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Chapter 1

Foreword

These lectures notes are based on the Lectures given by Dr. Nikolaos Tsakanikas at EPFL during
the Fall semester of 2023-2024 for the course MATH-322 "Differential geometry II - Smooth man-
ifolds”. To sum up this course, smooth manifolds constitute a certain class of topological spaces
which locally look like some Euclidean space R™ and on which one can do calculus. This course
introduces the key concepts of this subject, such as vector fields, differential forms, etc. This course
requires a good understanding of mutlivariable and vector calculus, topological and metric spaces.
Topology will turn out to be quite useful. The notion of manifold and its equipped objects are

recurrent in both mathematics and physics and are of particular interest more globally in geometry.

This course is heavily inspired from John Lee’s book on differentiable manifolds [1]. For this
reason, most of the proof that do not appear in the lectures notes can be found in that very book.
For any person that would lack the prerequisites stated above, the appendices at the end of the
book make up a little bit for what is needed but keep in mind it will not be enough. Any student
interested into going deeper into the notions presented is invited to consult John Lee’s book as it is
widely considered as a reference in the domain. The other book considered for that course is Jeffrey
Lee’s book on Manifolds and Differential Geometry [2] which introduces the notions in a different
order. It can be useful to consult both but not required to understand the topics presented during

these notes. For complementary reading on differential forms, see [3].

If you find something that may look like a typo or a mistake introduced during the writing process
of these notes, it could indeed be a mistake or typo. I apologize in advance if I have let any slide
in these notes. Please, do not stay stuck on those and check in case of doubt with Lee’s book [I]
which should clear any doubts. Throughout these notes, some references are made to the Exercise
Sheets for some proofs, exercise, etc. The exercises may have changed or you may not have access

to them. In both cases, [!] is again the reference you should turn to.

The last two chapters of these notes were kindly provided by Dr. N. Tsakanikas and concern

Multilinear Algebra [1] and Orientations [5] which are referenced in these notes under [Multilinear
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Algebra] and [Orientations].

I hope you appreciate this rich and wonderful topic through the reading of these notes!



Chapter 2

Smooth Manifolds

2.1 Definition of a topological manifold

Definition 2.1. a topological manifolds of dimension n (or top. n-manifold) is a topological space

M with the following properties:
(i) M is a Hausdorff space: for every pair of distinct points p, ¢ € M, there are disjoints open
sets U, VCMstpeUandqgelV.

(ii) M is second-countable: there is a countable basis for the topology of M.

(iii) M is locally Euclidean of dimension n : each pt of M has a neighborhood that is homeomor-

phic to an open subset of R™; that is, for each p € M we can find:
(a) an open subset U C M containing p

(b) an open subset U C R" and

(¢) a homeomorphism ¢ : U — U.

Comments

1. Every topological manifold has, by definition, a specific, well-defined dimension. In fact, it can
be shown (using De Rham cohomology) that the dimension of a (non-empty) top. manifold
is a topological invariant: A non-empty topological n-manifold cannot be homeomorphic to

a topological m-manifold unless m = n.

2. The conditions in Definition 2.1 ensure that manifolds behave in the way we expect from our

experience with Euclidean spaces.

3. The lines with two origins (see Exercise Sheet 1) is locally Euclidean, second-countable, but
not Hausdorff.

A disjoint union of uncountably many copies of R is locally Euclidean and Hausdorff, but not

second-countable.



2.2 Charts

Definition 2.2. Let M be a topological n-manifold. A coordinate chart on M is a pair (U, ¢),
where U is an open subset of M and ¢ : U — Uis a homeomorphism from U to an open subset
U C R™ The set U is called a coordinate domain, or a coordinate neighborhood of each of its
points. The map ¢ is called a (local) coordinate map and its components functions (z,...,z"),

defined by ¢(p) = (z'(p),...,2"(p)), are called local coordinates on U.

By definition of a topological manifold, each point p € M is contained in the of some chart (U, ¢).

If ¢(p) = 0, then we say that the chart is centered at p. See also coordinate ball and coordinate

cube in Lee’s book [1].

Example 2.3. 0. The basic example of a topological n-manifold is R" itself. It is Hausdorff,
because it is a metric space, and it is second-countable, because a collection of all open balls

with rational centers and rational radii is a countable basis for its topology.

Moreover, every open subset of a topological n-manifold is a topological n-manifold (with
the subspace topology), because the Hausdorff and second-countability properties are inher-

ited by subspaces.

1. Graph of continuous functions: Let U € R™ be an open subset and let f : U — R* be a

continuous function. The graph of f is the subset
I(f) = {(z,9) ER" x R* |z € U, y = f()}

with the subspace topology. Let m; = R™ x RF — R™ be the projection onto the first factor
and let ¢ : T'(f) € U be the restriction of m; to I'(f): ¢(x,y) = =z, (x,y) € T'(f). Since ¢ is
the restriction of a continuous map, it is continuous; and it is a homeomorphism, because it
has a continuous inverse given by ¢~!(z) = (z, f(z)). Thus I'(f) is a topological manifold of
dimension n. In fact, I'(f) is homeomorphic to U itself, and (I'(f), ) is a global coordinate

chart, called the graph coordinates.

The same observation applies to any subset of R"* defined by setting any k of the co-
ordinates (not necessarily the last k) equal to some continuous function of the other n, which

are restricted to lie in an open subset pf R"™.



2. Spheres: For each integer n > 0, the unit n-sphere is the subset
S = {3: c R |z| = 1} C R

It is Hausdorff and second-countable, because it is a topological subspace of R**!. To show
that it is locally Euclidean, for each i € {1,...,n + 1}, consider

Ut .= {(:Ul,...,x"H) e R |2t > 0}
U= = {(xl,...,a:"Jrl) c R |zt < O}

Let f:B:={x € R"||z| < 1} = R be the continuous function f(u) = /1 — |u|?. Then for
each i € {1,...,n+ 1} it is easy to check that Uf N S” is the graph of the function

ot = f(zt, . .20 L 2T
~—
omitted

and that U;” N'S™ is the graph of the function

ot = —f(a, @0 L e,

omitted

Thus each subset Uii N S™ is locally Fuclidean of dimension n, and the maps

i

gozi: UiiﬁS”—HB%” (b, 2" = (2t 8 T

are graph coordinates for S™. Since each point of S™ is in the domain of at least one of these

2n + 2 charts, we conclude that S™ is a topological n-manifold.

Topological manifolds :
— Suitable for the study of topological properties (e.g compactness, connectedness, etc).
— Not suitable for calculus : being "differentiable” is not invariant under homeomorphisms.

= To make sense of derivatives of maps between manifolds, we need to introduce a new kind of
manifold; it will be a topological manifold with some extra structure which will allow us to decide
which maps are smooth.

2.3 Smooth charts, atlases and smooth structures

Definition 2.4. Let M be a topological manifold. If (U, ) and (V,1)) are two charts such that
UNV # @, then the composite map

Yop lipUNV)=yUNV)



is called the transition map from ¢ to v (it is a homeomorphism).
Two charts (U, ¢) and (V,4) are said to be smoothly compatible if either U NV = & or the

!'is a diffeomorphism (i.e smooth and bijective with a smooth inverse). Since

transition map Y o@™
o(UNV)and ¥(UNV) are open subsets of R™, smoothness of this map is to be interpreted in the
ordinary sense of having continuous partial derivatives at all orders (here diffeomorphisms are C*°
maps).

An atlas for M is a collection of charts whose domains cover M. An atlas A is called a smooth

atlas if any two charts in A are smoothly compatible.

Remark To show that an atlas is smooth, we need only to verify that each transition map ¢ op~1

is smooth whenever (U, ) and (V,) are charts in A; once we have proved this, it follows that
Yo !is a diffeomorphism because its inverse oy~ = (¢ o <p*1)71 is one of the transition maps

we have already shown to be smooth. Alternatively, given two particular charts (U, ¢) and (V,1)),

it is often easier to show that they are smoothly compatible by verifying that v o ¢! is smooth
with non-singular Jacobian at each point (consequence of Inverse Function Theorem).
Definition 2.3 (continued) : A smooth atlas A on a topological manifold M is called maximal

(or complete) if it is not properly contained in any larger smooth atlas. This just means that any

chart which is smoothly compatible with every chart is A is already in A.

Definition 2.5. Let M be a topological manifold. A smooth structure on M is a maximal smooth
atlas. A smooth manifold is a pair (M, .A), where M is a topological manifold and A is a smooth

structure on M.

Remark : A smooth structure is an additional piece of data that must be added to a topological
manifold before we are entitled to talk about a "smooth manifold”.
A given topological manifold may have many smooth structures (in fact, if it has one, then it

has infinitely many) but it may also have no smooth structure at all.

It is in general not convenient to define a smooth structure by explicitly describing a maximal
smooth atlas, because such atlas contains very many charts. The next result shows that we need

only to specify a smooth atlas.

Proposition 2.6. Let M be a topological manifold.

a) Every smooth atlas A4 for M is contained in a unique maximal smooth atlas, called the smooth

structure determined by A.



b) Two smooth atlases for M determine the same smooth structure if and only if their union is

a smooth atlas.

Proof. See Exercise Sheet 2. O

For example, if a topological manifold M can be covered by a single chart, then the smooth
compatibility condition is trivially satisfied, so any such chart determines automatically a smooth

structure on M.

Definition 2.7. Let M be a smooth manifold. Any chart (U, ) contained in the maximal smooth
atlas is called a smooth chart. The corresponding coordinate map ¢ is called a smooth coordinate
map, and its domain U is called a smooth coordinate domain, or smooth coordinate neighborhood
of each of its points.

Example 2.8. 0. For each n € N, the Euclidean space R™ is a smooth n-manifold with the
smooth structure determined by the atlas {(R"™,Idgn)}. We call this the standard smooth
structure on R™ and the resulting coordinate map, standard coordinates. With respect to
this smooth structure, the smooth coordinate charts for R™ are exactly those charts (U, ¢)

such that ¢ is a diffeomorphism (in the usual sense) from U C R™ to another subset U C R".

1. Graphs of smooth functions : If U C R” is an open subset and if f : U — RF is a smooth

function, then the graph I'(f) of f is a topological n—manifold in the subspace topology. Since
I'(f) is covered by the single graph coordinate chart ¢ : I'(f) — U, we can put a canonical
smooth structure on I'(f) by declaring (I'(f), ¢) to be a smooth chart.

2. Spheres : The n-sphere S* C R™*! is a topological n-manifold. We put a smooth structure
on S™ as follows. For each ¢ € {1,...,n + 1}, we consider the graph coordinate charts
(Uii nsr, @f) For any i # j and any choice of + signs, the transition map cpl-i o (cpji)_l and

gogt o (go;-F)_l are easily computed. For example, when i < j, we get

cpfo(wj)_l(ul,...,u") = o (u',... V1 —u?, ... u)

= (ub,..., 0. V1 =2, u")
j-th
J-t

and similar formula holds in the other cases. When ¢ = j, the domains of goj and ¢; are
disjoints, so there is nothing to check. Thus, the collection of charts {(UZ-i NS, goli)}?jll is
a smooth atlas, so it defines a smooth structure on S™, which we call its standard smooth

structure.

3. Open Submanifolds : Let U be any open subset of R™. The, U is a topological n-manifold,

and the single chart (U, Idy) determines a smooth structure on U.

More generally, let M be a smooth n-manifold and let U C M be an open subset. Define an



atlas on U by
Ay = {smooth charts (V, ) for M such that V C U}.

Every point p € U is contained in the domain of some chart W, ) for M; if we set V. =W NU,
then (V,¢lv) is a chart in Ay whose domain contains p. Therefore, U is covered by the
domains of the charts in Ay, and it is easy to verify that this is a smooth atlas for U.

Thus, any open subset of M is itself a smooth n-manifold in a natural way. Endowed with

the smooth structure, we call any open subset an open submanifold of M.

In the examples we have seen so far, we constructed a smooth manifold structure in two stages

: we started wit a topological space and checked that it was a topological manifold, and then we

specified a smooth structure. The following lemma shows how, given a set of suitable “charts” that

overlap smoothly, we can use the charts to define bot a topology and a smooth structure on the

set.

Lemma 2.9. Let M be a set. Suppose we are given a collection {U,} of subsets of M together

with maps ¢, : U, — R"™ such that the following properties are satisfied:

(i)

For each a, ¢, is a bijection between U, and an open subset ¢, (U,) C R™.
For each o and f3, the sets ¢ (Uy NUp) and pg(Uy NUp) are open in R™.

Whenever U, NUg # 0, the map

050 Pa’  Pallla NUp) = @p(Ua N U)
is smooth.
Countably many of the sets U, cover M.

Whenever p,q € M with p # g, either there exists some U, containing both p and ¢ or there
exist disjoint sets U, and Ug with p € U, and q € Up.

Then M has a unique manifold structure such that each (Uy, ¢, ) is a smooth chart.

Proof. Details of the proof: Lee, Lemma 1.35 [1]. Key idea: define the topology on M by taking
all the sets of the form o, (V), V C R"™ open, as a basis. O



Chapter 3

Smooth Maps

Definition 3.1. Let M be a smooth n-manifold and let f : M — RF be a function, where k > n.
We say that f is a smooth map if for every point p € M there exists a smooth chart (U, ¢) for M
such that p € U and f o o~ ! is smooth on the open subset ¢(U) C R™.

Remark :

1. If M is a smooth manifold and f : M — R¥ is a smooth map, then fop~!: p(U) — R* is
smooth for every smooth chart (U, ¢) for M (see Example 5.3).

2. Let M be a smooth manifold. The set C°°(M) of all smooth real-valued functions on M is
an infinite-dimensional R-vector space: sums and constant multiples of smooth functions are
smooth (see also Exercise Sheet 3). Moreover, pointwise multiplication turns C*°(M) into a

commutative ring and a commutative and associative R-algebra.

Definition 3.2. Let M be a smooth manifold. Given a function f : M — R¥ and a chart (U, ¢)
for M, the function f = fo @1 : p(U) = R* is called the coordinate representation of f. By
definition, the function f is smooth if and only if its coordinate representation is smooth in the
same smooth chart around each point. By the previous Remark, smooth functions have smooth

coordinate representations in every smooth chart.
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Definition 3.3. Let F': M — N be a map between smooth manifolds. We say that F' is a smooth
map if for every p € M, there exist smooth charts (U, ¢) containing p and (V1)) containing F'(p)
such that F(U) C V and the map 1o F oo~ !:o(U) — (V) is smooth.

Observe that Definition 3.1 is a special case of Definition 3.3 by taking N = V = R* and
1/} = Ide .

Proposition 3.4. Every smooth map is continuous.

Proof. Let F': M — N be a smooth map between smooth manifolds. Fix p € M. Since F'is smooth,
there are smooth charts (U, ¢) containing p and (V) containing F(p) such that F(U) C V and
poFop:pU)— (V) is smooth, and hence continuous. Since F(U) C V and the maps ¢ and

1) are homeomorphisms, the map
Fly=v'o(poFop Yop: U=V

is continuous as a composition of continuous maps. Hence, F' is continuous in a neighborhood of

each point, and thus continuous on M. ]

Comment The requirement that “Vp € M 3(U,¢) > pI(V,4¥) 3 F(p)s.t. F(U) C V” in the

definition of smoothness is included precisely so that smoothness implies continuity.

Definition 3.5. Let I’ : M — N be a smooth map between smooth manifolds. If (U, ¢) and
(V, ) are smooth charts for M and N, respectively, then we call F= Yo Fop~! the coordinate
representation of F with respect to the given coordinates. It maps (U N F~1(V)) to ¥(V).

Remark Let F: M — N be a smooth map between smooth manifolds. Then the coordinate
representation of F' with respect to every pair of smooth charts for M and N is smooth (see Example
5.3).



o There are equivalent characterizations of smoothness (see Example 5.3). For example, a map
F : M — N between smooth manifolds is smooth if and only if F' is continuous, and there
exist smooth atlases {(Uq, ¢a)} and {(Vs,13)} for M and N, respectively, such that for each
a and B3, Ygo F oyt is a smooth map from ¢, (Us N F~1(V3)) to 15(V3s).

o Smoothness is local (see Example 5.3); if F': M — N is a map between smooth manifolds
and if Vp € M 3U > p such that F|y is smooth, then F' is smooth.

e Gluing Lemma for Smooth Maps: Let M and N be smooth manifolds and let {Uy}aca
be an open cover for M. Suppose that for each o € A we are given a smooth map F,, : U, — N
such that the maps agree on overlaps: Fa\UamUﬁ = Fﬁ\UamUﬁ for all o, 8 € A. Then there
exists a unique smooth map F' : M — N such that F|y, = F, for each a € A.

Proposition 3.6. Let M, N, and P be smooth manifolds.
(a) Every constant map c¢: M — N is smooth.
(b) The identity map Idys of M is smooth.
(¢) If U C M is an open submanifold, then the inclusion map ¢ : U < M is smooth.
(d) If F: M — N and G : N — P are smooth, then sois Go F': M — P.
Proof. See Exercise Sheet 3. O

Example 3.7. Consider the unit n-sphere S* C R"*! with its standard smooth structure. The
inclusion map ¢ : S < R"*! is continuous (inclusion map of topological subspace). It is a smooth
map, because its coordinate representation with respect to any of the graph coordinates of Example
1.3(2) is

d(ut,. . u") = o (@) Haut, . u™)

(.1 i1 / 9 i n
—(u,...,u ,+ 1—|u],u,...,u>,

which is smooth on its domain (the set where |u| < 1).

Definition 3.8. Let M and N be smooth manifolds.

e A diffeomorphism from M to N is a smooth bijective map M — N that has a smooth inverse.

e We say that M and N are diffeomorphic if there exists a diffeomorphism between them.

Example 3.9. 1) Consider the maps
F:B" -R" z+—

and
G:R"—B" y—



These maps are smooth, and it is straightforward to check that they are inverses of each other.
Thus, they are both diffeomorphisms, so B = R".
2) If M is a smooth manifold and if (U, ¢) is a smooth chart on M, then ¢ : U — ¢(U) C R"

is a diffeomorphism. (In fact, it has an identity map as a coordinate representation.)

Proposition 3.10. (Properties of Diffeomorphisms)
(a) Every composition of diffeomorphisms is a diffeomorphism.
(b) Every finite product of diffeomorphisms between smooth manifolds is a diffeomorphism.
(c¢) Every diffeomorphism is a homeomorphism and an open map.

(d) The restriction of a diffeomorphism to an open submanifold is a diffeomorphism onto its

image.
e) “Diffeomorphic” is an equivalence relation on the class of all smooth manifolds.
p q
Proof. Exercises! O

Just as two topological spaces are considered to be “the same” if they are homeomorphic, two
smooth manifolds are essentially indistinguishable if they are diffeomorphic. The central concern
of smooth manifold theory is the study of properties of smooth manifolds that are preserved by
diffeomorphisms. The dimension is one such property: a non-empty smooth N-manifold cannot
be diffeomorphic to a non-empty smooth M-manifold unless m = n. (This is a consequence of the

chain rule.)



Chapter 4
Partition of Unity

We now discuss partitions of unity, which are tools for "blending together” local smooth objects
into global ones without necessarily assuming that they agree on overlaps (cf. p.18, gluing lemma).
They are indispensable in smooth manifold theory, and we will see later some first applications of

partitions of unity.

4.1 Partition of Unity: definition and existence.

Definition 4.1. Let M be a topological space and let f : M — R* be a function. The support of f

is defined as

supp f = {p € M | f(p) # 0}

o If supp f is contained in some open subset U C M, we say that f is supported in U.

o Ifsupp f is a compact set (e.g., if M is a compact space), we say that f is compactly supported.

Definition 4.2. Let M be a topological space and let X = (X,,)qca be an open cover of M, indexed

by a set A. A partition of unity subordinate to X' is an indexed family {14 }aca of continuous

functions 1, : M — R with the following properties:
(i) 0 < to(z) <1, foralla € Aand x € M.
(ii) supp¥q C X4, for all a € A.

(iii) The family of supports {supp s }aca is locally finite, i.e., every point has a neighborhood

that intersects supp ¢, for only finitely many values of .
(iv) YacaValz) =1, for all z € M.

Due to the local finiteness condition (iii), the sum in (iv) has only finitely many non-zero terms
in a neighborhood of each point, so there is no issue of convergence.

If M is a smooth manifold in Definition 2.19, then a smooth partition of unity is one for which

each of the functions ¢, is smooth.
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Theorem 4.3. (Existence of smooth partitions of unity): Let M be a smooth manifold and
let X = (Xa)aeca be an open cover of M. Then there exists a smooth partition of unity subordinate
to X.

