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Solution Set 3

Problem 1: Events and independence

Let n > 1, @ = {1,2,...,n}, F = P(Q) and P be the probability measure on (€, F) defined by
P({w}) = + on the singletons and extended by additivity to all subsets of €.

a) Consider first n = 4. Find three subsets A;, As, A3 C £ such that
P(A;NA) =P(A;) -P(A;) Vj#k but P(A;NAyNAz) #P(A41) - P(Ay) - P(A3)
b) Consider now n = 6. Find three subsets A;, As, A3 C £ such that
P(A1 N AN As) =P(A1) -P(Az) - P(A3) but 3j # k such that P(A; N Ag) # P(4;) - P(Ax)
¢) Counsider finally a generic probability space (£, F,P) and three events A;, As, A3 € F such that
P(A;NA,) =P(A4,) - P(A;) Vji#k and P(A;NAyNA;z) =P(4;) P(Ay) - P(As)

Show that Aj, As, As are independent according to the definition given in the course.

Solution a) Here are 3 possible subsets Aj, Ag, A3 of Q = {1,2,3,4}: A; = {1,2}, As = {1,3} and
Az ={1,4}. We check that

1 , 1 ,
P(A4;) = 3 Vi and P(A; NAg) = 1= P(A;)-P(Ax) Vj#k

but
1 1

P(A1NAyNA3) = 1 -+ 3= P(A;) - P(As) - P(A3)
b) Here are 3 possible subsets Aj, Ay, A3 of Q = {1,2,3,4,5,6}: Ay = {1,2,3}, Ay = {3,4,5} and
As ={1,3,4,6}. We check that

P(A1NA OA)*E*EEZ*]P’(A)IP(A)]P’(A)

1 2 3)= 5753737 1 2 3

but L1
P(A1NAz) = 6 # 1 P(A1) - P(A2)

¢) Using the assumptions made, we check successively (the roles of Ay, As, A3 being permutable):

P(A; N As N AS) = P(A; N As) — P(Ay N Ay N Ag) = P(Ay) - P(A3) — P(A;) - P(As) - P(A3)

P(A1) - P(A2) - (1 = P(A3)) = P(A1) - P(A2) -

P(A; N AS) — P(A; N Ay N AS) = P(A,) - P

P(A1) - (1 = P(A2)) - P(A3) = P(Ay) - P(A3 5)

P(AS N AS) — P(A; N AS N AS) = P(AS) - P Ag) — P(Ay) - P(AS) - P(AS)
1) - P(A3) - P(A3)

=
N

3

)
P(A; N AS N AS) A§ —P(A1) - P(Az) - P(A3)

C

,"'Ev
N

P(Af N A5 N AS)
(1 =P(A1)) - P(A3) - P(A3) = P(AS



Problem 2: Sigma field and independence

Let (2, F,P) be a probability space with Q = {(w1,ws): w1,ws € {1,2,...,n}} for some n > 1, F =
P(Q) and P(wy,wz) = 75 for all (wi,ws) € Q.

a) Let X1 = wy +ws. Describe o({X1}), the o-field generated by X;. How many atoms does it have?
What are they?

b) Let Xy =w; —wy. Are X; and X5 independent? Why or why not?

c) Let X =wi, Z = l4y,—w,y, and Y = 1y 4u—ny1y - Are X,Y,Z pairwise independent? Why or
why not?

Solution a) The atoms of o({X;}) have the form S; = {wq,ws: w1 +we = j} for j =2,...,2n. Thus,
it has 2n — 1 atoms, and consists of 22”1 subsets generated by every possible union of these atoms.

b) No, X7 and X, are not independent unless n = 1. For example,

Pwsz&zmﬂwmwwqum:%.

On the other hand
1
n? n’

c¢) It is always true that 1) X 1L Z and X 1L Y. 2) For n even Z and Y are not independent. 3) For
n odd, we also have that Z 1L Y .

