
τE

+ An2eZeffT
1/2
e

Note 5: radiation due to acceleration around magnetic field lines, cyclotron emission, can
be significant (Pcycl/volume ≃ const× neTeB2). Pcycl ∝ ne as it is not a binary collisional
effect, and fcycl ∝ B (ω = nΩce , n = 1, 2, . . .). Pcycl is very large, but it does not constitute
a loss, as it is mostly reabsorbed by the plasma or it is reflected (at least most of it) by the
conducting vessel walls. In fact, the small fraction that does come out is used as a diagnostic
tool, to get information on ne and Te for example.

2.4.1 The Lawson criterion

The power losses per unit of volume are thus given by:

Pl
volume

=
3neT

τE
+ An2eZeffT

1/2 (Te = Ti = T )
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The ratio between the fusion power and the input power is then:

Pf
Pin
=

Pf
Pl − Pα

∼=
Pf

3neT
τE
+ An2eZeffT

1/2 − Pα
=

1
4n
2
e⟨σv⟩DT∆Ef

3neT
τE
+ An2eZeffT

1/2 − 14n2e⟨σv⟩DT∆Eα

∆Eα = 3.5 MeV is the energy associated with the α-particle issued by the fusion reaction.
To achieve break-even or do better (Pf /Pin ≥ 1):

neτE(⟨σv⟩DT∆Ef ) ≥ 12T + 4AneτEZeffT 1/2 − neτE(⟨σv⟩DT∆Eα)

or

neτE(⟨σv⟩DT (∆Ef+∆Eα)−4AZeffT 1/2) ≥ 12T ⇒ neτE ≥
12T

6
5⟨σv⟩DT∆Ef − 4AZeffT 1/2

considering

∆Ef + ∆Eα ∼=
(
1 +
1

5

)
∆Ef ∼=

6

5
∆Ef

When can we neglect the bremsstrahlung term? This corresponds to verifying when the
following relation is verified:

6

5
⟨σv⟩DT∆Ef ≫ 4AZeffT 1/2

(Zef f = 1)
=======⇒

6

5
⟨σv⟩DT∆Ef ≫ 4AT 1/2

where we have assumed Zeff = 1 for simplicity. The approximate form of ⟨σv⟩DT in the
range 10-20 keV is ⟨σv⟩DT ≃ 1.1× 10−24(T |keV)2m3/s. This gives:

6

5
1.1× 10−24T |2keVm3/s× 17.6× 106 × 1.6× 10−19J≫ 4× 5× 10−37T |

1/2
keVWm

3

T |3/2keV ≫ 0.5 ⇒ T |keV ≫ 0.52/3 ≃ 0.7

So for T ≫ 1 keV we can neglect the bremsstrahlung contribution.(For Z not much larger
than 1)

Note 6: we consider here the steady-state power balance. Otherwise, we would need to
include, as an effective ’loss’ (or utilization of input power) the variation of the plasma
energy d

dt(3nT).

Coming back to the steady-state break-even (or better) condition, assuming Pl
volume ≃

3neT
τE

,
we have:

neτE

{
6/5⟨σv⟩DT∆Ef

12T

}
= neτE

{
⟨σv⟩DT∆Ef
10T

}
≥ 1

We can indicate ⟨σv⟩DT∆Ef10T = f(T) and thus

neτe ≥
1

f(T)
(Lawson Criterion)

This is expressed in graphical form in Fig. 5.

Typically, we need
{
neτE ≥ 1020m−3s

T ≥ 10 keV

Two approaches (will be discussed later):
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Figure 5: The conditions for break-even (Lawson Criterion) and ignition in a D-T plasma.

• large ne (∼ 1031m−3) , small τE (∼ 10−11s): ‘inertial’ confinement

• small ne (∼ 1020m−3), large τE (∼ 1s): ‘magnetic’ confinement

Beyond break-even: Naturally, in reality the break-even condition is not at all sufficient to
make a reactor. We must have Pf

Pin
≫ 1, for two reasons:

• In D-T reactions, the neutron energy escapes the plasma (and is used to produce heat,
then electricity), while the α energy can (and should) remain in the plasma.

• The conversion efficiency of the fusion power into electricity, and of electricity into
plasma heating power are significantly less than 100%

2.4.2 Ignition and burning plasma regime

If we do not want to rely on external power to maintain fusion reactivity (Pin = 0), we have
to consider an equilibrium between the α-particle power and the losses.