For a detailed proof of Theorem 4.3 we refer to [Lee [1], Theorem 2.23]. We will only review

the main ingredients for the proof of Theorem 4.3:

1. Inputs from analysis

e t, t>0
0, t<0

o+

o The function f: R — R, f(t) = {

\VJ

is smooth. [Lee [!], Lemma 2.21]

o Existence of cutoff functions: Given r1,79 € R with r; < ro, there exists a smooth

function h : R — R such that:

h(t)y=1 fort<nr
0<h(t)<l forr <t<rmry
h(t)=0 fort>ry

\VJ

(e.g., take h(t) := %, where f is as above)
e Given 71,79 € R with 0 < r; < r9, there exists a smooth function H : R® — R such

that:

H=1 on B, (0)

0< H(zx) <1 forxe B, (0)\ B (0)
H=0 onR"\B,(0)

(e.g., take H(z) = h(]|z||), where h is as above)

2. Inputs from topology



o Paracompactness - one of the main reasons why second countability is included in the

definition of topological manifolds.

e Let M be a topological space. A collection X of subsets of M is called locally finite if
each point of M has a neighborhood that intersects at most finitely many of the sets in

X. Given a cover U of M, another cover V is called a refinement of I if for each V € V

there exists some U € U such that V C U. We say that M is paracompact if every open

cover of M admits an open, locally finite refinement.

o (Manifolds are paracompact): Every topological manifold is paracompact. In fact, given
a topological manifold M, an open cover X of M and any basis B for the topology of
M, there exists a countable, locally finite, open refinement of X consisting of elements
of B. [Lee [!], Theorem 1.15]

4.2 Applications of Partitions of Unity
Finally, we present some applications of partitions of unity.

1. Existence of smooth bump functions
If M is a topological space, A C M is a closed subset and U C M is an open subset such that
A C U, a continuous function ¥ : M — R is called a bump function for A supported in U if

0<y(x)<1, VeeM
Yv=1on A
supp ¢ C U

Proposition 4.4. Let M be a smooth manifold. For any closed subset A C M and any open
subset U C M containing A, there exist a smooth bump function for A supported in U.

Proof. Set Uy := U and U; = M\ A, and let {19,171} be a partition of unity subordinate to
the open cover {Up, Uy} of M. Since 11 =0 on A, and Y 1; = 1 on A, the function v has
the requested properties. ]

2. Extension Lemma for smooth functions
Let M and N be smooth manifolds and let A C M be an arbitrary subset. We say a map
F : A — N is smooth on A if it has a smooth extension in a neighborhood of each point;
namely, for every point in A there exists a an open subset p € W C M and a smooth map
F : W — N whose restriction to W N A agrees with A.

Lemma 4.5. Let M be a smooth manifold, A C M a closed subset and f : A — R* a
smooth function. For any open subset U C M containing A, there exists a smooth function
f:U — R¥ such that f|4 = f and supp f C U.



Proof. For each p € A, choose a neighborhood W), of p and a smooth function fp : W, — R¥
such that fp‘WpﬁA = f. Replacing W, by W, N U, wm.a.t W, C U. The family of sets
{Wp}peaAU{M\ A} is an open cover of M. Let {1, }pcaU{t0o} be a smooth of unity subordinate
to this cover, with supp 1, C W), and supp 99 C M\A.

For each p € A, the product v, fp is smooth on W), and has a smooth extension to all of M

if we interpret it to be zero on M\supp t,. Thus, we can define the function

f: MR 2 Z ¢p($)fp(x)

peEA

Since the collection of supports {supp v, }pca is locally finite, this sum has actually finitely
many non-zero terms in a neighborhood of each point of M, and therefore defines a smooth
function. If z € A, then ¢o(2) = 0 and f,(z) = f(x) for each p such that ¢,(z) # 0, so

fla) =" tp(x) folz) = (1/10(33) + %(1?)) f(x) = f(x)
PEA peEA

Thus, f is indeed an extension of f. Finally we have

supp f C | supp ¢, = |J supp ¢, CU
pEA peEA

property of locally finite collections, see [Lee [1], Lemma 1.13]. O

Comments:

i) The conclusion of the extension lemma can be false if A is not closed.

ii) The assumption in the extension lemma that the codomain is R¥, and not some other
manifold, is necessary (for other codomains, extensions can fail to exist for topological

reasons).
. Existence of smooth exhaustion functions [Lee [1], Prop 2.23]

. Level Sets of Smooth Functions: Let M be a smooth manifold. If K is a closed subset
of M, then there exists a smooth non-negative function f : M — R such that f~1(0) = K.
[Lee [1], Theorem 2.29]



Chapter 5

The Tangent bundle

5.1 Geometric Tangent Space

Given a point a € R™, we define the geometric tangent space to R™ at a to be the set

R} :={a} x R" ={(a,v) | v € R"}.

We abbreviate (a,v) as v, or v|,, and we think of v, as the vector v with its initial point at a.

The set R} is an R-vector space under the natural operation
Vg + We := (V+w)a, g = (AV)g,

and the vectors e;|q, 1 < i < n (where e; denotes the i-th standard basis vector) are a basis of R.
In fact, R} is essentially the same as R" itself; the only reason we add the index a is so that the

geometric tangent spaces R} and R} at distinct points a and b are disjoint sets.

Definition 5.1. Given a € R, a map w : C*°(R"™) — R is called a derivation at a if it is R-linear

and satisfies the product rule:
w(fg) = fla)w(g) + g(a)w(f).
We denote by T,R™ the set of all derivations of C*°(R"™) at a. Clearly, T,R™ is an R-vector
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space under the operations

(w1 +wa)f =wif+waf, (Aw)f = wf.

The most important fact about T,R"™ is that it is finite-dimensional; in fact, it is naturally isomor-

phic to the geometric tangent space R’ that we defined above, based on the following lemma.

Lemma 5.2. Let a € R, w € T,R", and f,g € C>°(R").
(a) If f is constant, then wf = 0.
(b) If f(a) = g(a) = 0, then w(fg) = 0.
Proof.  (a) Consider the constant function f; =1 € C*°(R"). We have
w(fi) =w(fi- fr) = fila)w(fi) + fila)w(fi) = w(fi) =0.

Since f = c is constant, we obtain
w(f) =w(cfr) = cw(fr) =0.

(b) Follows immediately from the product rule.

Proposition 5.3. Let a € R".
(a) For each geometric tangent vector v, € R}, the map

Dyla : C®°(R") — R

= Dulaf = Dyf(a) fla+tv)

 dtl—g
(directional derivative of f in the direction of v at a) is a derivation of C*°(R") at a.

(b) The map

R — T,R"

v = Dyla
is an R-linear isomorphism.
(c) The n derivations

9 9

8.’E1 a7.“78$n a
defined by

0 of .
el = g @ lsism




Proof.

(b)

form a basis of T,R", and thus

dimp T,R" =

(a) Easy to check (using calculus).

o Linearity: For every f € C*°(R") we have

(I)()\lvl + >\2”2)(f) = D/\1U1+)\27J2|af
d
— %‘t:ﬂf(a + t()\1v1 + )\2’02))

= Df(a) . ()\1121 + )\2112)

d d
A%L:oﬂ“ + tvr) + Ao dt‘

= M®(v1)(f) + A2 @(v2)(f)

fla+ tvg)

which shows the R-linearity of ®.

Injectivity: Suppose that ®(v,) = D, |, = 0 is the zero derivation. Writing v, = v'e;, in
terms of the standard basis, and considering the j-th coordinate function 27 : R” — R

thought of as a smooth function on R", we obtain

0= Dylat? = v' == (27)|yma = 0] = 0/

oxt

—0 z;é]anda‘”i—l Hence, v, = 0 € R".

Surjectivity: Let w € T,R". Set v := v ei|a, where v’ = w(z') € R. We want to show
that w = ®(v) = Dyls. To this end, let f € C°°(R™). By Taylor’s theorem we can write

"9
+;8&

' —a)+ Z zt—ab) —aJ)/Ol(l—t)azg;J (a+t(x—a))dt

1,j=1

Note that each term in the above sum is a product of two smooth functions of = that
vanish at # = a: one is (z° — a') and the other is (z' — a’)(integral). By Lemma 5.2 (b)

the derivation w annihilates the entire sum. Thus,

wf = +Z (83;1 m—ai)>

i=1

= Zv ggj;()

i=1

= Dv|a(f)

vt

(c) We have already used above that if v = v'e;|, (in terms of the standard basis), then Dy, (f) =



v'9L(a) by the chain rule. In particular, if v = eq, then D |o(f) = ggfz (a) (the i-th

Ox?
derivation defined above), i.e 8(3:1' = D,,|q. Hence, (c) follows from (b).

O]

5.2 Tangent Space

Definition 5.4. Let M be a smooth manifold and let p € M. A map v : C®(M) — R is called a

derivation at p if it is R-linear and satisfies the product rule:

v(fg) = f(p)v(g) +gp)v(f), VYf,ge€ C(M).

We denote by T),M the set of all derivations of C°°(M) at p. Clearly, T,M is an R-vector space,
called the tangent space to M at p € M. An element of T),M is called a tangent vector at p.

Lemma 5.5. Let M be a smooth manifold, p € M, v € T,M and f,g € C>*(M).

(a) If f is constant, then vf = 0.

(b) If f(p) = g(p) = 0, then v(fg) = 0.

Proof. Exercise! (cf. Lemma 5.2) O

With the motivation of geometric tangent vectors in R™ in mind, we visualize tangent vectors
to M as ”arrows” that are tangent to M and whose base points are attached to M at the given

point.

For alternative descriptions of tangent vectors to M, see Exercise Sheet 4/Exercise Sheet 1.

Definition 5.6. If F' : M — N is a smooth map, then for each p € M we define a map dF), :
TyM — TN, called the differential of I at p, as follows. Given v € T,M, we let dF},(v) be the
derivation at F'(p) that acts on f € C*°(N) by

dF,(W)(f) = o(f o F).



The operator dF,(v) : C*°(N) — R is a derivation at F(p): it is R-linear, since v is so, and

satisfies the product rule

dFp(v)(fg) = v((fg)o F)=v((foF)(goF))
= (foF)(p)v(goF)+(goF)(p)v(foF)
f(F(p)) dFp(v)(9) + 9(F(p)) dFp(v)(f)-

Proposition 5.7. Let F': M — N and G : N — P be smooth maps and let p € M.
(a) dFy: TyM — Tp) N in an R-linear map.
(b) d(G o F)p = dGF(p) o de : TPM — T(G'OF)(p)P'
(C) d(IdM>p = IdTpM : TpM — TpM.

d) If F is a diffeomorphism, then dF, : T,M — Tp,)N is an isomorphism, and it holds that
p-ip (p)

(de)il = d(Fﬁl)F(p)

Proof. Exercise Sheet 4. O

Our first important application of the differential will be to use coordinate charts to relate the
tangent space to a point on a manifold with the Euclidean tangent space. But there is an important
technical issue that we must address first. While the tangent space is defined in terms of smooth
functions on the whole manifold, coordinate charts are in general defined only on open subsets.

The key point, expressed in the next proposition, is that tangent vectors act locally.

Proposition 5.8. Let M be a smooth manifold, p € M and v € T,M. If f,g € C°°(M) agree on
some neighborhood of p, then vf = vg.

Proof. Set h := f—g and observe that h is a smooth function on M that vanishes in a neighborhood
of p. By Proposition 4.4 there exists a smooth bump function v for supp h supported in M\{p}
(open in M contains supp h, since h(p) = 0). Since ¥ = 1 where h is non-zero, the product 1h is
identically equal to h. Since h(p) = ¥(p) = 0, by Lemma 5.5(b) we obtain v(h) = v(yh) = 0, so
v(f) = v(g) by linearity. O

By the proposition above, we can identify the tangent space to an open submanifold with the
tangent space to the whole manifold.

Proposition 5.9. Let M be a smooth manifold, let U C M be an open subset, and let ¢ : U — M
be the inclusion map. For every point p € U, the differential di, : T,U — T,,M is an isomorphism.

Proof. We first prove injectivity. Let v € T,U such that di,(v) =0 € T,M. Let V be a neighbor-
hood of p such that V C U. If f € C*(U) is arbitrary, then by Lemma 4.5, there exists f € C°°(M)
such that f |y = f. Since then f and f | are smooth functions that agree in a neighborhood of p,
Proposition 5.8 implies

of = v(flo) = v(F o 0) = dip(v)(f) = 0.



Hence, v = 0 € T,U, so du, is injective.

We now prove surjectivity. Let w € T,M. Define

v:C°U) — R
fo= wf,

where f is any smooth function on M that agrees with f on V. (see Lemma 4.5). By Proposition
5.8, vf is independent of the choice of f, so v is well-defined, and it is easy to check that it is a
derivation of C*°(U) at p. For any g € C*°(M), we have

dip(v)(g) = v(gor) =w(gor) = wy,
where the last equality follows from the fact that g o, got and g all agree on V. O

Given an open subset U C M, the isomorphism di, between T,U and T, M is canonically
defined, independent of any choices. From now on, we identify 7,U with T,,M for any p € U. This
identification just amounts to the observation that diy(v) is the same derivation as v, thought of
as acting on functions on the bigger manifold M instead of on functions on U. Since the action
of a derivation on a function depends only on the values of the function in an arbitrarily small
neighborhood, this is a harmless identification. In particular, this means that any tangent vector
v € T,M can be unambiguously applied to functions defined only in a neighborhood of p, not

necessarily on all of M.

Proposition 5.10. If M is a smooth n-manifold, then for each p € M, the tangent space T,,M is

an n-dimensional R-vector space.

Proof. Fix p € M and let (U, ¢) be a smooth coordinate chart containing p. Since ¢ : U — ¢(U) C
R™ is a diffeomorphism, dy, : T,U — Tw(p)f] is an isomorphism by Proposition 5.7(d). Since
Proposition 5.9 guarantees that T,,U = T},M and Tw(p)U =T p[j , it follows from Proposition 5.3(c)
that dim T, M = dim T, R" = n. O

— The tangent space to a vector space: Exercise Sheet 4

— The tangent space to a product manifold: Exercise Sheet 4

Next, we will show how to do computations with tangent vectors and differentials in local coordi-
nates. Let M be a smooth manifold and let (U, ¢) be a smooth coordinate chart on M. Then ¢ is
a diffeomorphism from U to an open subset U C R™. By Propositions 5.7(d) and 5.9, we infer that
dpp : TyM — T,y R™ is an isomorphism (for each p € U). By Prop. 5.3(c) the derivations

9
oxl

0

7.--7%

»(p) »(p)



form a basis of T, R™. Therefore, the preimages of these vectors under the isomorphism dypp,
denoted by %|p and characterized by
0

0
= (d )‘1< ; )Zd(%fl) (>< ; )
P : Oz »(p) P\ Ox »(p)

form a basis of T, M. Unwinding the definitions, we see that %|p acts on a function f € C°(U)
by

0
ozt

0 0 -1 of .
3xi p.f - @ (p(p) (f o® ) - 85[71 (p)7
where f = fow ™! is the coordinate representation of f and p = (p',...,p") = @(p) is the coordinate

representation of p. In other words, %|p is the derivation that takes the ¢-th partial derivative of
(the coordinate representation of) f at (the coordinate representation of) p. The vectors %M, are

called the coordinate vectors at p associated with the given coordinate system.

In summary, if M is a smooth N-manifold and if p € M, then T,M is an N-dimensional R-
. n

vector space, and for any smooth chart (U, (z')) containing p, the coordinate vectors {%b}, )
1=

form a basis for T),M. Thus, a tangent vector v € T, M can be written uniquely as a linear combina-

tion v = v aii |p- The ordered basis ( 8‘; \p) is called a coordinate basis for T, M, and the numbers

(v') are called the components of v with respect to the coordinate basis. If v is known, then its

components can be easily computed from its action on the coordinate functions. For each j, the
components of v are given by v/ = v(27) (where we think of 27 as a smooth real-valued function

on U), because

We now explore how differentials look in coordinates. We begin by considering the case of
a smooth map F' : U C R* - V C R™. For any p € U, we will determine the matrix of
dFy : T,R™ — Tp@yR™ in terms of the standard coordinate bases. Denoting by (x',...,2") the
coordinates in the domain (and y',...,y™ in the codomain), we use the chain rule to compute the

action of dF), on a typical basis vector as follows:

0 0 af OFJ OFJ 0
; ( = ) F= ] (o F) = G (P 50 (W GFs F(p)) /
Thus,
0 OFJ 0
dF, - == (p)=— .
g (895 p) Oz 9y’ F(p)




In other words, the matrix of dF}, in terms of the coordinate bases is

OF! OF!
%(p) B Y ()
oFm oF™
Ozl ) - ox™ ()

that is, the Jacobian matrix of F' at p, which is the matrix representation of the total derivative
DF(p) : R* — R™. Therefore, in this case, dF}, : T,R" — Tp R™ corresponds to the total
derivative DF(p) : R™ — R™, under the usual identification of Euclidean spaces with their tangent

spaces.

We now consider the more general case of a smooth map £’ : M — N between smooth manifolds.
Choosing smooth coordinate charts (U, ¢) for M containing p and (V1)) for N containing F'(p), we
obtain the coordinate representation £ = ¢yo Fop™! : o(UNF~1(V)) = ¢(V), and we also denote
by p = ¢(p) the coordinate representation of p. By the computation above, dﬁ’p is represented with
respect to the standard coordinate bases by the Jacobian matrix of F at p. Using the fact that

Fop ' =9~ o F, we compute
9 _ (=
(&) - (o 2])
)
— ! p
0
. -1
= AW g (de <axi p>>
OF7 0
— -1 o Dg 5
= dW ) pep) (axi (?) Ay F(ﬁ)>
- B2
Ozt 7 Oyl F(p)

Thus, dF), is represented in coordinate bases by the Jacobian matrix of (the coordinate represen-
tation F of) F. (In fact, the definition of the differential was cooked up precisely in order to give a

coordinate-independent meaning to the Jacobian matrix.)

Finally, suppose that (U,¢ = (%)) and (V,9 = (#')) are two smooth charts on M, and that
p € U. Any tangent vector at p can be represented with respect to either coordinate basis (%h,)

or (%b). How are the two representations related?



In this situation, it is customary to write the transition map o =t : (U NV) = (U NV)

in the following shorthand notation:

vop (@) = (#(2),....3" ().

Here we are indulging in a typical abuse of notation: in the expression #‘(z), we think of ' as a
coordinate function (whose domain is an open subset of M, identified with an open subset of R™),

but we think of = as representing a point (in this case, in (U NV)). We have

07 0
= i () 5=
w(p)> Oz oz

Using the definition of coordinate vectors, we obtain
0

= d(@_l)w(p) <8xi ())
e(p
0

= dw_l)w(p) od(yo 80_1)“’(]’) (63&

_ 0
d(’l,[) oy 1)go(p) <axz

P(p)

0
ozt

P

w(p)>

97 9
= AW )y (aﬁz@(p)’aﬂ o >>
p
o7 9

(This formula looks like the chain rule for partial derivatives in R™.) Applying this to the compo-

nents of a vector

;0

VA
v=10'—
ox*

iy

=V
)
» 0T

)

p

we find that the components of v transform by the rule

-_8a~cj




5.3 The Tangent Bundle

Definition 5.11. Let M be a smooth manifold. The tangent bundle of M is denoted by T'M and

is defined as the disjoint union of the tangent spaces at all points of M:

T™ = | | T,M.
peEM

We usually write an element of this disjoint union as an ordered pair (p,v) withp € M and v € T,M
(we sometimes write v, for (p,v)). The tangent bundle comes equipped with a natural projection

map 7 : T'M — M, which sends each vector in T, M to the point p at which it is tangent: (p,v) — p.

For example, when M = R", using Proposition 5.3, we see that

TR") = | | ,R"= | | R} = | | {p} xR*=R" xR".
pER™ peER™ peER™
An element of this Cartesian product can be thought of as representing either the geometric tangent
vector vy, or the derivation D, |, defined in Proposition 5.3. In general, however, the tangent bundle
of a smooth manifold cannot be identified in a natural way with a Cartesian product, because
there is no canonical way to identify tangent spaces at distinct points with each other. The next
proposition shows that the tangent bundle of a smooth manifold can be considered as a smooth

manifold in its own right. For its proof, we need Lemma 2.9 (smooth manifold chart lemma).

Proposition 5.12. For any smooth N-manifold M, the tangent bundle T M has a natural topology
and smooth structure that make it into a smooth (2n)-manifold. With respect to this structure,

the projection map 7 : TM — M is smooth.

Proof. We begin by defining the maps that will become our smooth charts. Given any smooth
chart (U, ) for M, observe that 7=1(U) is the set of all tangent vectors to M at all points of U.