XU Z:
) . 11 )
P(X=52=1)=P{(wr,w2) =0} = 5=_ —=PX=/)P(Z=1)
and
) . . n—1 1 n-1 .
Note that X 1L Y follows by a completely symmetric argument.
2) For n even Z and Y are not independent. We have
11
P(Zz=1,Y=1)=0#4£—-—=P(Z=1)P(Y =1)
n n

3) For n odd, we also have that Z 1l Y:

P(Z:1,Y:1):]P<{(w1,w2): (";1";1») :%:%~%:]P’(Z:1)]P’(Y:1)
also
P(Z:O,Y:O):nz_;nJrl:n;1~n;1:IP’(Z:O)IP(Y:O)
and
Pz=1Y =0 =P ({(nw) =G "5t }) = "5t = 12 _pz = npr -0,

Finally, the case with P(Z =0,Y = 1) follows by symmetry.



Problem 3: Extending probability measures

Let Q =R? and F = B(R?). Let also X;(w) = w; and Xa(w) = we for w = (wy,ws) € 2 and let finally
1 be a probability distribution on R. We consider below two different probability measures defined on
(Q,F), defined on the “rectangles” By x By (Caratheodory’s extension theorem then guarantees that
these probability measures can be extended uniquely to B(R?)).

a) PU(By x Bz) = u(B) - j(Ba)
b) P3)(B; x By) = u(B; N By)

In each case, describe what is the relation between the random variables X; and Xs.

Solution a) In this case,
PN ({Xy € By, Xy € By}) = u(B1) - w(By) = PO X, € By}) - PV ({X; € By})

The random variables X; and X, are therefore independent and identically distributed (i.i.d.).

b) In this case,
P@({X, € By, X5 € By}) = u(B1 N By)

Note first that whenever B1NBs = @), the above probability is zero, so it can never be the case that X, X
take values simultaneously in disjoint sets By, Ba. As this must hold for any disjoint sets By, B, it holds
in particular for non-intersecting intervals Jay,b;[, Jag,be[. This is to say that P ({(X, X5) € R}) =0
for any open rectangle R C R? not touching the diagonal A = {(z1,22) € R? : 21 = 22}. From this,
one deduces that P?)({(X;, X3) € B}) = 0 for any open set B not touching the diagonal, which further
implies that P2 ({(X1, X3) € A}) =1, i.e., that PO ({X; = X5}) =1.

NB: Please note that in both cases, the two random variables X, X5 have the same distribution, but in
one case, they are independent, while in the other, they are the same random variable.

Problem 4: Exponential random variables

Let X1,...,X, beiid. ~&(1) random variables (i.e., they are independent and identically distributed,
all with the exponential distribution of parameter A =1).

a) Compute the cdf of Y,, = min{Xy,...,X,}.

b) How do P({Y,, <t}) and P({X; <t}) compare when n is large and ¢ is such that t < L ?

c¢) Compute the cdf of Z,, = max{Xy,...,X,}.

d) How do P({Z,, > t}) and P({X; > t}) compare when n is large and ¢ is such that ¢ > log(n) ?

Solution a) We have

P({Y, < t}) =1 -P({Y, > t}) =1 - P({min{Xy,..., X,,} > t}) = 1 — P("7_, {X; > t})
=1- H?:l PH{X; >t}) =1-P({Xy > t})"

where the last two equalities follow from the assumption that the X ’s are i.i.d. Therefore,

P({Ya < #}) = 1 — (exp(—t))" = 1 — exp(—nt)



b) Under the assumptions made, n is large and ¢ is such that nt < 1, so using Taylor’s expansion
exp(—x) ~ 1 — x, we obtain

P{Y, <t})~1—(1—nt)=nt while P{X; <t})=1—exp(—t) =t
and therefore P({Y,, < t}) ~nP({X; <t}).

¢) We have similarly

P({Zy > 1}) = 1 = P{Z, < t}) = 1 — P({max{Xy,..., X, } < t}) = 1 = P("/_ {X; < t})

— 1[I PUX, <) = 1= B{X: < )" = 1 — (1 — exp(—1))"

j=1

d) Under the assumptions made, n is large and ¢ is such that nexp(—t) < 1, so using again the same
Taylor expansion as above, we obtain

P({Z, >t}) ~1— (1 —nexp(—t)) =nexp(—t) while P({X; >t})=exp(—t)

and therefore P({Z, > t}) ¥ nP({X; > t}).