Pα
Pl
≥ 1⇒

1

4
n2e⟨σv⟩DT∆Eα ≥

3neT

τE

Analogously to the break-even condition, this can be written as

neτE ≥
12T

⟨σv⟩DT∆Eα
, or neτE ≥

6

f (T )
, or neτET ≥

6T

f (T )

Graphically (see also Figure 5):

Note 1: if we consider bremsstrahlung radiation as an irreducible (the only one!) energy loss,
we must have for ignition that Pα ≥ Pb:

Pα
Pb
=
1/4⟨σv⟩DTEαn2

An2Zeff(Te |keV)1/2
≥ 1

Using the values of ⟨σv⟩DT , this gives T ≥ 4.4 keV . This is known as the ‘ideal ignition
temperature’.
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Figure 6: Ignition condition in terms of the fusion triple-product.

Looking at Fig. 6, we can identify the minimum (or easiest) ignition conditions:{
Tmin ≃ 15 keV

(nτET ) ≃ 8 atm s
(nT is plasma pressure)

In practice, a reactor can (and, most likely, will) operate above break-even but below ignition,
so that its ‘burn’ can be controlled and the conditions to be reached are not as tough as for
ignition. This intermediate situation is described by the fusion gain factor, Q.

2.4.3 Physics fusion gain factor Q

Q ≡
Pfusion out − Pin

Pin

Pfusion out = fusion power that comes out from a reactor. Pin = external heating power. The
difference Pfusion out − Pin corresponds to the net power coming out from the tokamak.

Steady-state: Pfusion out = Pneutrons + Plosses = Pneutrons + Pheating

= Pneutrons + Pα + Pin

= Pf + Pin

⇒ Q =
Pfusion out − Pin

Pin
=
Pf + Pin − Pin

Pin
=
Pf
Pin

Here Pheating is the effective power that can be used to heat the plasma, namely the injected
power Pin and the α particle power Pα.

Note 2: Ignition: Q →∞; Break-even: Q = 1

This can be written as Q = 5 nTτE
(nTτE)ignition−nTτE (not demonstrated here) and plotted as a

function of nτET
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Figure 7: Qualitative behaviour of plasma fusion gain factor as a function of the fusion
triple-product.

Note 3: Fraction of α-particle heating fα = Pα
Pheating

= Pα
Pα+Pin

fα ∼= Q
Q+5 ; fα ≥

1
2 ⇔ Q ≥ 5 (burning plasma)

(Q = Pf
Pin
∼= 5Pα
Pheating−Pα =

5
1
f α
−1 =

5fα
1−fα ⇒ (1− fα)Q = 5fα ⇒ fα(5 + Q) = Q)

2.4.4 Finite conversion efficiency

Figure 8: Qualitative behaviour of plasma fusion gain factor and engineering gain factor for
increasing values of fusion triple-product.

Engineering gain factor QE =
net electric power out
net electric power in =

P
(E)
out −P

(E)
in

P
(E)
in

Typically, P (E)in = Pin
ηe

, as Pin = P
(E)
in × ηe , where ηe = efficiency of power source (ex.
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generator of microwaves); a reasonable number is ηe ∼ 70%.

The power out is converted into electricity at a finite efficiency, ηt (a reasonable number is
ηt ∼ 40%).

⇒ P (E)out = ηt [Pf + Pin]

Note: We neglect the power not absorbed by the plasma (included in ηe) and rejected.

⇒ QE = ηt(Pf+Pin)−Pin/ηe
Pin/ηe

= ηeηt(Pf+Pin)−Pin
Pin

Define η = ηeηt

⇒ QE = η[Pf+Pin]−Pin
Pin

= η PfPin − (1− η) = ηQ− (1− η)

Ex.: ηe ≃ 70% ; ηt ≃ 40%⇒ η ≃ 28% and QE ≃ 0.28Q− 0.72

QE = 10⇔ Q ∼= 40 ; QE = 2⇔ Q ≃ 10
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Energy and human development

PASTERNAK, A., US Department of Energy Report UCRL-ID- 140773, LLNL , Livermore, CA (2000) 38. 2



Present unequal distribution of 
energy consumption

Worldmapper

3



Evolution of distribution of 
energy consumption

4
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Perez et al., 2009, "A Fundamental Look At Energy Reserves For The Planet"

Discussion of today’s energy options
Global view of energy fluxes
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Fossil Fuels have been produced from decayed plant and animal 
matter over millions of years, cannot be re-formed in time

Reliance on fossil fuels
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Primary energy consumption by fuel
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Urgency of alternates development
Geopolitical issues
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Urgency of alternates development 
Environmental impact (CO2 and global warming)
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The effects of climate change
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Discussion of today’s energy options

Fossil
Coal
Natural gas
Oil

Renewables
Hydro-electric
Wind
Solar

Nuclear fission
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Discussion of today’s energy options

Why not only renewables ?