Denote by (z!,...,2") the coordinate functions of ¢, and define a map

5 (i 0
v amip

Its image is the set o(U) x R™, which is an open subset of R?". It is a bijection onto its image,

D 7r_1(U) — R

because its inverse can be explicitly written as

1 ; 0

~—1/..1 n n %
Qo (x, .. x e ") = py

o1(z)

Now, suppose we are given two smooth charts (U, ) and (V,1) for M, and consider the corre-



sponding ”charts” (7~1(U), @) and (7=*(V), ) for TM. The sets
o (v U) N (V) = p(UNV) xR

and

P (x 7 U)NaTH (V) =w(U N V) xR

are open in R?", and the transition map o @~ : o(UNV) x R" = (U NV) x R" can be written

explicitly as
vt 0
02z

(( ) o)

¥
— )8m i 91" ;
= LR B

Choosing a countable cover {U;} of M by smooth coordinate domains, we obtain a countable

<
o
Al
N
—~
&
\.)—‘
8
\.3
[~
\.)—‘
\.@
3
N~—
I
<

which is clearly smooth.

cover of TM by coordinate domains {7~1(U;)} satisfying conditions (i)-(iv) of Lemma 2.9. To
check the Hausdorff condition (v), just note that any two points in the same fiber of 7 lie in one
chart, while if (p,v) and (g, w) lie in different fibers, there exist disjoint smooth coordinate domains
U and V for M such that p € U and ¢ € V, and then 771 (U) and 7#~1(V) are disjoint coordinate
neighborhoods containing (p,v) and (g, w), respectively. This completes the proof of the first part
of the statement.

Finally, to check that = : TM — M is smooth, note that with respect to charts (U, ¢) for M

-1

and (7= 1(U), ¢) for TM, its coordinate representation p oo @~ ! is m(z,v) = 2. O

The coordinates (z*,v") given by (#¢) are called natural coordinates on TM.

— Global differential: FExercise Sheet 5
— Basic properties of global differential: Exercise Sheet 5

Proposition 5.13. If M is a smooth N-manifold which can be covered by a single smooth chart
(U, ¢), then its tangent bundle T'M is diffeomorphic to p(U) x R™.

Proof. If (U, ) is a global smooth chart for M, then ¢ is, in particular, a diffeomorphism from
U = M to an open subset U c R™. The proof of Proposition 5.12 showed that the natural
coordinate chart ¢ is a bijection from T'M to U x R™, and the smooth structure on T'M is defined
essentially by declaring ¢ to be a diffeomorphism. O

Comments: In general, the tangent bundle is not globally diffeomorphic (or even homeomorphic)
to a product of the manifold with R™.



Chapter 6

Maps of constant rank

6.1 Immersions, Submersions and Embeddings

Definition 6.1. Let M and N be smooth manifolds. Given a smooth map F' : M — N and a
point p € M, the rank of F' at p is defined to be the rank of the linear map dF, : T, M — Tp(,)N;

it is the rank of the Jacobian matrix of F' in any smooth chart, or the dimension of the image

Im(dF},) € Tp)N. If F has the same rank r at every point, we say that it has constant rank, and
we write tk F' = r.

Recall that the rank of F' at each point is bounded above by min{dim M,dim N'}. If the rank
of dF), is equal to this upper bound, then we say that F' has full rank at p. If F' has full rank

everywhere, we say that F' has full rank.

Definition 6.2. A smooth map F': M — N is called:

(a) a smooth immersion if its differential is injective at each point (or equivalently, rk F' =
dim M),

(b) a smooth submersion if its differential is surjective at each point (or equivalently, rk F' =
dim N), and

(c) a smooth embedding if it is a smooth immersion that is also a topological embedding, i.e., a

homeomorphism onto its image F(M) C N in the subspace topology.
Comment:

(1) A smooth embedding is a map that is both a topological embedding and a smooth immersion,

not just a topological embedding that happens to be smooth; see Exercise 4.5(1).

(2) We will see that smooth immersions and submersions behave locally like injective and surjec-

tive linear maps, respectively.

Lemma 6.3. Let F' : M — N be a smooth map. If dF} is injective (resp. surjective) for some

p € M, then p has a neighborhood U such that F|y is an immersion (resp. submersion).
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Proof. If we choose any smooth coordinates for M near p and for N near F(p), either hypothesis

means that the Jacobian matrix of F' in coordinates has full rank at p € M. By Exercise Sheet 2,

Exercise 4, we know that the set of n x m matrices of full rank is an open subset of M(n x m,R)

(where m = dim M and n = dim N), so by continuity, the Jacobian of F' (in coordinates) has full

rank in some neighborhood of p € M. O

Example 6.4. (1) If v : J — M is a smooth curve in a smooth manifold M, then ~ is an

(2)

immersion if and only if 4/(¢) # 0 for all ¢ € J; see Exercise Sheet 4.

If M is a smooth manifold and its tangent bundle T'M is given the smooth manifold structure
described in Prop. 5.12, then the projection 7w : TM — M is a smooth submersion. Indeed, we
saw that with respect to any smooth local coordinates (x%) on an open subset U C M and the

corresponding natural coordinates (x%,v%) on 7~ 1(U) C TM, the coordinate representation
J. = Igimn O
0 0

If M is a smooth manifold and U C M is an open subset, then the inclusion map U — M is

of mis #(x,v) = x, and thus

a smooth embedding.

— For further examples, see Exercise Sheet 6 and 7.

To understand more fully what it means for a map to be a smooth embedding, it is useful to

bear in mind some examples of injective smooth maps that are not smooth embeddings. The next

three examples illustrate three rather different ways in which this can happen.

Example 6.5. (1) The map

(2)

v:R—=R2  te (83,0)

is a smooth map and a topological embedding, but it is not a smooth embedding, because
7'(0) = 0.

(Lemniscate): Consider the curve
B:(—mm) =Rt (sin2t,sint)

Its image is a set that looks like a figure-eight in the plane (it is the locus of points (x,y) € R?
such that 2% = 4y2(1 — y?), as one can easily check). We compute



18()||* = sin®(t) (2cos2t + 1), t € (—m, n)
18'(#)||> = || (2cos 2t, cost) ||? = 4cos? 2t + cos®t, t € (—m, )

and hence [ is an injective smooth immersion, because B(t1) = B(t2) = t1 = to and
p'(t) # 0,vt € (—m,m). However, 8 is not a topological embedding, because its image is

compact in the subspace topology, while its domain is not.

(3) Let T? =S x S! C C? denote the torus, and let o € R\ Q. The map
v R — TQ t = (€2Trit e27ric|n€)
is a smooth immersion, because 7/(t) never vanishes. It is also injective, because
’y(tl) = ’y(tg) =1 — tQ, at; —aty € 7 = t1 = to.

However, ~ is not a topological embedding. Indeed, using Dirichlet’s approximation theorem
[Lee, Lemma 4.21], one can show that «(0) is a limit point of y(Z) = {y(n) | n € Z}, while Z
has no limit point in R. (It can also be shown that v(R) is dense in T2.)

The following proposition gives a few simple sufficient criteria for an injective immersion to be

an embedding.

Proposition 6.6. Let F': M — N be an injective smooth immersion. If any of the following holds,
then F' is a smooth embedding:

(a) F is an open or closed map.

(b) F is a proper map (i.e., for every compact subset K C N, the preimage F~'(K) C M is

compact).
(¢) M is compact.
(d) dim M = dim N.
Proof. We establish some elements from topology.

Claim 1: Let F': X — Y be a continuous map between topological spaces that is either open or closed.

If F' is injective, then it is a topological embedding.

- Proof: Assume that F' is open and injective. Then F' : X — F(X) is bijective, so
F71: F(X) - X exists. If U C X is open, then (F~1)"1(U) = F(U) is open in Y by
hypothesis and therefore is also open in F'(X) by definition of the subspace topology on



Claim 2:

Claim 3:

F(X). Hence, F~! is continuous, so that F is a topological embedding. The proof of the

assertion is similar when F' is closed and injective.

(Closed map lemma) Let X be a compact space, Y be a Hausdorff space, and F': X — Y be

a continuous map. Then F'is a closed map.

- Proof: Let K C X be a closed subset. Since X is compact, K is also compact, and since
F' is continuous, F'(K) is also compact. Since Y is Hausdorff, F(K) C Y is a closed subset.

Thus, F' is a closed map.

Let X be a topological space, and let Y be a locally compact Hausdorff space. Then every

proper continuous map F': X — Y is closed.

- Proof: Let K C X be a closed subset. To show that F(K) C Y is closed, we need to
show that its complement is open. Since Y \ F(K) is locally compact, Y has an open neigh-
borhood V' with compact closure in Y, F(K). Set U := V \ F(E), where E = K N F~1(V),
and note that F is a compact set. Since F' is continuous, F'(F) is also compact, and since Y’
is Hausdorff, F'(E) is a closed subset of Y. Set U := V' \ F(E), and observe that U is an open
neighborhood of y, which is disjoint from F'(K). Hence, Y\ F'(K) is open, which implies that
F(K) is closed.

By Claim 1, F' is a topological embedding, and by assumption, F' is a smooth immersion, so

it is a smooth embedding.
By assumption and by Claim 3, F' is a closed map, so it is a smooth embedding by (a).
By assumption and by Claim 2, F' is a closed map, so it is a smooth embedding by (a).

By assumption and by Exercise Sheet 6, Exercise 5(b), F' is a local diffeomorphism (see
Exercise Sheet 6), and thus an open map by Exercise Sheet 6, Exercise 4(c), so it is a smooth
embedding by (a).

O]

Theorem (Inverse function theorem for manifolds). Let F': M — N be a smooth map. If p € M

is a point such that the differential dF}, at F' is invertible, then there exist connected neighborhoods
Up of p in M and Vj of F(p) in N such that F|y, : Uy — Vp is a diffeomorphism.

%

_>

—

Proof of IFT: Exercise Sheet 6, Exercise 3
Local diffeomorphisms are discussed in Exercise Sheet 6

J smooth embeddings which are neither open nor closed maps.



The most important fact about maps of constant rank is the following consequence of the
inverse function theorem, which says that a smooth map of constant rank can be placed locally
into a particularly simple canonical form by a change of coordinates. (This is a non-linear version

of the canonical form theorem for linear maps; see [Lee [1], Theorem B.20]).

6.2 The Rank Theorem

Theorem 6.7 (Rank Theorem). Let M and N be smooth manifolds of dimension M and N,
respectively, and let F': M — N be a smooth map of constant rank r. For each p € M, there exist
smooth charts (U, ¢) for M centered at p and (V,v) for N centered at F'(p) such that F(U) CV,

in which F has a coordinate representation of the form:

Proof. Since the theorem is local, after choosing smooth coordinates we can replace M and N by
open subsets U C R™ and V' C R™. The fact that DF(p) has rank r implies that its matrix has
some 7 X r submatrix with non-zero determinant. By reordering the coordinates, w.m.a.t., it is the

upper-left submatrix (‘3717), for i,5 € {1,...,r}. We relabel the standard coordinates as:
(.’L',y) = (.%.17 R xra yl, oo 7ym_r) in Rm7

and

(v,w) = (v!,... 0", wl, ..., w"") in R™.

By initial translation of the coordinates without loss of generality, we may assume that let
p = (0,0) and F(p) = (0,0). If we write F(z,y) = (Q(x,y), R(z,y)) for some smooth maps
Q:U — R and R:U — R"", then our hypothesis is that Q%/d2’ is non-singular at (0,0).
Define

o:U—=R" o,y =(Qy),y)



and observe that its total derivative at (0,0) is:

Q" Q"
Dp(0,0) = 8:cj< 0) OyJ (0,0) , (5; Kronecker delta)

0 05

which is non-singular by virtue of the hypothesis. Therefore, by the inverse function theorem, there
are connected neighborhoods Uy of (0,0) and Uy of ¢(0,0) = (0,0) such that @[y, : Uy — Uy is
a diffeomorphism. By shrinking Uy and Uy if necessary, we may assume that Uy is an open cube.

Writing the inverse map as:
Spil(xa y) = (A(wv y): B(x7 y))v

for some smooth maps A : Uy — R” and B : Uy — R™ ", we compute:
(#,y) = p(A(z,y), B(z,y)) = (Q(A(z,y), B(z,y)), B(z,y)),

Comparing the y-components shows that B(z,y) = y, and therefore ¢! has the form:
o~ (2,y) = (Alz,y),9).
On the other hand, p o~ = Id implies Q(A(z,y),y) = x, and therefore F oo ~! has the form:
(Foyp™)(z,y) = (z,R(z,y)),

where R : Uy — R"" is defined by R(x,y) = R(A(z,y),y). The Jacobian matrix of F o ¢~! at an
arbitrary point (z,y) € Up is

& 0
D(Fe¢ @y = | oR" ) OR L

Since composing with a diffeomorphism does not change the rank of a map, the above matrix has

rank 7 everywhere in Uy. The first 7 columns are obviously linearly independent, so the rank can be
r only if g—f; vanish identically on Uy, which implies that R is actually independent of (y*,...,y™ 7).

(This is one reason we arranged for Uy to be a cube). Thus, if we let S(x) = R(z,0), then we have

(Fop™)(z,y) = (z,5(x)).

To complete the proof, we need to define an appropriate smooth chart in some neighborhood of
(0,0) € V. Consider the open subset

Vo = {(v,w) € V| (v,0) € Uy} CV,

and note that V{ is an open neighborhood of (0,0). Since Uy 3 (0,0) = ¢(0,0) is a cube and



(F oo Yzy) = (x,5(x)), it follows that (F o p=1)(Uy) C Vi (because (u,w) € Uy = (F o
o N (u,w) = (v,S(v)) € V and (v,0) € Uy by construction of Up), so F(Up) C V. Define

Y:Vo =R, ¢Yv,w) = (v,w— S(v)).

This is an open map and a diffeomorphism because its inverse is given explicitly by ¢ ~!(s,t) =
(s,t+S(s)). Thus, (Vp,) is a smooth chart. It follows from (F o ¢~ 1)(x,y) = (x, S(z)) that:

(o Fop ) (z,y) = ¢(x,5(x) = (z,5(x) - S(z)) = («,0),
which was to be proved. ]

The next corollary can be viewed as a more invariant statement of the rank theorem. It says
that maps of constant rank are precisely the ones whose local behavior is the same as that of their

differentials.

Corollary 6.8. Let F' : M — N be a smooth map. Assume that M is connected. Then, the

following are equivalent

(a) For each p € M, there exist smooth charts containing p and F(p) in which the coordinate

representation of F' is linear.
(b) F has constant rank.
Proof. The proof is a direct application of the constant rank theorem.
o (b)=-(a): Follows from the rank theorem.

o (a)=(Db): Since every linear map has constant rank, it follows that the rank of F is constant

in a neighborhood of each point, and thus, by connectedness, it is constant on all of M.

Theorem 6.9 (Global Rank Theorem). Let F': M — N be a smooth map of constant rank.
(a) If F is surjective, then it is a smooth submersion.
(b) If F is injective, then it is a smooth immersion.
(c) If F is bijective, then it is a diffecomorphism.
Proof. Assume that m = dim M, n = dim N, and r = rkF.
(a) See [Lee, Thm 4.14(a)].

(b) Assume that F' is not a smooth immersion, so that » < m. By the rank theorem, for each

p € M, we can choose charts around p and F'(p) in which F' has the coordinate representation



Thus, F(0,...,0,e) = (0,...,0) for any 0 < ¢ < 1, which shows that F is not injective, a

contradiction.

()

F: bijective — F: injective + surjective
% F': smooth immersion + smooth submersion
ES6E5
:@> F: local diffeomorphism
ES6E4(f
) : diffeomorphism
F: bijective

6.3 Local and Global Sections

Let m: M — N be a continuous map.

o A section of 7 is a continuous right inverse for , i.e., a continuous map o : N — M such
that mo o = Idy.

e A local section of 7 is a continuous map o : U — M defined on some open subset U C N and

satisfying the analogous relation 7w o ¢ = Idy.

Many of the important properties of smooth submersions follow from the fact that they admit

an abundance of smooth local sections, which we prove below.

Theorem 6.10 (Local Section Theorem). Let 7 : M — N be a smooth map. Then 7 is a smooth

submersion if and only if every point of M is in the image of a smooth local section of .
Proof. Set m := dimM and n := dimN.

"= 7. Fix p € M and set ¢ = m(p). By the rank theorem, we can choose smooth coordinates
(xz',...,2™) centered at p and (y',...,y") centered at ¢, in which 7 has the coordinate

representation:

If € is a sufficiently small positive real number, then the coordinate cube
C.={z||2'| <e1<i<m}
is a neighborhood of p whose image under 7 is the cube

Cl={y|ly'|<e1<i<n}



The map o : C. — C; given by

is a smooth local section of 7 satisfying o(q) = p.

<7 Given p € M, let 0 : U — M be a smooth local section of 7 such that o(q) = p, where
q=7(0(q)) = n(p). The equation o o = Idy implies that dm, - do, = Idr, N by Proposition
5.7(b), which in turn implies that dm, is surjective. Since p € M was arbitrary, we conclude

that 7 is a smooth submersion.

O

Recall: If X is a topological space, Y is a set, and # : X — Y is a surjective map, then

the quotient topology on Y determined by 7 is defined by declaring a subset V' C Y to be open if

7~ 1(V) is open in X. If X and Y are topological spaces, a map 7 : X — Y is called a quotient

map if it is surjective and continuous, and Y has the quotient topology determined by .

Proposition 6.11. Let 7 : M — N be a smooth submersion. Then 7 is an open map, and if it is

surjective, then it is a quotient map.

Proof. The second assertion follows from the first one (a surjective, open, continuous map is a
quotient map), so we now prove that 7 is an open map. Let W be an open subset of M and let
q € m(W). For any p € W such that 7(p) = ¢, by Theorem 6.10 there is a neighborhood U of ¢
on which there exists a smooth local section o : U — M with o(q) = p. For each y € o~ 1(W), the
fact that o(y) € W implies that y = 7(o(y)) € #(W). Thus, o~ (W) is an open neighborhood of
q contained in 7(W), which implies that w (W) is open. O

The next three theorems provide important tools that are frequently used when studying sub-
mersions and demonstrate that surjective smooth submersions play a role in smooth manifold theory

analogous to the role of quotient maps in topology.

Theorem 6.12 (Characteristic Property of Surjective Smooth Submersions). Let 7 : M — N be

a surjective smooth submersion. For any smooth manifold P, a map F : N — P is smooth if and

N
N
N
N
. < Fom
N
N
N
N

FA
N—P

only if FFomw: M — P is smooth.

Proof. If F is smooth, then F' o 7 is also smooth by Proposition 3.6(d). Conversely, assume that
F o is smooth and let ¢ € N. Since 7 is surjective, there is p € M such that 7(p) = ¢, and then
Theorem 4.10 guarantees the existence of a neighborhood U of ¢ in N and a smooth local section

o:U — M at 7 such that o(q) = p. Then 7o o = Idy implies

Fly=Flypoldy =F|yo(roo)=(Fom)ooao,



which is a composition of smooth maps. Hence, F' is smooth by Proposition 3.6(d)=Exercise Sheet
3, Exercise 3(e) and Exercise 2(a). O

— Exercise Sheet 7, Exercise 4 explains the sense in which this property is ”characteristic”

— Exercise Sheet 7, Exercise 5 shows that the converse of Theorem 6.12 is false.

Theorem 6.13 (Pushing smoothly to the quotient). Let # : M — N be a surjective smooth
submersion. If P is a smooth manifold and if F': M — P is a smooth map that is constant on the

fibers of , then there exists a unique smooth map F : N — P such that For = F.

N—E 5P
Proof. By Proposition 6.11, 7 is a quotient map, and by [Lee [I], Theorem A.30], there exists a
unique continuous map F : N — P such that For = F. This map is smooth by Theorem 6.12. [

Theorem 6.14 (Uniqueness of smooth quotients). Let m; : M — Nj and m : M — Na be
surjective smooth submersions that are constant on each other’s fibers. Then there exists a unique
diffeomorphism F': N7 — Ns such that F o m; = mo.

M
7%
N—E N

Proof. Exercise Sheet 7, Exercise 6. O



Chapter 7

Submanifolds

7.1 Embedded Submanifolds

Definition 7.1. Let M be a smooth manifold. An embedded submanifold of M is a subset S C M

that is a topological manifold in the subspace topology, endowed with a smooth structure such that

the inclusion map S < M is a smooth embedding.
If S'is an embedded submanifold of M, then the difference dim M —dim S is called the codimension of S in M,

and the containing manifold M is called the ambient manifold for S.

(The empty set () is an embedded submanifold of any dimension.)

Proposition 7.2 (Open submanifolds). Let M be a smooth manifold. The embedded submanifolds

of codimension 0 in M are exactly the open submanifolds.

Proof. If U C M is an open submanifold (Exercise 1.8(3)), then we have already seen that U is a
smooth manifold of dim U = dim M and that the inclusion map L : U < M is a smooth embedding
(Exercise 4.4(3)), so U = M is an embedded submanifold of codimension 0.

Conversely, let U C M be an embedded submanifold of codimension 0. Then the inclusion
t:U < M is a smooth embedding, and thus a local diffeomorphism by Exercise Sheet 6, Exercise
5(b), since dim U = dim M, so it is an open map by Exercise Sheet 6, Exercise 4(c). Therefore, U
is an open subset of M. O

Proposition 7.3 (Images of embeddings as submanifolds). Let F' : N — M be a smooth embedding
and set S := F(NN). With the subspace topology, S is a topological manifold, and it has a unique
smooth structure making it into an embedded submanifold of M with the property that F' is a

diffeomorphism onto its image.

