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Appendix 4.A Continuous-Time Fourier Transform : Properties

o(t) = = / T X (@)t s X (w) = / T a(t)e it

:% .

—0o0

Property Signal Fourier transform
Linearity ax(t) + By(t) aX(w) + Y (w)
Shift in time x(t —to) e IY X (W)
Shift in frequency eI@0tx(t) X(w —wp)
R 1 w
Scaling in time and frequency z(at) HX (—)
a a
Time reversal x(—t) X(—w)
dn
Differentiation in time %x(t) (jw)" X (w)
d?’l/
Differentiation in frequency (—gt)"x(t) d_”X (w)
w
! 1
Integration in time / x(T)dr — X (w), assuming X (0) = 0.
oo Jjw
Convolution in time (x*y)(t) X(w)Y (w)
1
Convolution in frequency x(t)y(t) — (X xY)(w)
s
Conjugate x*(t) X*(—w)
Conjugate, time-reversed x*(—t) X*(w)

X(w) = X"(—w)

which implies | X (w)| = | X (—w)|
X (w) real and even

ie., X(w)=X(—w)

Conjugate symmetry x(t) real-valued

x(t) real and even
i.e., x(t) = x(—t)

oo 2 1 oo 2
[ i = o [ x(@)Pa

Parseval’s Equality
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Appendix 4.B Continuous-Time Fourier Transform : Pairs

Signal Fourier transform
Dirac delta function x(t) = d(t) X(w) =
x(t) = 6(t — to) X (w) = e~ Jtow
+o0 oo
. 21 2rk
Dirac comb z(t) = nZ@&(t —nT) (w) = T kz_: 0 <w - T)
Constant function z(t)=1 X(w) =2m6(w)
Harmonics z(t) = w0t X(w) =270(w — wp)
x(t) = cos(wot) X(w) =7 (0(w—wo) + §(w + wo))
2(t) = sin(wot) X(w) = ? (5(w — wo) — 8(w + wp))
. 1, t>0 !
Step function u(t) = { 0 t<0 Uw) = o + 7 (w)
One-sided exponential | z(t) = e~ “u(t w) = ! -
a+ jw
with Re(a) > 0
et 1
for integers n > 2 z(t) = o= 1)!e_atu(t) X(w) = @t o)
Two-sided exponential | z(t) = e~ with Re(a) >0 | X(w) = 2
a? + w?
/21 1
Sinc function x(t) = ,/ﬂ sinc (ﬂt> X(w) = w0 @l = 3w
27 2m 0, otherwise.

where sinc(z) = SLTZ
1 1
N t] < 5t ) . t
Box function b(t) =< Vio 1< 2 0 B(w) = vy sinc [ —w
0, otherwise. 27
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Appendix 4.C Discrete-Time Fourier Transform : Properties

+oo
1 - .
xln] = o 27TX((.u)e]“’”d(,u — X(w)= Z x[n]e”7¥n
n=-—00
Property Signal Fourier transform
Linearity az[n| + By[n] aX(w) + BY (w)
Shift in time z[n — no) e 7" X (w)
Shift in frequency 70" x[n] X(w—wp)
Time Reversal x[—n] X(—w)
dX
Differentiation in Frequency nx(n] J d(w)
w
Convolution in time (z *y)[n] X(w)Y (w)
1
Circular convolution in fre- xz[n]y[n] p X(0)Y (w—0))do
quency T Jom
Conjugate x*[n] X*(~w)
Conjugate, time-reversed x¥[—n] X*(w)
Conjugate symmetry x[n] real-valued X(w)=X"(—w)

which implies | X (w)| = | X (—w)|
x[n] real and even X (w) real and even
i.e., x[n] = x[—n] ie., X(w) = X(—w)

Parseval’s Relation for Aperiodic Signals

—+o00 1 )
> laloll = 5= [ ¥

n=—oo
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Appendix 4.D Discrete-Time Fourier Transform : Pairs

Signal Fourier transform
Kronecker delta | d[n] 1
d[n — no] e o
+o0o
Constant z[n] =1 27 Z 0(w — 27l)
l=—o0
Harmonics x[n] = *0" 27 Z O(w — wo — 27l)
l=—o00

1, n>0 1 =2
Step function u[n] = { 0. otherwise. = + Z mo(w — 27k)
k=—o0
. a”, n>0 1
One-sided zn] = { 0, otherwise. 1— qe—Jw
exponential with |a] <1
n > —jw
“Arithmetic- x[n] = nat, n 20 . -
0, otherwise. (1 — ae—iv)?
-geometric” with |a] <1

Sinc sequence

wo . (wo )
—sinc [ —n
2 2

where sinc(z) = ST

X

\/ Z_’,(l)—? ’w‘ S %wo

0, otherwise.

Box sequence

1 1
afn) = { v 1S 2o =),
0, otherwise.

where ng is odd




68CHAPTER 6. THE TRANSFER FUNCTION AND THE LAPLACE TRANSFORM

Appendix 6.A Laplace Transform : Properties

Property Signal Transform ROC

x(t) X(s) R

I (t) X1 (S) R1

) (t) XQ(S) RQ
Linearity axi(t) + bxa(t) aXi(s)+bXa(s) At least Ry N Ry
Shift in time x(t —to) e s X (s) R
Shift in the ety (t) X (s — so) Shifted version of R
s-Domain (i.e., s is in the ROC

if (s — sp) isin R)

1
Scaling in time z(at) —X (f) “Scaled” ROC

(i.e., s is in the ROC
if (s/a) is in R)

Differentiation %az(t) sX(s) At least R
in time
. L d
Differentiation —tx(t) EX(S) R
in the s-Domain
! 1
Integration / x(7T)d(T) -X(s) At least RN {Re(s) > 0}
o s
in time
Convolution x1(t) * xa(t) X1(8)X2(s) At least Ry N Ry
Conjugation x*(t) X*(s") R

Conjugate symmetry x(t) real-valued X(s) = X*(s)
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Appendix 6.B Laplace Transform : Pairs

Signal Transform ROC
Dirac delta function | §(¢) 1 All s
o(t—1T) et All s
: 1, t>0 1
Step function u(t) = { 0. otherwise. | Re(s) >0
1
—u(—t) S Re(s) <0
el 1
e 1)!u(t) o Re(s) >0
¢t 1
s 1)!u(—t) - Re(s) <0
. ot 1
One-sided e~ Yu(t) P Re(s) > —Re(a)
exponential
1
—at,, (_ _
e~ Yu(—t) i a Re(s) < —Re(a)
r e u(t) ! Re(s) > —Re(a)
(n—1)! (s +a)n
e (1) 1 Re(s) < ~Re(o)
(n—l)'e u G 1o e(s e(a
One-sided Cosines [cos wot]u(t) 5 _i 5 Re(s) >0
52 + wj
and Sines
[sin wot]u(t) 321—0008 Re(s) >0
[e*at coS wot]U(t) (s—|—80j)_—2a—|—w8 R@(S) > —Re(a)
[e*at Sinth]U(t) (5—1—;;—24-@8 Re(s) > —Re(a)