Renewables
Hydro-electric
Wind
Solar

14



Electricity production in January 2020
Installed capacity 
Photovoltaic (PV) + Wind: ~ 110 GW

Grid Load : max 75 GW – never reached by wind+solar

Photovoltaic

Power 
(GW)

Source : ENTSOE-e

Wind
(on land and on sea)

Nuclear, coal, gas

The example of Germany
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Total renewable installed capacity ~150GW
(~350 b€ invested 2018-2019)Power 

(GW)
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Consumption

The example of Germany - August ‘23



Evolution Total GHG emissions in Germany since 1990
(in Million tonnes CO2 equivalents)

751

563

375
max. 250
min. 63

1.251

906

0

200

400

600

800

1.000

1.200

1.400

1990 1995 2000 2005 2010 2015 ** Ziel
2020*

Ziel
2030*

Ziel
2040*

Ziele
2050*

Kohlendioxid (CO₂) Methan (CH₄) Distickstoffoxid (Lachgas, N₂O)

Wasserstoffhaltige Fluorchlorkohlenwasserstoffe (H-FKW) Perfluorierte Kohlenwasserstoffe (FKW) Schwefelhexafluorid (SF₆)

Stickstofftrifluorid (NF₃) F-Gase gesamt**

Quelle: Umweltbundesamt, Nationale Treibhausgas-Inventare 1990 bis 2015 
(Stand 02/2017) und Schätzung für 2016 (Stand 03/2017)

* Ziele 2020 bis 2050: Energiekonzept der Bundesregierung (2010)
** Schätzung 2016

Treibhausgas-Emissionen seit 1990 nach Gasen

Millionen Tonnen Kohlendioxid-Äquivalente

20% reduction due 
to end of DDR

(source : Umweltbundesamt 2017)

Energiewende up to now
Essentially constant CO2

over last ~10 years

?
?
? ?

CO2

Other greenhouse gases

The example of Germany
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Discussion of today’s energy options

A politically incorrect view
Human deaths per energy
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A solution in the nucleus ? Fusion vs. fission

D

T
He

n

Fusion

Z

M
as

s 
pe

r n
uc

le
on

n

U
n Fission
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Large energies are required for fusion

At such large energies matter is in the form of plasma 20



Examples of plasmas
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Fusion powers the sun and all the stars

22



Fusion reactions and cross-sections

23



The fusion challenge

24



The D-T reaction

25



Sources of fuel for D-T reaction
D is 1/6700 of hydrogenic atoms in oceans, i.e. 1.6g/l
T does not exist in nature, as is radioactive and short-lived (12.5y)

But can be produced from Lithium
n0

1 + Li36 à T1
3 + He2

4 + 4.8MeV
(Li36 is ~7%)
n0

1 + Li37 à T1
3 + He2

4 +n0
1 - 2.5MeV

(Li37 is ~93%)
Note that the Li6 cross section is 

much larger for low energies
moderate neutrons first

Neutron multiplication is needed, and
is possible above ~3MeV with Pb or Be

Lithium is in earth crust and in ocean water (0.15g/m3)

26



Tritium breeding
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The D-T fusion reaction

Plasma
self-heating

Tritium
replenishment

Li

D+T à 4He (3.5MeV) + n(14MeV)

n+Li6(7) à
àHe4+T (+n)

Energy for 
electricity 28



Schematic of a fusion power plant

29



Advantages of fusion energy

High energy density fuel

Fuel Specific Energy (MJ/kg)
Water, 100m-high dam 0.001

Coal, oil, food 30-50

Fission (U-235) 85’000’000

Fusion (D-T) 350’000’000

30



Advantages of fusion energy

High energy density fuel

Practically inhestaustible fuel

Environmental
No CO2 emission
No high-level radioactive wastes

Years After Shutdown

Nuclear Fission 
Light Water Reactor

10000

Fusion
Silicon 
Carbide

Composites

Fusion
Vanadium 

Alloys Fusion
Ferritic Steel

10001001
0

Cu
rie

s/
W

at
t (

Th
er

m
al

 P
ow

er
)

10-10

1

1

10-2

10-4

10-6

10-8
Level of Coal Ash
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Advantages of fusion energy

High energy density fuel

Practically inhestaustible fuel

Environmental
No CO2 emission
No high-level radioactive wastes

No risk of nuclear accidents 
Only ~1g of fuel in reactor
No chain reactions

No generation of weapons material

Geographically concentrated, not subject to 
wheather variations

32



Bremsstrahlung radiation spectrum
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Fusion <sv> vs. plasma temperature
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