Proof. If we give S the subspace topology that it inherits from M, then the assumption that F' is
an embedding means that F' can be considered as a homeomorphism from N onto S, and thus S
is a topological manifold. We now give S a smooth structure by taking the smooth charts to be
those of the form (F(U),¢ o F~1), where (U, ¢) is a smooth chart for N; note that the smooth

compatibility of these charts follows from the smooth compatibility of the corresponding charts for
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N. With this smooth structure on S, the map F' is a diffeomorphism onto its image (essentially
by definition), and this is obviously the only smooth structure with this property. Finally, the

inclusion map L : S — M is equal to the composition of a diffeomorphism followed by a smooth

embedding
F1 F
S— N — M,
so it is a smooth embedding by Exercise Sheet 6, Exercise 1(a)(iii). O

Since every embedded submanifold is the image of a smooth embedding (namely its own inclu-
sion map), Proposition 7.3 shows that embedded submanifolds are exactly the images of smooth

embeddings.

Proposition 7.4. (Graphs as submanifolds): Let M be a smooth m-manifold, let N be a smooth
n-manifold, let U C M be an open subset, and let f : U — N be a smooth map. Then the graph

of f,
L(f) ={(z,y) e M x N[z e Uy=f(z)},

is an embedded m-dimensional submanifold of M x N diffeomorphic to U.
Proof. (Recall Exercise 1.3(1) and 1.8(1)). Consider the map
v U—=MxN, z=(z,f(x)).

It is a smooth map whose image is I'(f). Since the projection 7wy : M x N — M satisfies
7y 0 vf(x) = Idy(x) = = for x € U, the composition d(mas) (z, () © d(77)z is the identity on T M
for each x € U. Thus, d(v¢), is injective, so vy is a smooth immersion. It is also a homeomorphism
onto its image, since Tas|p(y) is a continuous inverse for it. Thus, I'(f) is an embedded submanifold
of M x N diffeomorphic to U by Proposition 7.3. O

In particular, if M and N are smooth manifolds, then for each ¢ € N, the subset M x {q},
called a slice of the product manifold, is an embedded submanifold of M x N diffeomorphic to M

by Proposition 7.4 and Exercise Sheet 3, Exercise 3(b).
An embedded submanifold S C M is said to be properly embedded if the inclusion S < M is

a proper map. It will be shown in Exercise Sheet 8, Exercise 1(b) that an embedded submanifold

S C M is properly embedded if and only if S is a closed subset of M. Consequently, every compact

embedded submanifold is properly embedded, since compact subset of Hausdorff spaces are closed.

7.2 k-Slice and Level Set Theorems

Definition 7.5. (a) Given an open subset U C R™ and k € {0, ...,n}, a k-dimensional slice of U

(or simply a k-slice) is any subset of the form

S={(zt,...,2F " a) eU | =L e =)



for some constants ¢**1, ..., ¢” € R (often taken to be zero). When k = 0, then S C {pt} C U,
while when k& = n, then S = U. Note that every k-slice is homeomorphic to an open subset
of RF.

(b) Let M be a smooth manifold and let (U, ) be a smooth chart for M. If S is a subset of U
such that ¢(S) is a k-slice of p(U) C R"™, then we say that S is a k-slice of U.

Given a subset S C M and k € N, we say that S satisfies the local k-slice condition if each

point of S is contained in the domain of a smooth chart (U, ¢) for M such that SN U is a single

k-slice in U. Any such chart is called a slice chart for .S in M, and the corresponding coordinates

(x',...,2") are called slice coordinates.

Theorem 7.6 (Local slice criterion for embedded submanifolds). Let M be a smooth n-manifold.
If S is an embedded k-dimensional submanifold of M, then S satisfies the local k-slice condition.
Conversely, if S C M is a subset that satisfies the local k-slice condition, then with the subspace
topology, S is a topological manifold of dimension &, and it has a smooth structure making it into

a k-dimensional embedded submanifold of M.

Proof. 7=": Since the inclusion map ¢ : S < M is in particular a smooth immersion, by the
rank theorem we infer that for any p € S there are smooth charts (U, ¢) for S and (V, ) for M,
both centered at p, in which the inclusion map ¢|y : U < V has the coordinate representation
(). ., 2%) — (2%,...,2%0,...,0). Now, choose 0 < € < 1 so that both U and V contain
coordinate balls Uy C U and Vj C V of radius € > 0 centered at p. It follows that Uy = +(Uy) is
exactly a single slice in Vj. Since S C M has the subspace topology, and since Uy is open in S,
there is an open subset W C M such that Uy = W N S. Setting V3 = W N Vy, we obtain a smooth
chart (Vi,9]y,) for M containing p such that V3 NS = Uy NV = Uy, which is a single slice of V.

7«<": With the subspace topology, S is Hausdorff and second-countable, because both properties
are inherited by subspaces. To show that S is locally Euclidean, we construct an atlas. (The idea of
the construction is that if (z',...,2") are slice coordinates for S in M, then we can use (z',...,2")

as local coordinates for S.)

Let 7 : R® — R¥ be the projection onto the first k-coordinates. Let (U, ¢) be a slice chart for S
in M, and define V:=U NS, V := (rog)(V), ¥ := 7o ¢|y. By definition of slice charts, (V) is
the intersection of ¢(U) with a certain k-slice A C R™ defined by setting 2! = *+1 ... 2" = ",



and thus ¢(V) is open in A. Since 7|4 : A — R¥ is a diffeomorphism, it follows that V is open
1y s
J

in R*. Moreover, v is a homeomorphism because it has a continuous inverse given by ¢~
where j : R¥ — R" is defined by

e

Thus, S is a topological k-manifold, and the inclusion map i : S — M is clearly a topological
embedding.

We now check that the charts constructed above are smoothly compatible. Let (U, ¢) and
(U',¢) be two slice charts for S in M, and let (V,4) and (V’,4’) be the corresponding charts for

Lo 4, which is smooth as a composite of

S. The transition map is given by ¢/ o)™l = mo ¢ 0~
four smooth maps. Hence, the atlas we have constructed is actually a smooth atlas, and it defines a
smooth structure on S. In terms of a slice chart (U, ¢) for M and the corresponding chart (V, ) for
S,i:S — M has a coordinate representation of the form (z',...,2z%) — (z!,... 2% &1 ... "),

so it is a smooth immersion, and we are done by the previous paragraph. O

Notice that the local slice condition for S C M is a condition on the subset S only; it does not
presuppose any particular topology or smooth structure on S. According to ES8EG6, the smooth
manifold structure constructed in Theorem 7.6 is the unique one in which S can be considered as
a submanifold, so a subset satisfying the local slice condition is an embedded submanifold in only
one way.

Definition 7.7. Let ® : M — N be a map. If ¢ € N, then ®~1(¢) is called a level set of ®. (In
the special case N = R¥ and ¢ = 0, the level set ®~1(0) is usually called the zero set of ®.)

Assume now that ® is a smooth map. A point p € M is called a regular point of ® if d,® :

TyM — Ty, N is surjective; otherwise, we say that p is a critical point of ®. A point ¢ € N is

called a regular value of ® if every point of the level set ®~1(c) is a regular point; otherwise, we

say that c is a critical value of ®. (In particular, if ®~!(c) = @, then c is a regular value.) Finally,

a level set ®~1(c) is called a regular level set if ¢ is a regular value of ®.

Remark 7.8. Let & : M — N be a smooth map.
1. If dim M < dim N, then every point of M is a critical point of ®.
2. Every point of M is regular if and only if ® is a smooth submersion.
3. By Lemma 6.3, the set of regular points of ® is an open subset of M (but may be empty).

Consider the three smooth functions

0: RZoR, (z,y)—22—y
d: R2 =R, (z,y)—z>—1y>
U: RZSR, (2,y)— 2% -y



Although the zero set ©~1(0) of © is an embedded submanifold of R2, it will be shown in
Exercise Sheet 8, Exercise 3(b) and Exercise Sheet 9, Exercise 4(c) that neither the zero set ®~1(0)
of ® nor the zero set ¥~1(0) of ¥ is an embedded submanifold of R?. Hence, it is fairly easy
to find level sets of smooth functions that are not smooth submanifolds. In fact, without further
assumptions on the smooth function, the situation is about as bad as could be imagined: according
to [Lee [1], Theorem 2.29], every closed subset of M can be expressed as the zero set of a smooth

non-negative real-valued function.

Theorem 7.9 (Constant-rank level set theorem). Let ® : M — N be a smooth map of constant
rank r. Each level set of ® is a properly embedded submanifold of codimension 7 in M.
In particular, if ® is a smooth submersion, then each level set of ® is a properly embedded

submanifold of M of codimension r = dim V.

Proof. Set m := dim M, n := dim N, and k := m — r. Pick ¢ € N and set S := ®~!(c). By the
rank theorem, for each p € S there are smooth charts (U, ¢) centered at p and (V, 1) centered at

¢ = ®(p) in which ® has a coordinate representation of the form

and hence SNU = &~ 1(0) N U is the slice
{(ml,...,aj’",xrﬂ,...,xm) eU|g;1 =...=2" =0}

Therefore, S satisfies the local (kK = m — r)-slice condition, so it is an embedded submanifold of
dimension k by Theorem 7.6. It is closed in M by continuity of ®, so it is properly embedded by
Exercise Sheet 8, Exercise 1(b). O

Corollary 7.10 (Regular level set theorem). Every regular level set of a smooth map between
smooth manifolds is a properly embedded submanifold whose codimension is equal to the dimension

of the codomain.

Proof. Let ® : M — N be a smooth map and let ¢ € N be a regular value of ®. By Lemma 7.3,
the set
U={pe M| rk(d®,) =dimN} C M

is open in M, and contains ®~!(c) by assumption. Thus, ®|;; : U — N is a smooth submersion,
so ®7!(c) is an embedded submanifold of U by Theorem 7.9. It follows now from Proposition 7.2
and Exercise Sheet 8, Exercise 1(a)(iii) that

> e) UM

is a smooth embedding, so ®~!(c) is an embedded submanifold of M, and it is closed (so properly
embedded by Exercise Sheet 8, Exercise 1(b)). O



Not all embedded submanifolds can be expressed as level sets of smooth submersions. However,

the next proposition shows that every embedded submanifold is at least locally of this form.

Proposition 7.11. Let S be a subset of a smooth m-manifold M. Then S is an embedded k-
submanifold of M if and only if every point of S has a neighborhood U in M such that U NS is a

level set of a smooth submersion.
Proof. Exercise Sheet 8, Exercise 4. O

If S C M is an embedded submanifold, a smooth map ® : M — N such that S is a regular
level set of ® is called a defining map for S. (In the special case N = R™* it is usually called

a defining function for S. For several examples, see ES8 and ES9.) More generally, if U C M is

an open subset and ® : U — N is a smooth map such that S N U is a regular level set of ®, then

® is called a local defining map (or local defining function) for S. Proposition 7.11 says that every

embedded submanifold admits a local defining function in a neighborhood of each of its points.

7.3 Immersed Submanifolds

Definition 7.12. Let M be a smooth manifold. An immersed submanifold of M is a subset S C M

endowed with a topology (not necessarily the subspace topology) with respect to which it is a

topological manifold, and a smooth structure with respect to which the inclusion map S — M is

an (injective) smooth immersion. The codimension of S in M is defined as dim M — dim S.

Observe that every embedded submanifold is an immersed submanifold, but the converse fails
in general; see, for instance, Exercise Sheet 8, Exercise 3(b) and Exercise Sheet 9, Exercise 4(b) for

a counterexample.

Proposition 7.13 (Images of immersions as submanifolds). Let F': N — M be an injective smooth
immersion. Set S := F(NN). Then S has a unique topology and smooth structure such that it is an

immersed submanifold of M and such that F': N — S is a diffeomorphism onto its image.

Proof. We give S a topology by declaring a subset U C S to be open if and only if F~}(U) C N is
open, and then we give it a smooth structure by taking the smooth charts to be those of the form
(F(U),p o F71), where (U, ) is a smooth chart for N. (As in the proof of Proposition 7.3, the
smooth compatibility of these charts follows from the smooth compatibility of the corresponding
charts for N.) With this topology and smooth structure on S, the map F is a diffeomorphism onto
its image, and these are the only topology and smooth structure on S with this property. The

inclusion map ¢ : S — M can be written as the composition
-1
st oNE M ,

where the first map is a diffeomorphism and the second map is a smooth immersion, so L is also a

smooth immersion by Exercise Sheet 6, Exercise 1(a)(ii) and Exercise Sheet 6, Exercise 5(a). [



Example 7.14. The figure-eight (lemniscate) from Exercise 4.5(2) is the image of the injective
smooth immersion
B:(—m ) = R? t+ (sin2t,sint)

(which is not an embedding), so it is an immersed submanifold of R? when given an appropriate
topology and smooth structure. As such, it is diffeomorphic to R?. But it is not an embedded
submanifold of R?, because it does not have the subspace topology; see Exercise Sheet 9, Exercise
5(a).

Exercise: Let M be a smooth manifold and let S € M be an immersed submanifold. Show
that every subset of S that is open in the subspace topology is also open in its given submanifold

topology, and the converse is true if and only if .S is embedded.

Proposition 7.15. Let M be a smooth manifold and let S be an immersed submanifold of M. If
any of the following holds, then S is embedded:

1. codimp;S =0,
2. The inclusion map ¢ : S < M is proper,
3. S is compact.
Proof. Exercise Sheet 9, Exercise 1; follows readily from Proposition 6.6. O

Although many immersed submanifolds are not embedded, the next proposition shows that the

local structure of an immersed structure is the same as that of an embedded one.

Proposition 7.16. (Immersed submanifolds are locally embedded) If M is a smooth manifold and
S C M is an immersed submanifold, then for each point p € S there exists a neighborhood U of p
in S that is an embedded submanifold of M.

Proof. By assumption, ¢ : S — M is a smooth immersion, so by the local embedding theorem
Exercise Sheet 7, Exercise 3, every p € S has a neighborhood U in S such that (| : U < M is a

smooth embedding, which proves the assertion. O

Finally, we discuss the tangent space to submanifolds. If S is a submanifold of R", we intuitively
think of the tangent space T},S at a point p € S as a subspace of the tangent space T,R". Similarly,
the tangent space to a smooth submanifold of an abstract smooth manifold can be viewed as a
subspace of the tangent space to the ambient manifold, once we make appropriate identifications.

Let M be a smooth manifold and let S be an immersed or embedded submanifold of M. Since
the inclusion map ¢ : S < M is (at least) a smooth immersion, at each point p € S we have an
injective linear map dt, : T,S — T, M. In terms of derivations, this injection works in the following
way: for any vector v € T,,S, the image vector © = dip(v) € T,M acts on smooth functions on M
by

of = diy(0)(f) = v(fls).



We usually identify T,,S with its image di,(1),S) under dip, thereby thinking of T,,S as a certain
linear subspace of T, M. This identification makes sense regardless of whether S is embedded or

immersed.

There are several alternative ways of characterizing T,S as a subspace of T),M; see Exercise
Sheet 9, Exercise 3 and Exercise Sheet 9, Exercise 4 for such results. The next proposition, for
instance, gives a useful way to characterize 7,5 in the embedded case; one can show that it fails in

the non-embedded case.

Proposition 7.17. Let M be a smooth manifold, let S C M be an embedded submanifold and let
p € S. As a subspace of T,,M, the tangent space T),S is characterized by

1,8 ={veT,M | vf =0 whenever f € C*°(M) with f|s =0}.

Proof. Pick v € T),S C T,M. Then v = du,(w) for some w € T},5, where ¢ : S < M is the inclusion
map. If f € C°(M) with f|g =0, then

vf = dip(w)(f) = w(fls) = 0.

Conversely, if v € T, M satisfies vf = 0 whenever f vanishes on S, we have v = di,(w) for some

w € TpS. Let (z1,...,2") be slice coordinates for S in some neighborhood U of p, so that
UﬂS:{(xl,...,a:")EU\$R+1:~--::U":0},
and (z!,...,2%) are coordinates for U N S. Since the inclusion map ¢ : U NS < M has the

coordinate representation

in these coordinates, it follows that T},S = di,(T},S) is exactly the subspace of T, M spanned by

9
oxl

0

,...,W
p

p

If we write the coordinate representation of v € T, M as

v Zvi&ri

=1

I

p

then v € T,,S if and only if v/ =0 for all j > k.

Let ¢ be a smooth bump function supported in U that is equal to 1 in a neighborhood of p.
Choose an index j > k and consider the function f(x) = ¢(z)27, extended to be zero on M \supp .



Then f vanishes identically on S, so

nooo9 . .
0=0f =Y v (plw)a’) = o,

=1 p

Thus, v € T),S, as desired. O

Given a smooth manifold M and a subset S of M, there are two very different questions one can
ask. The simplest question is whether S is an embedded submanifold, since embedded submanifolds
are exactly those subsets satisfying the local slice condition; this is simply a question about the
subset S itself: either it is an embedded submanifold or it is not, and if so, then the topology and
smooth structure making it into an embedded submanifold are uniquely determined according to
Exercise Sheet 8, Exercise 6.

A more subtle question is whether S can be an immersed submanifold. In this case, neither
the topology nor the smooth structure is known in advance, so one needs to ask whether there are
any topology and smooth structure on .S making it into an immersed submanifold. This question
is not always straightforward to answer, and it can be especially tricky to prove that S is not an

immersed submanifold. Here is an example of how this can be done.

Example 7.18. Consider the subset
S={(@y) eR?|y=|a|} CR”

It is easy to check that S\ {(0,0)} is an embedded 1-dimensional submanifold of R?, so if S itself
is an immersed submanifold at all, it must be 1-dimensional. Suppose there were some smooth
manifold structure on S making it into an immersed submanifold. Then T )S would be a 1-
dimensional subspace of T| (070)R2, so by Exercise Sheet 9, Exercise 3(a), there would be a smooth
curve v : (—¢,¢) — R? whose image is in S, and that satisfies 7(0) = (0,0) and ~/(0) # 0.
Writing v(t) = (z(t),y(t)), we see that y(t) takes a global minimum at ¢ = 0, so ¥'(0) = 0.
On the other hand, since every point (z,y) € S satisfies 22 = y2, we have x(t)? = y(t)? for all
t € (—e¢,¢). Differentiating twice and setting ¢ = 0, we conclude that 22(0)? = 2y/(0)? = 0, which

is a contradiction. Thus, there is no such smooth manifold structure on S.

Addendum: Sard’s Theorem and Whitney’s Theorems

Theorem 7.19 (Sard’s Theorem). If ' : M — N is a smooth map between smooth manifolds,

then the set of critical values of F' has measure zero in N.

—  Zalmost all” ¢ € N are regular values of F
= almost all” level sets F~!(c) of F are properly embedded submanifolds of M of dimension

dim M — dim N.



Theorem 7.20 (Whitney’s Embedding Theorem). Every smooth n-manifold admits a proper
smooth embedding into R?"*1.

— Every smooth n-manifold is diffeomorphic to a properly embedded submanifold of R?+1.

Theorem 7.21 (Whitney’s Immersion Theorem). Every smooth n-manifold admits a smooth im-

mersion into R2".

The above two theorems are sometimes referred to as the easy or weak Whitney embedding and

immersion theorems, because Whitney obtained later the following improvements.

Theorem 7.22 (Strong Whitney Embedding Theorem). Given n > 1, every smooth n-manifold
admits a smooth embedding into R?".
Theorem 7.23 (Strong Whitney Immersion Theorem). Given n > 2, every smooth n-manifold

admits a smooth immersion into R2%~1,

For the proofs of all the above results, as well as a discussion of sets of measure zero (in R" or

in smooth manifolds), we refer to [Lee [1], Chapter 6 and Appendix C].



Chapter 8

Vector Bundles

In Chapter 5, we saw that the tangent bundle of a smooth manifold has a natural structure as a
smooth manifold in its own right. The natural coordinates we constructed on T'M make it look
locally like the Cartesian product of an open subset of M"™ with R™. This kind of structure arises
quite frequently: a collection of vector spaces, one for each point in M, glued together in a way
that looks locally like the Cartesian product of M with R, but globally may be "twisted.” Such

structures are called vector bundles, and will be discussed briefly here.

Definition 8.1. Let M be a topological space. A real vector bundle of rank k over M is a topo-

logical space E, together with a continuous surjective map m : E — M, satisfying the following

conditions:

(i) For each p € M, the fiber E, = 7~1(p) over p is endowed with the structure of a k-dimensional

R-vector space.

(ii) For each p € M, there exists an open neighborhood U of p in M and a homeomorphism & :
7 1(U) — UxR¥, called a local trivialization of E over U, satisfying the following conditions:

e myo® =, where 7 : U x RF — U is the projection.
 for each g € U, the restriction of ® to F; is an R-vector space isomorphism from F, to

{q} x Rk = RF,

The space F is called the total space of the bundle, M is called its base, and 7 is its projection.
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8.1 Smooth Vector Bundles

Definition 8.2. With the same notation as in Definition 8.1, if both M and F are smooth mani-
folds, 7 is a smooth map, and the local trivializations can be chosen to be diffeomorphisms, then

FE is called a smooth vector bundle over M. In this case, any local trivialization that is a diffeo-

morphism onto its image is called a smooth local trivialization.

