Advanced Probability and Applications EPFL - Fall Semester 2024-2025
Solutions to Homework 4

Exercise 1*. a) Since X is continuous, it has a pdf px. We can write

+o0
= Fy(t) = P({X > 1)) = /t px(s)ds

/Ooo(l—FX(t)) dt:/ooo </t+oopx(s)d5> dt:/ooo (/Ospx(s)dt> ds

where the second equality follows by exchanging integration order. Then

and

/OOO (1— Fx(t)) dt = /OOO tpx ()] ds = /Ooo spx (s)ds = B(X)

For any continuous random variable we can write

—00

E(X) = /0 " spx(s)ds + / ’ spx(s)ds

and it remains to show that

/0 st(s)ds:—/O Fx(s) ds

—0o0 —00

Following asimilar sequence of steps

/_(;Fx(s)ds:/_(; </_;px(t)dt> ds:/_(lo (/topx(t)ds> dt

:/0 [st(t)]Sdt:—/O tpx (t)dt

—00 — 00

00 0
E(X) = /0 %exp(—)\t)dt— / %exp()\t)dt

11 * 11 0 11

E(X) =) kP{X =k}) =) kPH{X >k—-1}) - P{X > k}))

k>0 k>0

=Y (kPUX >k —1}) — (k— DP({X >k —1}))

k>1
=> PUX >k-1}) =) (1-Fx(k)
k>1 k>0



For X ~ Geom(p) we have

EX)=> (1-Fx(k)=> A-p*'=>(1-p0-pF= 1-»

k>0 k>0 k>0
Exercise 2. a) We have
+oo
E(Y)=E(X*) = / z% X exp(—Az)dr < +oo if and only if a > —1
0
b) Likewise:
400 1
E(Y?) = E(X?) = / 2% X exp(—Az)dz < 400 if and only if a > -5
0
c) Therefore, c1) Var(Y) = E(Y?) - E

defined but takes the value +oo for —
of the type co — o0) for a < —1.

Y)? is well defined and finite Va > —1; ¢2) Var(Y) is well

>a > —1, and ¢3) Var(Y) is ill-defined (indetermination

—~

N[ —=

d) The only integer values of a for which E(Y') and Var(Y') are well-defined are non-negative values.
Fora =0, we have Y = X% =1, s0 E(Y) = 1 and Var(Y) = 0. For a > 1, we obtain by integration
by parts:

E(Y)=E(X*) = /0+00 x® X exp(—Az) dx

+o0 |
:/0 ;x“_lkexp(f)\x)dx:...:%-l
S0
(2a)! — (a!)?

E(Y?) =E(X**) = (O Var(y) = E(Y?) - E(Y)? = 5

\2a
Exercise 3. First note that as X ~ —X, it holds that P({X > 0}) > 1 and E(X) = 0.
a) Cov(X,Y) =E(X 11x>0}) = 0 as X 1x>q) is a non-negative random variable.

b) Using the suggested inequality, we find

Cov(X,Y) < /Var(X) v/Var(Y) = V1/P({X > 0}) — P({(X > 0})2 < \/g =-=C

as P({X > 0}) — P({(X > 0})? < 1 (which is maximized when P({X > 0}) = 1).
¢) The computation gives

+00 1 r=-+00

Cov(X,Y)=E(X1 =
ov( ) ( {Xzo}) ) 1’\/%

(clearly satisfying the above two inequalities)

exp(=a/2) da = —== (= exp(—2*/2))

-
)

=0

d) The answer to the first question is yes: take X such that P({X = +1}) = P({X = —1}) = 3
(verifying X ~ —X, Var(X) =1 and Cov(X,Y) = %)

e) The answer to the first question is no, but the one to the second is yes: consider X, such
that P({X, = n}) = P{X, = —n}) = 555 and P({X,, = 0}) = 1 — 5. Then X, ~ —X,, and




Var(X,,) = 1 for every n, and Cov(Xy,Y,) = E(X, 1{x,>01) = ney =5 — 0.
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Exercise 4. a) The computation of the characteristic function gives in this case:

B¢ !
k>0 k>0

QZ)X(t) _ A=A itk ()‘eit)ke_)\ 6/\6” e — 6)\(6“—1)

b) The general expression for ¢x is given by

= SR(x = e

LeZ
Plugging this expression into the proposed formula, we find

o | e exta =Y px =) o [N ar = ST RQX = )6 = B(X = k)

LEZ ™ IEZ

where we have switched the sum and integral without too much checking and we have used the
fact that for k # ¢:

t=m

cik(t—F)

L [T ite—n 1
T
o) © = =

=0

t=—m

c¢) Let us compute

1 [ 1 [~ .. A
Py ek cos(t) dt = o / e MR (et 4 ey dt
) . 7r

—T

LT iy itk g )3 R E {141}
(e +e ) dt = 0

An otherwise

—T
by the same argument as above.

d) We know that ¢x(t) = cos(t) is a characteristic function because ¢x(0) = cos(0) = 1, ¢x is
continuous on R, and also positive semi-definite. Indeed, using the trigonometric identity cos(a —
b) = cos(a) cos(b) + sin(a) sin(b), we obtain

n n
Z ¢ ox(tj —ty) = Z cj ¢ cos(t; —ty) = Z ¢; C (cos(t;) cos(ty) + sin(t;) sin(ty))
jk=1 k=1 k=1
2 2
n

n
= chcos(tj) + ch sin(tj)| >0
o =1

for every n > 1, t1,...,t, € Rand cq,...,c, € C.



