Markov Chains and Algorithmic Applications - 1C - EPFL

Solutions 4

1. a) 1 <2: Consider A= {j € S:p; >v;}. Then,
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as ZjeS pi = Zjes vj = 1. Therefore,

sup |u(4) Z |1 —

]ES

+1 ifjeAd
b5 = e
-1 ifje A°

2 < 3: For every A C S, define

Then
p(@) — (@) => (i —v;) = > (1 — 1) =2(u(A) — v(A))
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by the same argument as above. Hence,
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3 < 1: Simply observe that for every ¢ : S — [—1, +1], we have
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Therefore,
1 1
sup |u(@) — 5 DIk =il
2¢S~>[1+1} 2]26;, T
bI)P(X =Y =1)=P(X =Y =0)=1/4, P(X =0,Y =1) =1/2 and P(X = 1,Y = 0) = 0. In

this case, Cov(X,Y) = E(X ) E(X)E(Y)=1/4—(1/4)(3/4) =1/16 > 0.

b2) BX =Y =1) = B(X =Y = ):3/16 P(X =0,V =1) = 9/16 and P(X = 1,Y = 0) =
1/16. In this case P(X =4,V = j) = P(X = i) P(Y = j), so X and Y are independent, which
implies that Cov(X,Y’) = 0.

b3)P(X =Y =1)=P(X =Y =0)
this case, Cov(X,Y) = E(X E(X

0,P(X=0,Y=1)=3/4and P(X =1,Y =0)=1/4. In
(Y)=0—(1/4)(3/4) = —3/16 < 0.
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3) = 3 and that the coupling in b1) satisfies P(X # Y) = 1/2.
the
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c) Observe that ||u—v|lrv = 5 (3 +
/2 for other two (as shown in the course).

Note also that P(X #Y) > 1



2. a) With some basic calculations, we obtain 7o = ;& and m = 2.

b) The transition matrix over the state space S x S = {(0,0),(0,1),(1,0),(1,1)} is given by

1—p 0 0 P
p,— |- A-p{-q) pq p(l—q)
(1-p)g Pq (1-p)A—q) p(l-q)

q 0 0 1—gq

c) States (0,1) and (1,0) are transient, and states (0,0) and (1,1) are recurrent.

d) Z admits a unique stationary distribution, which is zero over the transient states and is equal
to 7 for the recurrent states. Formally, the stationary distribution of Z is

7-‘-Z:( 1 70707 P >
p+q p+q

e) Let us define the event 4,, = {X,, # Y,,}. As A,,11 C A, by definition of the coupling, we obtain

P(Ant1) = P(Apt1 N Ap) = P(Apt1 N{Zn = (0, 1)}) + P(An1 N {Z, = (1,0)})
=P(Ant1{Zn = (0, )}) P({Zn = (0,1)}) + P(Ap+1[{Zn = (1,0)}) P({Z,, = (1,0)})
=(pg+ 1 —p)(1—q) (P(Z, = (0,1)) + P(Z, = (1,0))) = (pg + (1 = p)(1 — q)) P(An)

where we used Pz from part b). Therefore,
P(Xn+1 # Y1) = (pq + (1 =p)(1- q)) P(Xy # Yn)

f) Based on the material of the course, if X has an initial distribution 7 and Yj has the stationary
distribution 7 as its initial distribution, we obtain

|7~ wllry < P(X # V) = (pa+ (1= p)(1 = @) P(Xn1 # Yo-1)

which naturally leads to
n
|7 = 7l < (pa+ (1 =p)(1 =) B(Xo # Yo)

Then, considering 7(©) as a distribution concentrated on a single state, we obtain

max ||Pl* — 7 <( +(1—-p)(1 - ) max{,}<( +(1-p)(1 - )

nax [P} —7llry < (pg+ (1 —p)(1 —q) el G v (1-p)(1—q)
g) Let us define the function f(p) = p? + (1 — p)2. Then, for the case that p = ¢, the upper bound
found in the previous part can be written as

max || P — 7|tv < f(p)"
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Hence, the fastest convergence corresponds to the minimum value of f(p), which can be found by
solving

f'p)=2p—2(1-p)=0

whose solution is p* = %



3. a) The transition matrix is given by

1 0 0 0
1 0 0 0
0 1/4 1/4 0

/2 0 0 1/2

/2 0 0 1/2
0 1/2 1/2 0

0
0
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0
0
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b) The chain is irreducible since the transition graph is strongly connected. So whatever state we
are in, there is a path with non-zero probability to any other state.

The chain is periodic since starting from any state, we can return to it only using an even number
of steps. Since this number can be as small as 2 for each state, we find that their period is 2.

Since the chain is not aperiodic, it is not ergodic.

¢) Solving the system of linear equations 7 = 7P, we find that
(Lt 11l
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Note that since the chain is not ergodic, 7 is not a limiting distribution.

d) We want to compute the mean recurrence time po = E(73|X¢ = 2), which by the remark under
theorem 1.2 in the lecture notes is given in this case by us = ;12 = 3 since the chain is irreducible
and has stationary distribution .

e) This can be computed using the Chapman-Kolmogorov equations, which amounts to computing
P?. We find that

1/4 1/4 0 1/4 1/4 0

1/4 1/4 0 1/4 1/4 0

0 0 3/4 0 0 1/4

/8 1/8 0 3/8 3/8 0

1/8 1/8 0 3/8 3/8 0

0 0 1/2 0 0 1/2

P? =

;o () _ (p2
For any i,j € S, we have that P = (P )Z]
f) From the previous answer, we easily see from the transition matrix @ = P? that there are two
equivalence classes. The first one comprises states {0, 1, 3,4} and the other class comprises states

{2,5}. There is no transition possible between these two classes.

g) Recall from part c) that there is no limiting distribution for (X,,n > 0). So the limit
lim,, oo P(X,, = 1| Xy = 1) does not exist.

Now for the second limit, we need to consider the transition matrix ). Note that starting from
state 1, we will only stay in states that are in the equivalence class {0,1, 3,4} found in part f). So
the question is, does this reduced chain has a limiting distribution? The transition matrix for that
equivalence class is

1/4 1/4 1/4 1/4

| 1/4 1/4 1/4 1/4

Qo) = 1/8 1/8 3/8 3/8

1/8 1/8 3/8 3/8



With this, we see that the reduced chain is finite, irreducible and aperiodic (since there are self-
loops), and thus it is ergodic and has a stationary and limiting distribution that we will call v.

Solving v = vQqo,1,3,4), We find that
1111
V= Y av ot |t
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Thus, we get lim, oo P(Xop, =1|Xg=1) =11 = %,