Definition 8.3. With the same notation as in Definition 6.1, if there exists a local trivialization
of E over all of M, called a global trivialization of F/, then E is called a trivial bundle. If £ —

M is a smooth vector bundle that admits a smooth global trivialization, then we say that E is

smoothly trivial. In this case, E is diffeomorphic to M x R¥, not just homeomorphic (as in the

previous case).

Example 8.4. Given any topological space M, the product space E = M x R* with 7 = 75, : M x
R¥ — M as its projection is a rk k vector bundle over M. Any such bundle, called a product bundle,
is trivial (with the identity map ® = Idg : M x R¥ — M x R* as a global trivialization). If M is a
smooth manifold, then the (smooth) product bundle M x R¥ is smoothly trivial.

Proposition 8.5 (The tangent bundle as a vector bundle). Let M be a smooth n-manifold and
let TM be its tangent bundle. With its standard projection map 7 : TM — M, its natural vector
space structure on each fiber, and the topology and smooth structure constructed in Proposition

5.12, m: TM — M is a smooth vector bundle of rank n over M.

Proof. Given any smooth chart (U, ) for M with coordinate functions (z*), define a map

.0
®: 1 YU) = U x RF, vz(‘?xi = (p, (vl ..., 0").
p

This is linear on the fibers and satisfies 7y o ® = w. The composite map

Id
7 U) 2 U x RF L2 L) x RE



is equal to the coordinate map ¢ : 7~ (U) — ¢(U) x R* constructed in Proposition 5.12, so it is
a diffeomorphism (as a composition of diffeomorphisms). Thus, ® satisfies all the conditions for a

smooth local trivialization. O

Any bundle that is not trivial requires more than one local trivialization. The next lemma shows

that the composition of two smooth local trivializations has a simple form where they overlap.

Lemma 8.6. Let 7 : E — M be a smooth vector bundle of rk & over M. Suppose that
P Y (U) > UxRF and W:na Y(V)—=V xRF
are two smooth local trivializations of E with U NV # (). Then there exists a smooth map
7:UNV — GL(k,R)

called the transition function between the smooth local trivializations ® and ¥, such that the com-

position
o0 1. UNV x RFSUNV x RF

has the form
o U (p,v) = (p, 7(p)v).

Proof. Note that the following diagram commutes:

UNnV xRF <X 77l UNnV) 25 UNV xRk

\J%}w

unv

and thus 7 o (® o U~!) = 71, which means that

do \I/_l(p, v) = (p,o(p,v))

for some smooth map o : UNV x RF — RE. Moreover, for each fixed p € U NV, the map
v = o(p,v) is an invertible linear map (since both ®|g, and ¥|g, are R-linear isomorphisms),
so there is an invertible k£ x k matrix I(p) such that o(p,v) = 7(p)v. It remains to show that
7:UNV — GL(k,R) is smooth; this is established in Exercise Sheet 10, Exercise 1(b). O

Vector bundles are often most easily described by giving a collection of vector spaces, one for
each point of the base manifold. In order to make such a set into a vector bundle, we would first
have to construct a manifold topology and a smooth structure on the disjoint union of all the vector
spaces, and then construct the local trivializations and show that they have the requisite properties.
The next lemma provides a shortcut (c.f Lemma 2.9) by showing that it is sufficient to construct
the local trivializations, as long as they overlap with smooth transition functions (see also Exercise

Sheet 10, Exercise 2 for a stronger form of this result).



Lemma 8.7 (Vector bundle chart lemma). Let M be a smooth manifold. Suppose that for each
p € M we are given an R-vector space Ej of some fixed dimension k. Set E := [ |y Ep, and
consider the map m: E — M, v € E, — p. Suppose furthermore that we are given the following
data:

(i) an open cover {Ug}aeca of M,

(ii) for each o € A, a bijective map P, : 7r*1(Ua) — U, x RF whose restriction to each E, is an

R-vector space isomorphism from E, to {p} x RF = R,

(iii) For each a, f € A with U, NUg # 0, a smooth map 7,3 : Uy N Ug — GL(k,R) such that the
map P, o <I>[§1 U NUg x RF 5 U, N Usg X RF has the form

Oo 0 05 (p,0) = (p, Tap(p)v).

Then E has a unique topology and smooth structure making it into a smooth manifold and a
smooth vector bundle of rank k over M with 7 as projection and {(Ua, Po)}aca as smooth local

trivializations.
Proof. — [Lee [1], Lemma 10.6] O

Remark 8.8 (Restriction of a vector bundle). Let # : E — M be a rkk vector bundle and let
S C M be any subset. We define the restriction of £ to S to be the set Els = | |,cg Ep, with the
projection E|g — S obtained by restricting w. If ® : 77 1(U) — U x R¥ is a local trivialization of
E over U C M, it restricts to a bijective map from (7|g)~1(U N S) to (UNS) x R*, and it is easy
to check that these form local trivializations for a vector bundle structure on E|g.

If F is a smooth vector bundle over M and S C M is an embedded submanifold, it follows

easily from Lemma 8.7 that E|g is a smooth vector bundle.

Finally, if E is a smooth vector bundle over M, but S C is merely immersed, then we give E|g
a topology and a smooth structure making it into a smooth rk k vector bundle over S as follows:
For any p € S, choose a neighborhood U of p in M over which there is a smooth local trivialization
® of F, and a neighborhood V of p in S that is embedded in M and contained in U. Then the
restriction of ® to 7~ (V) is a bijection from 77 (V) to V x R¥, and we can apply Lemma 8.7 to
these bijections to yield the desired structure.

In particular, if S C M is a smooth (immersed or embedded) submanifold, then T'M |g is called

the ambient tangent bundle over S.

8.2 Sections and Frames for Vector Bundles

Definition 8.9. Let 7 : £ — M be a vector bundle. A local section of F is a continuous map

0 : U — FE defined on some open subset U C M and satisfying = o o = Idy.



This means that o(p) € E, for every p € U. A global section of E is a section of E defined on

all of M, i.e., a continuous map o : M — E such that w oo = Id,,.
A rough (local or global) section of E over an open subset U C M is defined to be a (not

necessarily continuous) map o : U — E such that m oo = Idy. (Note that a local section of E over
U is the same as a global section of the restricted bundle E|.)
The zero section of E is the global section ( : M — E defined by ((p) = 0 € E,, for each p € M.

If M is a smooth manifold and if E is a smooth vector bundle over M, then a smooth (local or global) section of

is one that is a smooth map from its domain to F.

— o is cont/smooth: Exercise Sheet 10, Exercise 3(a).

— sections of the product bundle: Exercise Sheet 10, Exercise 3(c).

If E — M is a smooth vector bundle, then the set of all smooth global sections of E is an

R-vector space under pointwise addition and scalar multiplication:

(c101 + c202)(p) = c101(p) + c202(p)

This vector space is usually denoted by I'(E) (but for particular vector bundles, we often
introduce specialized notation for their spaces of global sections).

Smooth sections of E — M can be multiplied by smooth real-valued functions:

feC®M), 0 €T (E) = fo e T(E), (fo)(p) = f(p)o(p).
— the various claims made above will be proved in Exercise Sheet 10, Exercise 3.

Lemma 8.10 (Extension lemma for vector bundles). Let 7 : E — M be a smooth vector bundle.
Let A C M be a closed subset, and let 0 : A — E be a section of F|4 that is smooth in the sense
that o extends to a smooth local section of E in a neighborhood of each point. Then for each open

subset U C M containing A, there exists a smooth global section & € I'(E) such that 5|4 = ¢ and
supp(6)(={p € M | 6(p) #0}) C U.

Proof. Exercise! (Similar to the proof of Lemma 4.5) O



— see Exercise Sheet 10, Exercise 3(d) and Exercise Sheet 10, Exercise 4(d) for applications.

Definition 8.11. Let ¥ — M be a vector bundle. If U C M is an open subset, then a k-

tuple of local sections (o1,...,0k) of E over U is said to be linearly independent if their values

(o1(p),...,0k(p)) form a linearly independent k-tuple in E, for each p € U. Similarly, they are
said to span E if their values span F), for each p € U.

A local frame for F over U is an ordered k-tuple (o1, ...,0) of linearly independent local sec-

tions of E over U that span E; thus, (o1(p),...,o0x(p)) is a basis for E, for each p € U. It is called
a global frame if U = M.

If, moreover, E — M is a smooth vector bundle, then a local or global frame for F is said to

be smooth if each o; is a smooth section of E. (We often denote a frame (o1,...,0%) by (0:).)

Example 8.12. (Global frame for a product bundle) If E = M x R¥ — M is a (smooth) product
bundle over a (smooth) manifold M, then the standard basis (e1,...,ex) for R* yields a (smooth)
global frame ¢é; for E, defined by

éi:M*)Ev pH(pvel)

— For the correspondence between smooth local frames and smooth local trivializations, see
Exercise Sheet 10, Exercise 5 (which also settles the question of the existence of smooth local

frames). See also Exercise Sheet 11, Exercise 1 (uniqueness of smooth structure on TM).

— For the completion of smooth local frames of smooth vector bundles, see ES10E4.

We conclude this chapter with the important observation that smoothness of sections of vector

bundles can be characterized in terms of local frames:

Assume that (o;) is a smooth local frame for E over some open subset U C M. If 7: M — E

is a rough section, the value of 7 at an arbitrary point p € U can be written as

7(p) = 7' (p)oi(p)

for some uniquely determined numbers (7!(p),...,7%(p)). This defines k functions 7% : U — R,

called the component functions of 7 with respect to the given local frame (o;).

Proposition 8.13 (Local frame criterion for continuity /smoothness). Let 7 : E — M be a con-
tinuous (respectively, smooth) vector bundle and let 7 : M — E be a rough section. If (o;) is a
continuous (respectively, smooth) local frame for E over an open subset U C M, then 7 is continu-
ous (respectively, smooth) if and only if its component functions with respect to (o;) are continuous

(respectively, smooth).

Proof. We prove the statement in the smooth case; the other case can be treated similarly. Let
® : 77 Y(U) — U x R* be the smooth local trivialization associated with the smooth local frame;

see Exercise Sheet 10, Exercise 5(a)(b). Since & is a diffeomorphism, 7 is smooth on U if and only



if ® o7 is smooth on U. By the construction in Exercise Sheet 10, Exercise 5(b), we know that

(@o7)(p) = (p, (7' (), ..., 7" (),

where (7%) are the component functions of 7 with respect to (o;), so ® o 7 is smooth if and only if

the component functions 7¢ are smooth according to Exercise Sheet 3, Exercise 4(b). Ul

Note that the proposition applies equally well to local sections, since a local section of E over

an open subset V' C M is a global section of the restricted bundle E|y .



Chapter 9

Vectors Fields and Flows

9.1 Vector Fields

Definition 9.1. A rough/continuous/smooth vector field on a smooth manifold M is a rough/continuous/
smooth (global) section of the tangent bundle T'M.

If U C M is open, the fact that ny is naturally identified with T,M for each point p € U
(Proposition 5.9) allows us to identify TU with the open subset 7~1(U) C T M. Therefore, a vector
field on U can be thought of either as a map U — TU or as a map U — T M.

A vector field on an open subset U C R" is simply a continuous map U — R", which can be
visualized as attaching an ”arrow” to each point of U. We visualize a vector field on an open subset
U of a smooth manifold M in a similar way: as an arrow attached to each point of M, chosen to

be tangent to M and to vary continuously from point to point.

The set X(M) of all smooth (global) vector fields on a smooth manifold M is an infinite-

dimensional R-vector space and a module over the ring C*°(M) (Exercise Sheet 10, Exercise 3).

— d extension lemma for vector fields: special case of lemma 8.10; see also Exercise Sheet 10,

Exercise 3(d) for an application.

— local/global frame for M = local/global frame for T'M; see Definition 8.10.

— completion of smooth local frames for M: special case of Exercise Sheet 10, Exercise 4.
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Definition 9.2. Let M be a smooth manifold and let X : M — T'M be a rough vector field on
M. The support of X is defined as the closure of the set {p € M | X, # 0}. We say that X is

compactly supported if its support is a compact set.

Let M and X be as above. If (U, ;) is a smooth coordinate chart for M, then we can write the

value of X at any point p € U in terms of the coordinate basis vectors:

0

p

This defines n functions X : U — R, called the component functions of X in the given chart.

Proposition 9.3 (Smoothness criterion for vector fields). Let M be a smooth manifold and let
X : M — TM be a rough vector field. If (U, (z*)) is any smooth coordinate chart on M, then the
restriction of X to U is smooth if and only if its component functions with respect to this chart

are smooth.

Proof. Let (U, (")) be a smooth chart for M and (7=1(U), (2%, v*) = @) be the natural coordinates
on T'M. The coordinate representation X of X with respect to these charts is
0

R(al,....2") = ¢(X"<901<$>>axi . ))

o
= (acl, e ,$”,X1(g0_1(:6)), e X”(cp_l(x)))

so X is smooth on U if and only if its component functions X?, 1 < i < n, are smooth on U. [

Example 9.4. 1) If (U, x;) is any smooth chart on M, then the assignment p — % |p determines

a vector field on U, called the i-th coordinate vector field and denoted by a?:i' It is smooth

by Proposition 9.3, because its component functions are constants.

In particular, the coordinate vector fields form a smooth local frame ( 8?&) for TM, called a

coordinate frame. Note that every point of M is in the domain of such a local frame.

2) The Euler vector field on R"; see Exercise Sheet 11, Exercise 3.

An essential property of vector fields is that they define operators on the space of smooth
real-valued functions. If X € X(M) and f € C*(U), where U C M is open, we obtain a new
function X f : U — R, defined by p — (X f)(p) := X, f. (Do not confuse the notations fX and
X f; the former is a smooth vector field on U obtained by multiplying X by f, while the latter is
the real-valued function on U obtained by applying the vector field X to the smooth function f.)
Since the action of a tangent vector on a function is determined by the values of the function in
an arbitrarily small neighborhood (Proposition 5.8), it follows that X f is locally determined. In
particular, for any open subset V' C U, we have (X f)|y = X(f|v).

This construction yields another useful smoothness criterion for vector fields (see also Proposi-

tion 8.13 for another one).



Proposition 9.5 (Smoothness criterion for vector fields). : Let M be a smooth manifold and let

X : M — TM be a rough vector field. Then the following are equivalent:
(a) X is smooth.
(b) Vf e C*°(M), Xf: M — R is smooth.
(c) YU C M open, Vf e C®(U), Xf:U — R is smooth.

Proof. (a) = (b): Given p € M, take a smooth chart (U, (x%)) for M containing p. For x € U we

may write

<Xfxm::(x%w53

)fzxﬂmgﬁwy

Since the component functions X* of X are smooth on U by Proposition 9.3, it follows that X f is
smooth on U. We conclude by Exercise Sheet 3, Exercise 9(a).

(b) = (c): Fix U C M open and f € C*°(U). For any point p € U, let ¢ be a smooth bump
function that is equal to 1 in a neighborhood of p and supported in U (see Proposition 4.4), and
define f = v f, extended to be zero on M \ supp ¥. Then X f is smooth by assumption, and is
equal to X f in a neighborhood of p (by the discussion on p. 92). We conclude by Exercise Sheet
3, Exercise 9(a).

(c) = (a): If (z*) are smooth local coordinates on U C M, then we can think of each coordinate

" as a smooth function on U, and we have

X(2') = <Xjaij ) (z') = X,

which is smooth by assumption. We conclude by Proposition 9.3. 0
One consequence of Proposition 9.5 is that a smooth vector field X € X(M) defines a map
C®(M)—C>®(M), [f— X[,
which is R-linear and satisfies the following product rule for vector fields:

X(fg) = fXg+9Xf

(check this pointwise); in other words, this map is a derivation of C*°(M).

The next proposition shows that derivations of C°°(M) can be identified with smooth vector
fields (and thus we sometimes use the same letter for both the smooth vector field (thought of as
a map M — TM) and the derivation of C*(M)).

Proposition 9.6. Let M be a smooth manifold. A map D : C*°(M) — C*°(M) is a derivation if
and only if it is of the form Df = X f for some X € X(M).

Proof. 7<"” We just showed above that any smooth vector field induces a derivation of C*°(M).



=" Let p € M and consider the map
Xp: C®(M) =R, [ (Df)(p)
Since D is R-linear, X, is also R-linear, and since D is a derivation, we have

Xp(fg) = D(fg)(p) = (fD(g9)+9D(f)(p) = f(p)D(9)(p)+9(p)D(f)(p) = f(p)Xpg+9(p)Xpf.

Hence, X, is a derivation at p € M, i.e., X, € T,M. We obtain thus a rough vector field
X:M —TM, p— X, but since X f = Df is smooth for every f € C°(M), X is actually
smooth by Proposition 9.5, and we are done.

O

Utilizing Proposition 9.6, we now introduce an important way of combining two smooth vector
fields to obtain another smooth vector field.

Let M be a smooth manifold and let X,Y € X(M). Given f € C>®(M), we can apply X
to f to obtain Xf € C°°(M) (see Proposition 9.5) and we can now apply Y to X f to obtain
Y(Xf) € C®°(M). The operation f +— Y X f, though, does not satisfy the product rule in general,

and thus cannot be a vector field (see Proposition 9.6), as the following example shows.

Example 9.7. Consider the vector fields

0 0
X—% and Y—xa—y

and the smooth functions

flz,y) =2 and g(z,y) =y.

On R?, we compute:

8(:@)) = X(2?) = Ou? _ 2z,

XY(fg)zX(a: a9y =5 =

Ay T oy

=z =0

B Jy ox _ _
fXYg+gXYf—a:X(i’_)/+yXu z(1) +y(0) ==

so XY is not a derivation of C>(R?).

We can also apply the same two vector fields in the opposite order, obtaining a (usually different)
smooth function Y X f. Applying both these operators to f € C°°(M) and subtracting, we obtain

an operator:

(X, Y]:C®(M) = C®(M), f—XYf-YX/,

called the Lie bracket of X and Y. We will now show that [X, Y] is a derivation of C*° (M), and
hence [X,Y] € X(M) by Proposition 9.6.

o R-linearity: [X,Y](af +bg) = a[X,Y]f +b[X,Y]g (follows from the R-linearity of X and Y').



e Product rule:

(X Y(f9) = XY(fg)-YX(fg)
= X(fYg+9Yf)-Y(fXg+9X[)
= [(XN)Yg+ fXYg+ (Xg)Y [+ gXY [l [Y)Xg+ fYXg+ (Yg)Xf+gYX[]
= [(XYg-YXg)+g(XYf-YX[f)
= f[X,Y]g+g[X.Y]f.

— for a geometric interpretation of the Lie bracket, see [Lee, §9.4 "Lie derivatives”].

— for basic properties of the Lie bracket, see Exercise Sheet 11 and Exercise Sheet 12, Exercise
1.

If S C M is an immersed or embedded submanifold, a vector field X on M does not necessarily
restrict to a vector field on S, because X, € T, M may not lie in the subspace 1,5 C T,M at
a point p € S. Given a point p € S, a vector field X on M is said to be tangent to S at p if
X, € T,8 C T,M, and tangent to S if it is tangent to S at all points of S.

The following result is an immediate consequence of Proposition 7.17:

Proposition 9.8. Let M be a smooth manifold, S C M be an embedded submanifold, and X €
X(M). Then X is tangent to S if and only if (X f)|s = 0 for every f € C°°(M) such that f|g = 0.

9.2 Integral Curves and Flows

Let M be a smooth manifold. If v : J C R — M is a smooth curve, then for each ¢t € J, the
velocity vector 4/(¢) is an element of TyyM. We describe next a way to work backwards: given
a tangent vector at each point, we seek a curve whose velocity at each point is equal to the given

vector there.

Definition 9.9. Let M be a smooth manifold and let V' be a vector field on M. An integral curve of V

is a differentiable curve v : J — M whose velocity at each point is equal to the value of V' at that

point:
’y/(t) = V'y(t)7 vt e J.

If 0 € J, then v(0) € M is called the starting point of .

Finding integral curves of vector fields boils down to solving a system of ODEs in a smooth
chart: Suppose that V' € X(M) and that v : J — M is a smooth curve. On a smooth coordinate
domain U C M, we can write 7 in local coordinates as y(t) = (y!(¢),...,y"(t)). Then the condition
7' (t) = V) for v to be an integral curve of V' can be written:

N =viee

¥
9" |y )



which reduces to the following autonomous system of ODEs:

P =V, (1)

Y = V()" (1))

The fundamental fact about such systems is the following existence, uniqueness, and smoothness

theorem:

Theorem Let V :U — R" be a smooth vector-valued function, where U C R"™ is open. Consider

the initial value problem

for arbitrary tg € R and ¢ = (c!,...,c") € R™

(a) Existence: For any tp € R and z¢ € U, there exists an open interval Jy 3 ¢y and an open
subset xy € Uy C U such that for each ¢ € Up, there is a C'-map y : Jy — U that solves

(1)-(2)-

(b) Uniqueness: Any two differentiable solutions to (1)-(2) defined on intervals containing ¢, agree

on their common domain.

