Exercise Set 1 : Solution
Quantum Computation

Exercise 1 Boolean functions and classical circuits

(a) Building a circuit for f : {0,1}*> — {0,1} such that f(x,y) = 1 if and only if x = y
can be obtained by noting that

f(z,y)=1 ifandonlyif (r=1andy=1)or (z=0andy=0)

so f(z,y) = (x AND y) OR (NOT x AND NOT y) and the circuit is :
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The final circuit is given by :
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(b) In this case, it suffices to inverts the outputs of f; and fs in order to obtain what we

want :
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Exercise 2 NOT, C-NOT, CC-NOT gates
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The C-NOT gate is obtained by noting that x @ y = (x OR y) AND NOT (z AND y) :
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And here is the CC-NOT or Toffoli gate, obtained via the previous gate :
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Exercise 3 Dirac’s notation for vectors and matrices

(a) If |w) is a vector and « is a scalar, then

(you can check this in components). Moreover, we have linearity of transposition and
complex conjugation :

(alo) + Blw)) = (alo)) + (Blw))".
(b) Then we get

Wl = ([0))" = (vr]er) +valea) + ... + v en) )T =Ty (er] + T (ea] + ... + Ty {en] .

(c) If (v] = 321, Wi {esf and |w) = 3277wy le;), then

-3 Gl = 33 sy = 3
i=1 j=1 i=1 j=1 i=1
(d) For ¢ = (g), we have ||7]|> = ¢ - 7, so ||7]]*> = @a + B . On the other hand, (v|v) =
aa+ B also by (c).

(e) Using components we have :

(/0 O --- 000 --- 0

0 O --«- 000 --- 0

lex) (er] = kthpos< [ 1] (0---010---0)=] 0 -~ 0 1 0 --- 0
0~ 0 000 0

L \0 0 000 0

(f) Thus,
A = Zakl |6k> <6[| .
k,l
So,

(eil Alej) Zakl (eiler) (ele;) Zaklézkéh—am.

(g) From part (e), we have

I = Z|ei) (e] .



Indeed, |e;) (e;] is the matrix with 1 at the i-th row and i-th column and zeros elsewhere.
This is called the closure relation, and it is valid for any orthonormal basis, as the
following computation shows : if {|¢;)}i=1. v are orthonormal, there exists a unitary
basis change (a “rotation”) such that

lpi) = U le;) and therefore also (5] = (e;| UT.
Then from I = 32N |e;) (e;], we get : UTUT = 2N U le;) {e;| UT, so

N

I= Z |03} (il -

=1

(h) From «; |p;) = Alg;), we get directly
N N N
> ailen) (wil =D Alen) (wil = AD i) (il = AT = A
=1 i=1 i=1

Exercise 4 Tensor Product in Dirac’s notation
(a) By distributivity of the tensor product (first two properties), it follows that :
M N M
V)1 ® |w), (ZUZ l€:) ) ® (Z wj |fj>2> =3 viwjles), @ f;), -
j=1 i=1 j=1
(b) Take two vectors |e;, f;) and |eg, fi) of H1 @) Ho. Then by definition of the inner product :
(ex, filei, f5) = (exle:) - (fil fi) = Oi - 6

So this equals one if and only if (k,I) = (i,j) and zero otherwise. This means that
{les fj);i=1...N;j=1...M} is an orthonormal basis of H; @) H». The dimension
equals the number of basis vectors, so is N - M, the product of dim H; and dim Hs.

(c) We apply the definition

A® B|V) = Z@%A lei); ® Bfj),

to |V) = |ek, fi). So ¢;; = 1 for (4, j) = (k,l) and O otherwise. This means :
A® Bex, fi) = Alex) @ B|fy)
and multiplying by (e;, f;|, we find :

(es, [;| A® Ble, fi) = ((eil @ (f;]) (Aler) ® BIfi))
= (ei| Alex) (fjl B|fi) = aubj.

(d) The formulas follow by translating the formulas found in (a) and (c) to the component
notation.



