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Problem Set 3

Problem 1: Events and independence
Let n > 1, & = {1,2,...,n}, F = P(Q) and P be the probability measure on (€, F) defined by
P({w}) = % on the singletons and extended by additivity to all subsets of €.
a) Consider first n = 4. Find three subsets Ay, A3, A3 C £ such that
P(A;jNAg) =P(A;) -P(A;) Vj#k but P(A1NAyNAz) #P(A41) - P(Ay) - P(A3)
b) Consider now n = 6. Find three subsets Aj, Ay, A3 C Q such that
P(A1NAyN As) =P(A1) - P(Az) - P(As) but 3j # k such that P(A; N Ag) # P(4;) - P(Ak)
¢) Consider finally a generic probability space (£, F,P) and three events A;, Ay, A3 € F such that
P(A;NA,) =P(A4,) - P(A;) Vji#k and P(A;NAyNA;z) =P(4;) P(Ay) - P(As)

Show that Aj, As, As are independent according to the definition given in the course.

Problem 2: Sigma field and independence

Let (2, F,P) be a probability space with = {(w1,ws): w1,ws € {1,2,...,n}} for some n > 1, F =
P(Q) and P(wy,ws) = 75 for all (wi,ws) € Q.

a) Let X1 = wy +ws. Describe o({X1}), the o-field generated by X;. How many atoms does it have?
What are they?

b) Let Xy =w; —wy. Are X; and X5 independent? Why or why not?

c) Let X =wi, Z = 1qy,—w,y, and Y = 1y 1 o—ny1y - Are XY, Z pairwise independent? Why or
why not?

Problem 3: Extending probability measures

Let O =R? and F = B(R?). Let also X;(w) = w; and Xs(w) = wa for w = (w1, ws) € Q and let finally
1 be a probability distribution on R. We consider below two different probability measures defined on
(Q,F), defined on the “rectangles” By x By (Caratheodory’s extension theorem then guarantees that
these probability measures can be extended uniquely to B(R?)).

a) PU(B1 x Bz) = u(B1) - ju( Ba)
b) P3)(B; x By) = u(B; N By)

In each case, describe what is the relation between the random variables X; and Xs.



Problem 4: Exponential random variables

Let X1,...,X, beiid. ~ &(1) random variables (i.e., they are independent and identically distributed,
all with the exponential distribution of parameter A =1).

a) Compute the cdf of Y,, = min{Xy,..., X, }.

b) How do P({Y,, <t}) and P({X; < t}) compare when n is large and ¢ is such that t < L ?

¢) Compute the cdf of Z,, = max{Xy,...,X,}.

d) How do P({Z,, > t}) and P({X; > t}) compare when n is large and ¢ is such that ¢ > log(n) 7