(c) Smoothness: Let Jy and Uy be as in (a), and consider the map © : Jy x Uy — U, (t,z) — y(t),
where y : Jy — U is the unique solution to (1) with initial condition y(tp) = x. Then O is

smooth.

An easy consequence of this theorem is the following result.

Proposition 9.10. Let V' be a smooth vector field on a smooth manifold M. For each point
p € M, there exists ¢ > 0 and a (unique) smooth curve v : (—e,¢) — M that is an integral curve
of V starting at p € M.

Example 9.11. Let (z,y) be the standard coordinates on R2,

1) Consider V = % € X(R?). The integral curves of V are precisely the straight lines parallel

to the x-axis, with parameterizations of the form ~(t) = (a +t,b) for constants a,b € R.



Thus, there is a unique integral curve

poweh ™ pm— starting at each point of the plane, and
Iy > ey 5 the images of different integral curves are
. » — either identical or disjoint.

2) Consider W = —ya% + xa% € X(R?). To determine the integral curves of W, we proceed as
follows (see p.97):

S (1) = —y(t . _
R {'71() 2l aeme=o
Y2(t) = m(t)
P N
~v1(t) = acost — bsint
=
et £ v2(t) = asint + bcost (= —41(t))

’ _ for constants a,b € R. Thus, each curve
— T of the form y(t) = (acost—bsint,asint+

| ‘ bcost), t € R isan integral curve of W.
I . When (a,b) = (0,0), this is the constant
curve y(t) = (0,0); otherwise, it is a circle

traversed clockwise. Since v(0) = (a,b),

we see again that there is a unique integral
curve starting at each point (a,b) € R2?
and the images of the various integral

curves are either identical or disjoint.

Definition 9.12. Let M be a smooth manifold.

(a) A flow domain for M is an open subset D C R x M with the property that for each p € M,
the set
DP) .= {teR|(t,p) e D} CR



is an open interval containing 0 € R.

(b) A flow on M is a continuous map © : D — M, where D C R x M is a flow domain, which

satisfies the following group laws:

« VpeM:0(0,p)=p

e Vs e D®) vt e DOGP) . s+t e DP) and we have O(t,O(s,p)) = O(s + t,p).

When D = R x M (and hence © is a continuous left R-action on M), we say that © is a

global flow on M (or a one-parameter group action).

(c) A maximal flow on M is a flow that admits no extension to a flow on a larger flow domain.
Let © : D — M be a flow on M.

e For each p € M we define the map

o® . pl) - M, P () =e(,p)

e For each t € R we define the set
My :={p € M|(t,p) € D}

and a map
O1: My — M, ©4(p) = O(t,p)

These maps satisfy ©; 0 O = Oy and Og = Idjy, so each ©; is in fact a diffeomorphism.
Note that p € M; < (t,p) € D <t € DP),

Proposition 9.13. If © : D — M is a smooth flow on M, then the infinitesimal generator V of ©,
defined as:

d

-z (»)
i, ew(t),

V:M—=TM, p—V,:=0P/0)

is a smooth vector field on M, and each curve ©®) is an integral curve of V starting at p.

Proof. When D = R x M, this is Exercise Sheet 12, Exercise 4. The proof of the general case is
essentially identical to the proof for global flows. O

Theorem 9.14 (Fundamental theorem on flows). Let V' be a smooth vector field on a smooth
manifold M. There is a unique smooth maximal flow © : D — M whose infinitesimal generator is

V. This flow has the following properties:

(a) For each p € M, the curve ©®) : D) — M is the unique maximal integral curve of V
(maximal in the sense that it cannot be extended to an integral curve on any larger open

interval) starting at p.



(b) If s € DV, then DO(P) is the interval

DOGER) D) _ g = {1 — 5|t e DP)}.
(c) For each t € R, the set M is open in M, and the map ©; : My — M_; is a diffeomorphism
with inverse ©_;.
— For the proof, we refer to [Lee [1], Theorem 9.12].

— Wehavep € M; = t € DP) = DOEP) = D) _t = —t € DOWP) = ©,(p) = O(t,p) € M_4,
that is @t My — M_t, t eR.

The flow whose existence and uniqueness are asserted in Theorem 9.14 is called the flow generated by V,
or just the flow of V.

Example 9.15. The two vector fields on R? described in Example 9.11 had integral curves defined

for all ¢t € R, so they generate global flows. We can write down their flows explicitly:
Oy :RxR* 5 R? (¢ (z,9) — (z+1,y)

(For each t € R\ {0}, (©y); translates the plane to the left (¢ < 0) or to the right (¢ > 0) by a

distance |t]).

Ow :Rx R = R? (¢, (x,y)) — (zcost — ysint, zsint 4 y cost)

(For each t € R, (Ow); rotates the plane through an angle ¢ about the origin.)
However, there are also smooth vector fields whose integral curves are not defined for all ¢ € R.

Here are two examples:

1) M =R?\{(0,0)},V := £ € X(M). The unique integral curve of V' starting at (—1,0) € M
is y(t) = (t+1,0). However, it cannot be extended continuously past ¢ = 1 (this is intuitively

evident because of the "hole” in M at the origin).

2) M =R2W = an% € X(M). The unique integral curve of W starting at (1,0) is y(t) =

(%—t’ O). It cannot be extended past t = 1 because its x-coordinate is unbounded as t 1.

Definition 9.16. A smooth vector field V' on a smooth manifold M is called complete if it generates

a global flow, or equivalently, if each of its maximal integral curves is defined for all ¢ € R.

It is not always easy to determine by looking at a vector field whether it is complete or not. If
one can solve the ODE explicitly to find all of the integral curves, and they all exist for all time,
then the vector field is complete. On the other hand, if one can find one single integral curve that
cannot be extended to all of R, then it is not complete. However, it is often impossible to solve
the ODE explicitly, so it is useful to have some general criteria for determining when a vector field
is complete. The following theorem provides such a criterion. For its proof, we refer to [Lee [1],
Theorem 9.16].



Theorem 9.17. Every compactly supported smooth vector field on a smooth manifold is complete.

In particular, on a compact smooth manifold, every smooth vector field is complete.



Chapter 10

Differential Forms

10.1 Covectors and Covector Fields

Definition 10.1. Let M be a smooth manifold. For each p € M, we define the cotangent space at p,
denoted by T; M, to be the dual space to T, M:

TM = (T,M)*.

Elements of T M are called (tangent) covectors at p € M.

Given smooth local coordinates (%) on an open subset U C M, for each p € U, the coordinate
: o
basis ( B
Any covector w € Ty M can thus be written uniquely as

p) for T, M gives rise to a dual basis for Ty M, which we denote temporarily by (X)p)-

w = w\p,

o 0
w; =w axip .

Given now another set of smooth local coordinates (#/) whose domain contains p € U, denote

where

by (M |p) the basis for Ty M dual to ( 6‘; |p). We can compute the components of the same covector
w € Ty M with respect to the new coordinate system as follows. Recall first that the coordinate

vector fields transform as follows:

0
ozt

ol 0
» oxt ™ 019 »

(*1)

(see page 27). Writing w in both systems as
W = wi/\i\p = L:)jj\j’p,

69



we can use (x1) to compute w; in terms of @;:

N A 6:%3‘()0 _6:ij()w o)
T\ aa|,)) TNt W aw| ) T a0

Definition 10.2. Let M be a smooth manifold. The cotangent bundle of M is denoted by T*M

and is defined as the disjoint union:

or .
,,) = 5 P& (+2)

T*M := | | Ty M.
peEM

There is a natural projection map
m:T"M — M, weT,; M p.

As above, given any smooth local coordinates (%) on an open subset U C M, for each p € U we

denote by (X'|,) the basis for T,y M dual to ( aii |p). This defines n maps

AN U ST M

(to be denoted differently soon) called coordinate covector fields.

Proposition 10.3 (The cotangent bundle as a vector bundle). Let M be a smooth n-manifold.
With its standard projection map and the natural vector space structure on each fiber, the cotangent
bundle T*M has a unique topology and smooth structure making it into a smooth vector bundle

of rank n over M, for which all coordinate covector fields are smooth local sections.

Proof. (Similar to the proof of Proposition 8.5) Given a smooth chart (U, ¢) for M, with coordinate
s (), define
o7 (U) —» UxR"
61)‘%|p = (p7 (617 s 7571))

where A’ is the i-th coordinate covector field associated with (z*). Suppose that (U, @) is another
smooth chart for M with coordinate s (#7), and let ® : 7= 5(U) — U x R™ be defined analogously.
On 71 (U NU), it follows from (*3) that

(<I> o i)_l) (p, (él, .. ,571)) = <p, (gii(p)gj? ce gji(m&))

The GL(n,R)-valued (837 /0z") is smooth, so it follows from the vector bundle chart lemma (Lemma
8.7) that T*M has a smooth structure making it into a smooth vector bundle for which the maps

® are local trivializations. Uniqueness follows as in the proof of Exercise Sheet 11, Exercise 1. [

As in the case of the tangent bundle, smooth local coordinates for M yield smooth local coordi-



nates for its cotangent bundle. If (z%) are smooth coordinates on an open subset U C M, Exercise
Sheet 10, Exercise 5(d) shows that the map

7N U) = R, &N e (2 (p), .- 2" (p), &1, -, &n)

is a smooth coordinate chart for T* M. We call (2, &;) the natural coordinates for 7% M associated with ().

Definition 10.4. A rough/cont./smooth (local or global) section of 7% M is called a rough/cont./smooth covector f

or a (differential) 1-form on a smooth manifold M.
The set X*(M) of all smooth (global) covector fields on a smooth manifold M is an infinite-

dimensional R-vector space and a module over the ring C*°(M) (Exercise Sheet 10, Exercise 3).

— Local/global coframe for M = local/global frame for 7™M see Definition 8.11.

— Completion of smooth local coframes for M: special case of Exercise Sheet 10, Exercise 4.

Example 10.5. For any smooth chart (U, (z*)), the coordinate covector fields (A\*) defined above

constitute a local coframe over U, called a coordinate coframe. By Exercise Sheet 13.1, Exercise

1 = Proposition 10.6, every coordinate coframe is smooth, because its component s in the given

chart are constants.

In any smooth local coordinates (z°) on an open subset U C M, a (rough) covector field w can
be written in terms of the coordinate covector fields (%) as w = w; A for n-functions w; : U — R,

called the component s of w in the given chart and characterized by:

)

If w is a (rough) covector field and if X is a (rough) vector field on M, then we can form a function

0

wX): M —=R, p—wy(Xp)

If we write w = w; A" and X = X'9; in terms of local coordinates, then w(X) has the local coordinate
representation
w(X) = wiXi

Just as in the case of vector fields (see Proposition 9.3 and 9.5), there are several ways to check

smoothness of covector fields.

Proposition 10.6 (Smoothness criterion for covector fields). Let M be a smooth manifold and let

w: M — T*M be a rough covector field. Then the following are equivalent:
(a) w is smooth.

(b) In every smooth chart, the component functions of w are smooth.



(¢) Each point of M is contained in some coordinate chart in which w has smooth component

functions.
(d) For every X € X(M), the function w(X) : M — R is smooth.

(e) For every open subset U C M and every smooth vector field X on U, the function w(X) :
U — R is smooth.

Proof. Exercise Sheet 13.1, Exercise 1. O

Since any open subset of a smooth manifold is again a smooth manifold, Proposition 10.6 applies

equally well to covector fields defined only on some open subset of M.

— 3 local coframe criterion for continuity/smoothness of rough covector fields: special case of

Proposition 8.13.

The most important application of covector fields is that they enable us to interpret in a coordinate-

independent way the partial derivatives of a smooth as the components of a covector field.

Let f € C*°(M). We define a covector field df, called the differential of f at p € M, by

dfp(v) =vf, vel,M

Proposition 10.7. The differential of a smooth is a smooth covector field.

Proof. It is straightforward to check that df, € Ty M for all p € M. To verify that df is smooth,
we apply Proposition 10.6(d): for any X € X(M), the df(X) is smooth, because it is equal to X f
(see Proposition 9.5). O

For a smooth real-valued function f : M — R, we now have two different definitions for the
differential of f at p € M. In Ch. 3, we defined df,, as a linear map T;, M — T(,)R, while here we
defined df, as a covector at p € M, i.e. a linear map T, M — R. These are really the same object,
once we take into account the identification between T, )R and R; one easy way to see this is to
note that both are represented in coordinates by the row matrix whose components are the partial

derivatives of f. (Let us verify this below for df defined as above.)

Let us compute the coordinate representation of df. Let (2°) be smooth coordinates on an open
subset U C M and let (A\?) be the corresponding coordinate coframe on U. Write df in coordinates
as df, = A;(p)\'|, for some functions A4; : U — R. Then the definition of df implies

0 0 of
Ai - e — T = T y
(p) dfp <a$7l p) 8.%'7' p 6xz (p)
which yields the following formula for the coordinate representation of df:
Of v




Thus, the component functions of df in any smooth coordinate chart are the partial derivatives of

f with respect to those coordinates. Due to this, we can think of df as an analogue of the classical

gradient (the vector field in R™ whose components are the partial derivatives of the function),
reinterpreted in a way that makes coordinate-independent sense on a manifold.

If we apply (*3) to the special case in which f is one of the coordinate functions 2% : U — R,

we obtain .

oz’

dal| = 2= (PN

— =\
p 81’Z

p

= &\
p

)

p

in other words, the coordinate vector field M is none other than the differential da/. Therefore,

(x3) can be rewritten as
of

" oxl

or as an equation between covector fields instead of covectors:

, peU,
p

dfp (p)dxi

0 .
df = 8J{dez (*4)

In particular, in the 1-dimensional case, this reduces to

daf
df = —dx.
/ dx

Thus, we have recovered the familiar classical expression for the differential of a function f
in coordinates. Henceforth, we abandon the notation A’ for the coordinate coframe, and use dz*

instead.
Example 10.8. If f : R> = R, (z,y) — 2%y cosx, then

O(z%y cos x) s O(z%y cos x)

5 By dy = (2zy cos x — xysin z)dx + (2 cos z)dy.

df =
— properties of differential: Exercise Sheet 13.1, Exercise 2.

— Derivative of a function along a curve: Exercise Sheet 13.1, Exercise 3(a)

10.2 Pullback of Covectors

Definition 10.9. Let F': M — N be a smooth map and let p € M. The differential dF}, : T,M —
(p)N — Ty M, called the (pointwise) pullback by F" at p
(or the cotangent map of F') and characterized by

Tr(p)N yields a dual linear map, dFy : T,

dFy (w)(v) = w(dFp(v)), w€Tp,N, veT,M.

Unlike vector fields, whose pushforwards are only defined in special cases (see for example Exercise

Sheet 11, Exercise 4), covector fields always pullback to covector fields.



Definition 10.10. Let F': M — N be a smooth map and let w: N — T*N be a rough covector
field. We define a rough covector field F*w on M, called the pullback of w by F', by

(F*w)p := dFy (wr () (*5)
It acts on a vector v € T,M by
(F"w)p(v) = wp@p) (dFp(v)).

Proposition 10.11. Let F : M — N be a smooth map and let w be a covector field on N. If

u: N — R is a continuous function, then
F*(uw) = (uo F)F*w.

If additionally u is smooth, then
F*(du) =d(uo F).

Proof. We have
F* (ww)y = dF; (wo) p) = dFy (w(F(p))wr ) = u(F () dF; (@)
= (uo F)(p)(F*w), = ((wo F)(F"w)) (p)
which proves the first statement. Now, for the second statement, if p € M and v € T,M, then
(F* (du))p(v) = dF; ((du) pp)) (v) = dup)(dF,(v)) = dF,(v)u = v(uo F) = d(uo F),(v),

which yields the second statement. O

Proposition 10.12. Let F': M — N be a smooth map and let w be a (continuous) covector field

on N. Then F*w is a (continuous) covector field on M, and if w is smooth, then so is F*w.

Proof. Fix p € M and choose smooth coordinates (y’) for N in a neighborhood V' of F(p). Set
U := F~YV) and observe that U is a neighborhood of p in M. Writing w in coordinates as
w = wjdy’ for (continuous) functions on V and using Proposition 10.11 twice (for F|y/), we compute
that

F*w = F*(wjdy’) = (wj o F)F*dy’ = (wj o F)d(y’ o F). (%)

This expression is continuous, and it is smooth when w is smooth, so we are done. ]

Formula (x¢) for the pullback of a covector field can also be written in the following way

Frw = (wjo F)d(yj o F) = (wj oF)dFj



where FJ is the j-th component function of F in these coordinates. Using either of these formulas,

the computation of pullbacks in coordinate is quite simple.

Example 10.13. Consider the smooth map
F:R* 5 R%  (x,y,2) — (2%y,ysinz) = (u,v)

and the smooth covector field
w = udv + vdu € X*(R?).

According to (xg), we have
Frv = (uoF)d(voF)+ (voF)d(uoF)
2

y)
2%y) (sin zdy + y cos zdz) + (ysin 2) (2zydx + 2dy)
2

(

= (2%y)d(ysin z) + (ysin 2)d(z%y)
( 2
(

2xy? sin z)dx + (22%y sin 2)dy + (xy? cos 2)dz

In other words, to compute F*w, all we need to do is substitute the component facts of F' for

the coordinate facts of N everywhere they appear in w.

— see also [Lee [1], Example 11.28] for an example about the transformation law for a covector

field under a change of coordinates.

In Ch.7 (see also Exercise Sheet 12, Exercise 1) we considered the conditions under which a
vector field restricts to a submanifold The restriction of covector fields to submanifolds is much
simpler and will be briefly discussed below (see also ES13-I-E3(a)).

Let M be a smooth manifold, let S C M be an immersed submanifold and let ¢ : S < M be
the inclusion map. If w € X*(M), then t*w € X*(S). More precisely, given p € S and v € T),S, we

have

(Lw)pv = wp(dip(v)) = wp(v),

since du,, : T,,S — T, M is just the inclusion map under our usual identification of 7},S with the
subspace dip(T,S) of Tp,M. Thus, t*w is just the restriction of w to vectors tangent to S. For this

reason, t*w is often called the restriction of w to S. Note, however, that (*w might equal zero at

a given pt of S, even though considered as a covector field on M, w might not vanish there. For

example:

Example 10.14. Consider w = dy € X*(R?) and let S = {y = 0} be the x-axis, considered as an
embedded submanifold of R?. As a covector field on R?, w is clearly nonzero everywhere, because

one of its components is always equal to 1. However, the restriction t*w of w to S is identically



zero, because dy vanishes identically on S:
w="dy = d(y|s) = 0.

To distinguish the two ways in which we might interpret the statement “w vanishes on S”, one

usually says that w vanishes along S (or vanishes at points of S) if w, = 0 for every p € S. The

weaker condition that t*w = 0 is expressed by saying that the restriction of w to S vanishes (or

the pullback of w to S vanishes).

Given a vector bundle 7y : F — M, a subbundle of F is a vector bundle np : D — M, in
which D is a topological subspace of F and 7wp is the restriction of mg to D, such that for each
p € M, the subset D, = DN E, is a linear subspace of F,, and the vector space structure on D), is
the one inherited from F),. Note that the condition that D be a vector bundle over M implies that
all of the fibers D, are non-empty and have the same dimension.

If E — M is a smooth vector bundle, then a subbundle of F is called a smooth subbundle if it

is a smooth vector bundle and an embedded submanifold of E.

The following lemma [Lee [I], Lemma 10.32] gives a convenient condition for checking that a

union of subspaces {D, C E,| p € M} is a smooth subbundle.

Lemma (Local frame criterion for subbundles). Let 7 : E — M be a smooth vector bundle.
Suppose that for each p € M we are given an m-dimensional linear subspace D, C E,. Then

D = Upey D, C E is a smooth subbundle of F' if and only if the following condition is satisfied:

"Each pt of M has a neighborhood U on which there exist smooth local sections
O1,...,0m : U — E with the property that oi(q),...,0m(q) form a basis for D, at
each g € U

10.3 Differential Forms
Definition 10.15. Let M be a smooth manifold.

(a) We define the bundle of covariant k-tensors on M by

THT*M) = | | T*(T;M)
peEM

with the obvious projection map, which is often also called a tensor bundle over M. Its

sections are called covariant k-tensor fields on M.

(b) The subset of T*(T*M) consisting of alternating k-tensors is denoted by A*(T*M):

AN(T*M) = | | AM(T;M).
peEM



It can be shown (exercise!) that A¥(T*M) is a smooth subbundle of T*(T* M), and thus it is

a smooth vector bundle of rank (Z) over M. Its sections are called differential k-forms on M:;

they are (continuous) tensor fields whose value at each pt is an alternating k-tensor. The

integer k is called the degree of the form. We denote the vector space of smooth k-forms by

QF(M) = D(AR(T* M),

Note that a O-form is just a continuous real-valued function on M (because A°(T*M) =
Uperns A°(TyM) = ey R = M x R, see Exercise Sheet 10, Exercise 3(c)), and a 1-form is a
covector field on M (since AN (T*M) = | Jpeps A (T M) = | peps Ty M = T*M).

The wedge product of two differential forms is defined pointwise:

(WAN)p = wp A1p

Thus, the wedge product of a k-form with an [-form is a (k + [)-form. If f is a O-form and 7 is a
k-form, then we interpret the wedge product f A n to mean the ordinary product fn. If we define

n
(M) := P " (M),
k=0
then the wedge product turns Q*(M) into an associative, anti-commutative, graded R-algebra.

In any smooth chart (U, (2%)), a k-form w can be written as
w= wadxil Ao Adztt = Zw;dwl,
I 1

where the coeflicients w; are smooth functions defined on the coordinate domain U, and we use
dz! as an abbreviation for dz® A --- A dx'* (where I = (iy,...,i})), and the primed summation
sign denotes a sum over only increasing multi-indices. According to Proposition 8.13, w is smooth
if and only if the component functions w; are smooth. Since

i i [0 0\ _
dml/\.../\d:ck<ale,...,axjk>—5J,

see [Multilinear Algebra, Lemma 19(c)], the component functions w; of w are determined by

w _w<3 8)
I\ ozt Ozin

If F: M — N is a smooth map and w is a differential form on N, the F*w is a differential form on



M, defined as follows
(F*w)p(v1, ... vp) = Wpp) (dFp(v1), ..., dFp(vy))
Lemma 10.16. Let F': M — N be a smooth map. The following statements hold:
(a) F*: QF(N) — QF(M) is linear over R.
(b) F¥*(wAn) = F*w A F*y
(¢) In any smooth coordinates chart (V, (y*)) for N, we have

F* <Zw1dyi1 /\.../\dyik> :Z(WIOF)d(yil oF)/\---/\d(yik OF)
I I

Proof. Exercise Sheet 13.11, Exercise 1. O

This lemma gives a computational rule for pullbacks of differential forms similar to the one we

developed earlier for covector fields.

Example 10.17. Consider the smooth function
F:R2S R (u,0) = (u,v,u® —v?)

and the smooth 2-form
w = ydx A dz + xdy A dz € Q*(R?)

Then

Frw = F*(ydx Ndz+ xdyNdz)
= wdu A d(u?® — v*) +udv A d(u® — v?)
= vdu A (2udu — 2vdv) + udv A (2udu — 2vdv)
= —20%du A dv + 2u*dv A du
= —2(u* 4+ vH)du A dv

— see also Exercise Sheet 13.11, Exercise 2 for an example regarding the change of coordinates.

Proposition 10.18 (Pullback formula for top degree forms). Let F' : M — N be a smooth map
between smooth n-manifolds. If (2%) and (37) are smooth coordinates on open subsets U C M and
V C N, respectively, and u is a continuous real-valued function on V', then the following holds on
UNF-YV):

F*(udy' A---ANdy") = (uo F)det DF (da' A --- A dz™) (%7)

where DF represents the Jacobian matrix of F' in these coordinates.



Proof. Since the fiber of A™(T*M) is spanned by dz!' A --- A dz™ at each point, it suffices to show

that both sides of (x7) agree when evaluated on (%, cee 8%). We have

F*(udy A--- A dy™) = (uwo F)d(y' o F) A--- Ad(y" o F)

:>F*(udyl/\.--Ady”)(C;,...,;L) = (qu)dFl/\---/\dF"(8(21,...,82n>
= (uo F)det <dFj (aii))
J
= (qu)det<aaZi>-1
= F*(u)detDF(dwl/\--'/\dm")<ail,...,({£n>
with1=(dx1A--.Adx")<(,3‘Zl,...,ain>
as desired. O

Corollary 10.19. If (U, (z)) and (U, (%)) are overlapping smooth coordinate charts on M, then
the following identity holds on U N U:

oz’

oxJ

da?l/\‘--/\dfc"—det< )da:l/\---/\dx".

Proof. Apply Proposition 10.18 for F' = Id;;z, but using coordinates (z*) in the domain and (")

in the codomain. O

10.4 The Exterior Derivative

We now define a natural differential operator on smooth forms, called the exterior derivative, which

is a generalization of the differential of a function. More precisely, for each smooth manifold M, we
will show that there is a differential operator d : QF (M) — QFF1(M) satisfying d o d = 0 for all w.
The definition of d on Euclidean space is straightforward: if w = 3 ; wydz” is a smooth k-form

on an open subset U C R™, we define its exterior derivative dw to be the following (k + 1)-form:

d <Z de:UJ> = Z dwy A dz? (x8)
J J

where dwj is the differential of the smooth function w;. In somewhat more detail, this is

d (ijdle /\..-Adxjk> = Zzggdxi AdaTt A A dah,
J J i



For instance, for a smooth O-form f we have

o .

which is just the differential of f (see *4), and for a smooth 1-form w we compute that

dw_z<8$i —(%j)dx Ada

1<j

In order to transfer this definition to manifolds, we first need to check that it satisfies the

following properties.

Proposition 10.20 (Properties of the exterior derivative on R™). The exterior derivative has the

following properties:
(a) d is R-linear.

(b) If w is a smooth k-form and 7 is a smooth [-form on an open subset U C R", then

dwAn) =dwAn+ (=1)*w A dn.
(¢) dod=0.

(d) d commutes with pullbacks: if F': U C R® — V C R™ is a smooth map, and w € QF(V),
then
F*(dw) = d(F*w).

Proof. (a) Follows immediately from the definition.

(b) Due to (a), it suffices to consider terms of the form w = udz! € QF(U) and n = vdz’ € QYU),
where u,v € C*(U).

-Claim: For any multi-index I, we have
d(udz’) = du A da.

Proof: If I has repeated indices, then d(udxz’) = 0 = du A dz’. Otherwise, let o be a

permutation sending I to an increasing multi-index J. Then

d(udz’) = sgn(o)d(udz’) = sgn(o)du A dz’ = du A da.



Using the claim, we compute:

dwAn) = d((udz’) A (vdz?))
= d(uv dz! A dz?)
= (vdu + udv) A dz' A dz’
= (duAdz’) A (vdz?) + (—1)F(udz) A (dv A da)
= d(udz") A (vdz?) + (=1)* (udz") A d(vda”)
= dwoAn+ (=1)*wAdy

so we are done.

(¢) We now deal with the case of a smooth 0-form u:

ou , 0*u
d(d d dz’ dz' A da?
(du) = <63:1 > Oxtoxd o' A dx

0%u - -
e ? J —
Z (8;1:16333 ozJ 0xi> da' A d’ = 0.

as dz’ A dz' = 0. We now deal with the general case (i.e. w € Q¥(U)):

ddw) = d (z deoyda A dxjk>
J
= Z d(dWJ)de‘J1 A dxIF + Z de A d(dac]1 A da:jk)
= ()J
Thus, d o d = 0 holds for all forms.

(d) Due to (a), it suffices to consider w = u dx’ A --- A dz'*, in which case we have

F*(d(udz™ A--- Adz™)) = F*(duA dz™ A--- Adz')
= duoF)Ad(xz o F)A--- Ad(z' o F))
= d((qu) d(z* o F) A--- Ad(z* oF))

= d(F*(u dz™t A - A dx”“))
so we are done. O

Theorem 10.21 (Existence and uniqueness of exterior differentiation). Let M be a smooth man-

ifold. For each k, there are unique operators

d: QF(M) = QFL(M),



called exterior differentiation, satisfying the following properties:

(a) d is R-linear.

(b) If w € QF(M) and n € Q'(M), then

d(wAn) =dwAn+ (=1)Fw A dn.

(c) dod=0.
(d) For f € Q°(M) = C>®(M), df is the differential of f, given by df(X) = X f.
In any smooth chart, d is given by (*g).

Proof. - Existence: Given w € QF(U) for each smooth chart (U, o) for M, we set dw := ¢*d ((¢~1)*w).
This is well-defined, since for any other smooth chart (V,%), the map ¢ o1 ~! is a diffeomorphism
between open subsets of R", so Proposition 10.20(d) yields

wd (@) w) = (e o) v () w)
= (@) op ) oyrd () w)
= (p)d (o ™) (¥ ) w)
= ¢d((¢7)w)

as F* o G* = (G o F)*. Moreover, d satisfies (a)-(d) by virtue of Proposition 10.20.

- Uniqueness: Suppose that d is any operator satisfying (a)-(d). We first show that d is deter-
mined locally: if w; and we are k-forms that agree on an open subset U C M, then dw; = dws on
U. Let p € U, set n = w; — we, and let ¢p € C°°(M) be a bump function that is identically 1 on
some neighborhood of p and supported in U. Then 1 is identically zero, so (a)-(d) imply that

0 =d(yn) = d A+ dn.
Evaluating this at p and using that ¢ (p) = 1 and di, = 0, we conclude that
0 = dnp = dwi|p — dwa,.

Now let w € QF(M) and let (U,¢) be a smooth chart on M. We write w in coordinates as
S ywrdx!. For any p € U, by means of a bump function we construct global smooth functions @;
and &’ on M that agree with w; and dz’ in a neighborhood of p. By virtue of (a)-(d), together with
the observation in the previous paragraph, it follows that (xg) holds at p. Since p was arbitrary,

this d must be equal to the one we defined above. ]

— The differential on functions extends uniquely to an anti-derivation of Q*(M) of degree +1

whose square is zero.



Proposition 10.22 (Naturality of the exterior derivative). If F': M — N is a smooth map, then
for each k, the pullback map F* : Q¥(N) — QF(M) commutes with d, i.e.,

F*(dw) = d(F*w), Yw e Q¥(N).

1

Proof. We apply Proposition 10.20(d) to the coordinate representation ¢ o F'o ¢~ of F, and on

UNF~YV), we obtain
Fi(dw) = Fryrd((e)w)
= ¢ oo Fop ) d((¥ ) w)
= d(WoFop ) (¥} w)

il
= d(F*w).

— compute exterior derivatives of k-forms on R3.

Definition 10.23. Let M be a smooth manifold and let w € QF(M). We say that w is closed if
dw = 0, and exact if there exists n € QF1(M) such that w = dn.

Remark 10.24. Every exact form is closed, since d o d = 0, but the converse need not be true in
general. However, it can be shown that closed forms are locally exact (but not necessarily globally).

See also Poincaré lemma.



Chapter 11

Integration on Manifolds

11.1 Manifolds with boundary

We first give a crash course on manifolds with boundary. They play a central role in the theory of

integration on manifolds, which will be briefly discussed afterwards; see pp. 135—-144.

Definition 11.1. The closed n-dimensional upper half-space H" C R" is defined as

H" = {(z!,...,2") € R" | 2" > 0}.

The interior and the boundary of H” as a subset of R™ are denoted by Int H" and OH", respectively.
If n > 0, then

Int H"
OH"

(z',...,2") € R™ | 2" > 0}
(z',...,2") € R™ | 2" = 0}

{
{
whereas if n = 0, then

H° =R’ = {0}, oH"=0.

Definition 11.2. An n-dimensional topological manifold with boundary is a second-countable Haus-

dorff space M in which every point has a neighborhood homeomorphic either to an open subset of

R™ or to a (relatively) open subset of H".

An open subset U C M together with a map ¢ : U — R" that is a homeomorphism onto an

open subset of R™ or H” is called a chart for M. When it is necessary to make the distinction,

we call (U, ) an interior chart for M if ¢(U) is an open subset of R (which includes the case of
an open subset of H" that does not intersect with OH") and a boundary chart if ¢(U) is an open
subset of H".

A point p € M is called an interior point of M if it is in the domain of some interior chart,

and a boundary point of M if it is in the domain of a boundary chart that sends p to JH". The
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set of all boundary points of M is denoted by dM and is called the boundary of M. The set of all
interior points of M is denoted by IntM and is called the interior of M.

Theorem 11.3 (Topological invariance of the boundary). If M is a topological manifold with
boundary, then each point of M is either a boundary point or an interior point, but not both.
Thus, OM and Int M are disjoint sets whose union is M.

Example 11.4. 1) Every interval in R is a (connected) 1-manifold with boundary, whose man-

ifold boundary consists of its endpoints (if any).

2) The closed unit ball B®™ C R™ is an n-manifold with boundary, whose manifold boundary is
S

Proposition 11.5. Let M be a topological n-manifold with boundary.
1. Int M is an open subset of M and a topological n-manifold without boundary.
2. OM is a closed subset of M and a topological (n — 1)-manifold without boundary.
3. M is a topological manifold (in the sense of Definition 2.1) if and only if 9M = §.

Proof. Exercise! O

Next, if U is an open subset of H”, then a map F : U — R* is said to be smooth if for each

x € U, there exist an open subset U C R" containing = and a smooth map F : U — R¥ that agrees
with F on UNU. If F is such a map, then the restriction of F to U NInt H" is smooth in the usual
sense. By continuity, all partial derivatives of F' at points of U N Int H" are determined by their

values in Int H”, and thus in particular are independent of the choice of extension.

Definition 11.6. Let M be a topological manifold with boundary. A smooth structure for M is

defined to be a maximal smooth atlas (a collection of charts whose domains cover M and whose
transition maps and their inverses are smooth in the sense just described). With such a structure,

M is called a smooth manifold with boundary.

In the following remark, we collect some basic definitions and facts about smooth manifolds

with boundary.



Remark 11.7. 1) Cf Chapter 3: smoothness of a map F' : M — N between manifolds with
boundary is defined in the same way (see Definition 3.3), with the usual understanding that
a map whose domain is a subset of H" is smooth if it admits an extension to a smooth map
in a neighborhood of each point, and a map whose codomain is a subset of H” is smooth if

it is smooth as a map into R™. Smooth partitions of unity exist on smooth manifolds with

boundary.

2) Cf Chapter 5: If M is a smooth n-manifold with boundary, then the tangent space T,M to M at p € M

is defined in the same way (see Definition 5.4), and it is an n-dimensional real vector space.

For any smooth chart (U, ¢) containing p, the coordinate vectors

0 0
71 g ey ~
ozt x|,
(where %L} should be interpreted as a one-sided derivative when p € M) form a basis for

T,M.

The differential of a smooth map F': M — N between smooth manifolds with boundary is

defined in the same way (see Definition 5.6) and has the same representation in coordinates

bases.

3) Cf Chapter 6: Submersions, immersions, embeddings, and local diffeomorphisms are defined

in the same way (see Definition 6.2), and there is a version of the rank theorem in this setting;
see [1], Theorem 4.15 and Problem 4.3.

4) Cf Chapter 7: Immersed and embedded submanifolds of smooth manifolds with boundary are

defined in the same way (see Definitions 7.1 and 7.9) and are themselves smooth manifolds

with (possibly empty) boundary.

— Properties of embedded submanifold with boundary = [1], Proposition 5.49.

— Version of the regular level set theorem in this setting = [1], Problem 5.23.

Theorem. If M is a smooth n-manifold with boundary, then with the subspace topology,
OM is a topological (n — 1)-manifold (without boundary), and has a unique smooth structure

such that it is a properly embedded submanifold of M.

5) Cf Chapter 9: The tangent bundle of a smooth n-manifold with boundary is defined in the

same way (see Definition 5.6), and it is a smooth vector bundle of rank n over the given

manifold (see Proposition 8.5). Vector fields are also defined in the same way (see Definition

9.1), but flows need to be treated with extra care; see [1], Subsection 9.4.

Let M be a smooth manifold with boundary and let p € M. It is intuitively evident that the
vectors in T, M can be separated in three classes: those tangent to the boundary, those pointing

inward, and those pointing outward. Formally, we make the following.



Definition. If p € OM, then a vector v € T,M\T,0M is said to be inward-pointing if for some
e > 0 there exists a smooth curve 7 : [0,e) — M such that v(0) = p and 7/(0) = v, and it is

outward-pointing if there exists such a curve with domain (—e, 0].

Proposition. Let M be a smooth n-manifold with boundary, p € M, and (z°) be any smooth
boundary coordinates defined on a neighborhood of p. The inward-pointing vectors in 7,,M are
precisely those with positive z”-component, the outward-pointing ones are those with negative
x"-component, and the ones tangent to M are those with zero x"-component. Thus, T),M is the
disjoint union of 7T,,0M, the set of inward-pointing vectors, and the set of outward-pointing vectors.

Finally, v € T, M is inward-pointing if and only if —v is outward-pointing.

The next result is used when discussing ”"boundary orientations”; see [Orientations, Subsection
2.3].

Proposition If M is a smooth manifold with boundary, then there exists a global smooth vector
field on M whose restriction to OM is everywhere inward-pointing, and one whose restriction to

OM is everywhere outward-pointing.

6) Cf Chapter 10: The cotangent bundle 7* M (respectively the k-th exterior power AF(T*M) of the cotangent

of a smooth n-manifold with boundary is defined in the same way (see Definition 10.2, respec-
tively Definition 10.15(b)) and it is a smooth vector bundle of rank n (resp. of rank (7)) over
M (see Proposition 10.3, resp pl118 of [1]). Differential k-forms (0 < k < n) are also defined
in the same way (see Definition 10.15(b)), and so does their exterior derivative as well (see
Theorem 10.21).

Orientations of manifolds, which also play an important role in integration theory on manifolds,

are briefly discussed in the PDF [Orientations].

11.2 Integral of a compactly supported form

We are now ready to develop the general theory of integration on oriented manifolds. We first define
the integral of a differential form over a domain in Euclidean space, and then we show how to use
diffeomorphism invariance and smooth partitions of unity to extend this definition to n-forms on
oriented n-manifolds. The key feature of this definition is that it is invariant under orientation-
preserving diffeomorphisms. Afterwards, we state Stokes’ Theorem (without proof), which is a
generalization of the fundamental theorem of calculus, and we also provide some applications; see
pp. 142-144.



Definition 11.8. Let U be an open subset of R” or H" and let w be a compactly supported n-form

on U. We define
/w::/ w,
U D

where D C R™ or H" is any domain of integration (e.g., a rectangle) containing suppw, and w is

extended to be zero on the complement of its support.

Note that Definition 11.8 does not depend on the choice of domain of integration (which is a

bounded subset of R™ whose boundary has measure zero). Moreover, since w can be written as

w= fdx'A---Adz" for some continuous function f : suppw — R, the right-hand side in the above

/w:/ fdzt. .. dz"
D D

Proposition 11.9. Let D and E be open domains of integration in R” or H", and let G : D — E

definition is (the usual integral)

be a smooth map that restricts to an orientation-preserving or orientation-reversing diffeomorphism

D — E. If w is an n-form on E, then

/ o g w, if G is orientation preserving,
w =
D

— [pw, if G is orientation reversing.

Proof. Follows from the (usual) change of variables formula and the pullback formula for n-forms
(Proposition 10.18). O

Since we cannot guarantee that arbitrary open or compact subsets are domains of integration,
we need the following lemma in order to extend Proposition 11.9 to compactly supported n-forms

defined on open subsets; see Proposition 11.11.

Lemma 11.10. Let U be an open subset of R” or H" and let K be a compact subset of U. There

is an open domain of integration D such that
KCDCDCU.

Proposition 11.11. Let U and V be open subsets of R” or H", and G : U — V be an orientation-
preserving or orientation-reversing diffeomorphism. If w is a compactly supported n-form on V,
then:
/ y Jy G*w, if G is orientation preserving
\%4

— [y G*w, if G is orientation reversing

Proof. By Lemma 11.10, there is an open domain of integration F such that suppw C E C E C V.
Since diffeomorphisms take interiors to interiors, boundaries to boundaries, and sets of measure zero
to sets of measure zero, D = G~1(F) C U is an open domain of integration containing supp G*w.
We conclude by Proposition 11.9. O



11.3 Integration over the whole manifold

Using the above proposition, we can now make sense of the integral of a differential form over an
oriented manifold.

Let M be an oriented smooth n-manifold with or without boundary, and let w be an n-form
on M. Suppose first that w is compactly supported in the domain of a single smooth chart (U, ¢)

that is either positively or negatively oriented.

We define the integral of w over M to be:

/M Wi /gow)(w_l)*w )

with the positive sign for a positively oriented chart, and the negative sign otherwise. Since (¢~!)*w

is a compactly supported n-form on the open subset ¢(U) C R™ or H", its integral is defined as in
Definition 11.8, see pp. 135-136.

Proposition 11.12. If M and w are as above, then [, w does not depend on the choice of smooth

chart whose domain contains supp w.

Proof. Let (U, ) and (U, $) be two smooth charts such that suppw € U NU. If both charts are
similarly oriented, then pop~!: o(UNT) — G(UNU) is an orientation-preserving diffeomorphism,
see [Orientations, Ex. 25], so Proposition 11.11 yields:

- [ e @E e = [ e
o( — (U)
(¢~ tog)*=Id*

If the charts are oppositely oriented, then the two diffs given by (x1) have opposite signs, but this

1

is compensated by the fact that @ o ™" is orientation-reversing, so Proposition 11.11 introduces

an extra negative sign into the above computation. O

Let M be as above and let w be a compactly supported n-form on M. Let {U;} be a finite open

cover of suppw by domains of positively or negatively oriented smooth charts, and let {i;} be a



smooth partition of unity subordinate to this covering. We define the integral of w over M to be

e .

Since for each i, the n-form ;w is compactly supported in U;, each of the terms in this (finite)

sum is well defined according to our previous discussion. The following proposition shows that the

integral is well defined.

Proposition 11.13. The definition (*2) does not depend on the choice of open cover or partition

of unity.

Proof. Let {ﬁj} be another finite open cover of suppw by domains of positively or negatively

oriented smooth charts, and let {@Ej} be a subordinate smooth partition of unity. Since

foow= L (55) - Lo

we obtain

2@: /M Yiw = %: /M Piiw

Each term in this sum is the integral of a form that is compactly supported in the domain of a
single smooth chart (e.g. in U;), so by Proposition 11.12; each term is well defined, regardless of

which coordinate map we use to compute it. The same argument, starting with [}, szw instead,

shows that:
YRy
j i,]
Thus, both definitions yield the same value for [, w. O

If S C M is an oriented immersed k-dimensional submanifold (with or without boundary) and
w is a k-form on M whose restriction to S is compactly supported, then we interpret [qw as [qi*w,
where 7 : S — M is the inclusion map. In particular, if M is a compact, oriented, smooth n-manifold
with boundary and w is an (n — 1)-form on M, then we can interpret [;,, w unambiguously as the
integral of i%,,w over M, where OM is always understood to have the induced orientation; see

[Orientations, Prop. 22].

Proposition 11.14 (Properties of integrals). Let M and N be non-empty oriented smooth n-
manifolds with or without boundary, and let w and n be compactly supported n-forms on M.
Then:

(a) Linearity: If a,b € R, then:

/aw—i—bn:a/w—i—b/ 7.
M M M



(b) Orientation reversal: If —M denotes M with the opposite orientation, then:

[

(c) Positivity: If w is a positively oriented orientation form, then:

/w>0.
M

(d) Diffeomorphism invariance: If F' : N — M is an orientation-preserving or orientation-

reversing diffeomorphism, then:

/ Iy F*uw, if ' is orientation preserving,
w =
M

— [y F*w, if F' is orientation reversing.

Proof. (a) Exercise.
(b) Exercise (follows from the usual change of variables formula).

(¢) Since w is a positively oriented orientation form on M, if (U, ¢) is a positively oriented smooth
chart, then (p~!)*w is a positive function times da! A --- A dz” (while if (U, ¢) is negatively
oriented, then it is a negative function times the same form); see the proof of [Orientations,
Proposition 14]. Therefore, each term in (*2) defining [,, w is non-negative, with at least one

strictly positive term; this proves (c).

(d) It suffices to treat the case when w is compactly supported in a single positively or negatively
oriented smooth chart. If (U, y) is a positively oriented such chart and if F is orientation-
preserving, then it is easy to check that (F~1(U),y o F) is an oriented smooth chart on N
whose domain contains supp F*w, so the result follows from Proposition 11.11. The remaining

cases follow from this one and (b).

O]

11.4 Stokes Theorem and Applications

We now state (without proof) the central result in the theory of integration on manifolds, Stokes’
theorem. It is a far-reaching generalization of the fundamental theorem of calculus and of the

classical theorems of vector calculus.

Theorem 11.15 (Stokes’ Theorem). Let M be an oriented smooth n-manifold with boundary, and
let w be a compactly supported smooth (n — 1)-form on M. Then:

/ dw:/ w.
M oM



Here, OM is understood to have the induced (Stokes) orientation, and the w on the right-hand
side is to be interpreted as ¢},,w. If OM = &, then the right-hand side is to be interpreted as 0.

When M is 1-dimensional, the right-hand side is just a finite sum.

Finally, let us see some applications of Stokes’ theorem.

Example 11.16. Let M be a smooth manifold. Let 7 : [a,b] — M be a smooth embedding, so
that S := v([a, b]) is an embedded 1-submanifold with boundary in M. If we give S the orientation
such that v is orientation-preserving, then for any f € C°°(M), Stokes’ theorem says that:

A if = /W v = [ = [ 7= 160)-166).

(because 9S = {v(a),v(b)} is 0-dimensional). In particular, when v : [a,b] — R is the inclusion

map, then Stokes’ theorem is just the ordinary fundamental theorem of calculus.

Theorem 11.17 (Green’s Theorem). Let D C R? be a compact regular domain (i.e., a properly

embedded codimension-0 submanifold with boundary), and let P, @ be smooth real-valued functions

on D. Then: 5 op
/ (Q — ) dxdy = / Pdz + Qdy.
p\O0x Oy oD

Proof. Apply Stokes’ theorem to the 1-form Pdx + Qdy. O

Corollary 11.18 (Integrals of exact forms). If M is a compact, oriented, smooth n-manifold

without boundary, then the integral of every exact n-form over M is zero:

/ dw = 0.
M

Corollary 11.19 (Integrals of closed forms over boundaries). Let M be a compact, oriented,
smooth n-manifold with boundary. If w is a closed (n — 1)-form on M, then the integral of w over
OM is zero

/ w=0 ifdv=0on M

oM

Corollary 11.20. Let M be a smooth manifold with or without boundary, let S C M be an
oriented, compact, smooth k-dimensional submanifold (without boundary), and let w be a closed
k-form on M. If [¢w # 0, then both of the following are true:

(a) w is not exact on M.
(b) S is not the boundary of an oriented, compact, smooth submanifold with boundary in M.

Proof.  (a) If w were exact on M, then w = dn for some (k — 1)-form on M, so:

07&/w:/i§w:/i’§dn:/d(i§n):0
S S S S

which is a contradiction.



(b) Argue again by contradiction and invoke (11.19).



Chapter 12

Multilinear Algebra

The following two documents contain the notes on Multilinear Algebra (relevant for n-forms and
tensors) and Orientation (relevant for integration on manifolds) and were written by Dr. Tsakanikas
and Linus Rosler during the Fall semester of 2023-2024. Typos may be present and, just as before,
these topics are presented in various books (like [1] for example) which you should refer to if you

have any doubts.

12.1 The Dual of a Vector Space

Definition 12.1. Let V be a finite-dimensional real vector space.
(a) A covector on V is a real-valued linear functional on V| i.e., a linear map w: V" — R.

(b) The set of all covectors on V is a real vector space under the obvious operations of pointwise

addition and scalar multiplication. It is denoted by V* and is called the dual space of V.

The next proposition expresses the most important fact about V*.

Proposition 12.2. Let V be a real vector space of dimension n. Given any basis (E1, ..., E,) for
V, consider the covectors e!,...,e" € V* defined by

Then (g',...,e") is a basis for V*, called the dual basis to (E;). In particular,

dimg V' = dimg V*.
Proof. Exercise! O

In general, if (E;) is a basis for V and if (¢%) is its dual basis, then for any vector v = v/E; € V

we have

el(v) = vjai(Ej) = vjéj- =’
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Thus, the i-th basis covector €' picks out the i-th component of a vector with respect to the basis
(Ej)-

More generally, we can express an arbitrary covector w € V* in terms of the dual basis as
i
W = w;e,

where the i-th component is determined by w; = w(E;). Thus, the action of the given covector

weV* onavectorv:vjEj eVis

w(v) = wivle (E;) = wiv'.

Let V and W be real vector spaces and let A: V' — W be a linear map. The dual map of A is
the linear map A*: W* — V* defined by

(A*w)(v) = w(Av), we W*, ve V.
It is straightforward to check that it satisfies the following properties:
(a) (Ao B)* = B*o A*.
(b) (Idy)* = Idy~.

Proposition 12.3. The assignment that sends a vector space to its dual space and a linear map

to its dual linear map is a contravariant functor from the category of real vector spaces to itself.
Another important fact about the dual of a finite-dimensional vector space is the following.

Proposition 12.4. Let V be a finite-dimensional real vector space. For any given v € V', define a

linear functional £(v) by

Ew): VF =R
w i E(v)(w) = w(v).

Then &(v) € (V*)*, that is, £(v) is a linear functional on V*. Moreover, the map

&V = (VT
v &(v)

is an R-linear isomorphism, which is canonical (it is defined without reference to any basis).

Proof. The proof that both {(v) and £ are linear maps are left as exercises. Since by Proposition
12.2 we have
dimV = dim V* = dim(V™)*,



it suffices to prove that £ is injective. To this end, let v € V be non-zero, complete it to a basis
v=FE1, FEs,...,E, of V, and let (¢%) be its dual basis. Then

E)(eh) =e'(v) =e'(B1) = 1,

so £(v) # 0. Therefore, ker £ = 0; in other words, ¢ is injective, as desired. O

Due to Proposition 12.4, the real number w(v) obtained by applying a covector w to a vector
v is sometimes denoted by either of the more symmetric-looking notations (w,v) or (v,w); both
expressions can be thought of either as the action of the covector w € V* on the vector v € V, or
as the action of the linear functional {(v) € V** on the element w € V*. There should be no cause
for confusion with the use of the same angle bracket notation for inner products: whenever one of
the arguments is a vector and the other a covector, the notation (w,v) is always to be interpreted
as the natural pairing between vectors and covectors, not as an inner product.

There is also a symmetry between bases and dual bases for a finite-dimensional vector space V:
any basis for V' determines a dual basis for V*, and conversely, any basis for V* determines a dual
basis for V** = V. If (%) is the basis for V* dual to a basis (E;) for V, then (E;) is the basis dual

to (£), because both statements are equivalent to the relation (¢', ;) = (5;

12.2 Multilinear Maps and Tensors

In the preceding section, we defined and briefly examined the dual of a vector space (in the finite-
dimensional case), which is the space of real-valued linear functions on the given vector space. A
natural, and from the point of view of (differential) geometry very important, generalization is to
consider functions with several arguments, which are linear in each individual argument. These are

called multilinear functions.

Definition 12.5. Let Vi,...,V, and W be real vector spaces. A map F: Vi x -+ x Vp — W is
called multilinear if it is linear as a function of each variable separately when the others are held
fixed; that is, if 1 < i < k is arbitrary, and if we are given elements v;, v € V; and real numbers
a,a’ € R, then

F(vy,...,av; +dvl,...,v1) = aF(v1,...,05...,08) +d' Fvy, ... 00, ... 0p).

Denote by L(Vi,. .., Vi; W) the set of multilinear maps from Vj x - -+ x Vi to W, and note that
L(Vi,...,Vi; W) has the structure of a real vector space. In the special case when V; = ... =V}, =
V and W = R, we often call an element of the space L(V,...,V;R) a k-multilinear function on V;
see Definition 12.7.

Now, if the target space is W = R, then there is a simple operation with which one can

successively build multilinear maps.



Definition 12.6. Let V7,..., Vi and Wy, ..., W be real vector spaces, and consider F' € L(Vy,...,Vi; R)
and G € L(W1,...,W;R). The function

FRG:Vix - - xVpixWy x---xW =R

(V1,. . Vg, w1, .. wy) = F(og, .o 0r) Gwy, ..o wy)

is called the tensor product of F' and G.

Exercise 12.7. (a) Show that, given F' and G as above, the function F' ® G is multilinear, that
is,

FoGeL(Vy,...,Vi,Wi,...,W;R).
(b) Show that the tensor product operation

—®—: Ly, VisR) x L(Wi,...,W5R) = L(Vi, ..., Vi, Wi, ..., Wi R)
(F,G)— F®G

is bilinear, i.e., multilinear with two variables, and associative, i.e., for any multilinear real-
valued functions F,G, H, we have F® (G®@ H) = (F® G) ® H.

Given a finite-dimensional real vector space V', we described in section 12.1 how to obtain a
basis for the dual space V* = L(V;R) from a basis for V. With the above operation at hand, we
may now generalize this to the space L(Vi,..., Vi R).

Proposition 12.8. Let Vi,...,V; be R-vector spaces of dimensions ni,...ng, respectively. For
each 1 < j <k, let (Eij), . ,Egj)) be a basis of V;, and denote by (E%j), . ,67(?)) the corresponding

dual basis of Vj* Then the set

B={el® @k [1<i<ni....1<ip<ng)

is a basis for L(V4,...,Vi;R), which therefore has dimension ny ... ng.

Proof. First, given F' € L(Vi,...,Vy;R), define for each multi-index I = (i1,...,4;) with 1 <i4; <
n; for all 1 < j < k, a number F; € R by
F;=F (E.“), - E(f)) .
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Also, use the short-hand notation
®I . _i1 ik
& = 5(1)® ®6(k)

We will show that
F=> Fe®,
I

where the sum is taken over all multi-indices as above, and thereby show that B spans L(V1, ..., Vi;R).



To this end, take (vq,...,v;) € V1 x -+ x V. For integers i; between 1 and nj, let v;-j € R be the
coefficient of v; with respect to the basis (E%j), .. ,E,(%)), ie.,
v = 5(;,)(11]-).

Then by the multilinearity of F' we have

Flor,..ov0) = Y vft ot P (B, B ) = S oft ot B
I I

On the other hand, we have

[ZFfe@] (01 o) = S Fr e (or, o) = Yol ity
I I T

Hence F and 3, Fre®! agree at any k-tuple and thus are equal, so B indeed spans L(Vi,. .., Vi; R).

Finally, in order to see that B is linearly independent, suppose that we have
Z A I 6®I =0
I

for some real numbers A\; € R indexed by multi-indices I. Evaluating both sides at (Ei(ll), ey EZ(:) )
for some fixed multi-index I = (i1, ..., ), we obtain by the same computation as above that A\; = 0.

0
Hence, B is linearly independent. ]

The proof of Proposition 12.8 shows also that the components F;, ;, of a multilinear function

F in terms of the basis elements in B are given by

Thus, F' is completely determined by its action on all possible sequences of basis vectors.

Remark 12.9. You might have already encountered the abstract construction of the tensor product of vector space

If so, then regarding the above discussion (which shows that the real vector space L(V1,..., Vi;R)
can be viewed as the set of all linear combinations of objects of the form w! ® --- ® w*, where
w® € V;* are covectors), one should remark the following: given finite-dimensional real vector spaces

Vi,..., Vi, there is a canonical isomorphism



which is induced by the multilinear map

®:Vix... xVF = LV,...,ViR)
(I)(w17-~'7wk) (Ul’-'ka) = <w1®"'®wk> (Ulw-'avk)

= wl(vy) - W (vg).

Under this canonical isomorphism, abstract tensors correspond to the concrete tensor product of
multilinear functions defined above. As it is a natural isomorphism, we may use the expression
Vi'®--- @V, as a notation for L(Vi, ..., Vj;R) (this is a typical example of slight abuse of notation,
where one identifies naturally isomorphic objects). Finally, using Proposition 12.4, we also obtain
a canonical identification

e -V, =2 LV, ..., Vi5R).
Therefore, we may view the above construction as a concrete construction of the abstract tensor

product.

Let us now turn our attention to various spaces of multilinear functions on a finite-dimensional

real vector space that naturally appear in (differential) geometry.

Definition 12.10. Let V be a finite-dimensional real vector space. For any integer k£ > 1, we

denote by Tk(V*) the space of k-multilinear functions on V, i.e.,

THV*) =L(V,....ViR)ZV*®...Q V*.
N——

———
k times k copies
By convention, we also define 7°(V*) := R. The elements of T#(V*) are often referred to as

covariant k-tensors on V.

Observe that every linear functional w: V' — R is (trivially) multilinear, so a covariant 1-tensor
is just a covector on V. Thus,
TV =V

According to Proposition 12.8, we obtain a basis for T#(V*) as follows. Assume that V has
dimension n, let (E1,..., E,) be a basis for V and denote by (¢!,..., ") the dual basis for V*. For

a multi-index I = (i1, ...,ix), where 1 <1i; < n for all j, define the elementary covariant k-tensor

e®! by the formula

€®I ::€i1®”‘®€ik

(see the proof of Proposition 12.8)and for an integer m € Z>;, denote by [m] the set {1,...,m}.
Then the set

{£®I |1 € [n] W}

is a basis for T*(V*); in particular, we have

dimg T*(V*) = nk.



Therefore, every covariant k-tensor o € Tk(V*) can be written uniquely in the form
a=a;e® = Qy i, E1®- - ® e,
where the n* coefficients aj = o, .4, are determined by
iy, = o(Eiy, .. Eyy).

For example, T?(V*) is the space of bilinear forms on V - note that a covariant 2-tensor on V is
simply a real-valued bilinear function of two vectors — and every bilinear form on V' can be written

as 8 = f3;; &' ® & for some uniquely determined n x n matrix (3;;).

Definition 12.11. For a covariant k-tensor a € T*(V*) and a permutation o € S, denote by “«

the covariant k-tensor given by

a: Vx---xV—=R

(Ul, .. .,’Uk) — a(vo(l)a . ava(k))'

In the following two sections we will discuss two important subspaces of T%(V*), namely the

subspaces of symmetric resp. alternating covariant k-tensors. Both are described by the way that a

permutation of the arguments of the given covariant k-tensor changes its value. A significant appli-

cation of symmetric tensors in the theory of smooth manifolds is in the form of Riemannian metrics.

Loosely speaking, a Riemannian metric is a choice of an inner product on each tangent space of the
given manifold, varying smoothly from point to point, and allows one to define geometric concepts
such as lenghts, angles and distances on the manifold. Riemannian metrics will not be discussed in
this course, and this is the main reason why the discussion about symmetric tensors in section 12.3

will be kept to a minimum. On the other hand, differential forms will be discussed thoroughly in

Lecture 13 and Lecture 14 of this course. They constitute a significant application of alternating

tensors in smooth manifold theory, and they will be presented in section 12.4.

12.3 Symmetric Tensors

In all probability, you have already encountered the concept of inner product on a finite-dimensional
real vector space V. It is a bilinear map (-,-): V' x V' — R which is symmetric and positive definite;
in particular, (-,-) is a covariant 2-tensor on V, having the additional property that its value is
unchanged when the two input arguments are exchanged; namely, we have (vi,ve) = (va,v1) for

any vy, ve € V. We now generalize this notion to any covariant k-tensor on V.

Definition 12.12. Let V be a finite-dimensional real vector space.

(a) A covariant k-tensor o € T*(V*) on V is said to be symmetric if its value is unchanged by

interchanging any pair of its arguments; namely, for all v1,...,vy € Vandall 1 <i < j <k,



we have

a(vr, .., Vi V5, V) = (U1, Uy Uy e, ).

(b) The set of symmetric covariant k-tensors on V' is denoted by ¥¥(V*). It is clearly a linear
subspace of T*(V*). By convention, we define X°(V*) := R, and we also note that X' (V*) =
THV*) = V™.

Exercise 12.13. We define a projection Sym: T#(V*) — X¥(V*), called symmetrization, by the

formula

1
Sym(a) = o Z “a,

" oeSy

where “a was defined in Definition 12.11. Show that Sym is well-defined and linear, and that the

following are equivalent:
(a) « is symmetric,
(b) a="7a for all o € S,

(¢) a = Sym(a).

12.4 Alternating Tensors

Recall that the determinant may be regarded as a function det: R™ x --- x R™ — R, taking as
input n column vectors with n entries each, and having as output the determinant of the n x n
matrix formed by these n column vectors. This map is multilinear, so det is a covariant n-tensor
on R™. Moreover, it has the property that its value changes sign whenever two of its input entries
are interchanged; in other words, det is an alternating n-tensor. We now generalize this notion to

arbitrary covariant k-tensors.

Definition 12.14. Let V be a finite-dimensional real vector space.

(a) A covariant k-tensor o € T*(V*) on V is said to be alternating (or anti-symmetric or

skew-symmetric) if its value changes sign whenever any two of its arguments are interchanged;

namely, for all vi,...,vy € Vand 1 <i < j <k, we have

AV, Uiy Uy V) = — (V15w o5 Ujy e ey Uy ooy UR)-

(b) The set of alternating covariant k-tensors on V is denoted by A¥(V*). It is clearly a linear

subspace of T#(V*) and its elements of A¥(V*) are also called exterior forms, multicovectors

or k-covectors. By convention, we define A°(V*) := R, and we also note that A(V*) =
THV*) = V™.



Note that every covariant 2-tensor 3 can be expressed as a sum of an alternating and a symmetric

tensor, because

Blo,w) = 5 (B0, w) = Bw,)) + 5 (8w, w) + Blw, )

= a(v,w) + o(v,w),

where

(B(v,w) — B(w,v)) € A2(V*)

N =

a(v,w) =

is an alternating 2-tensor on V and
1 2 *
o(v,w) = 5(ﬁ(v,w) + B(w,v)) € BH(V™)

is a symmetric 2-tensor on V. However, this is not true for tensors of higher rank, as the following

exercise demonstrates.

Exercise 12.15. Let (e!,e?, e3) be the standard dual basis for (R?)*. Show that e! ® €2 ® €3 is not

equal to a sum of an alternating tensor and a symmetric tensor.

Recall that there is a group homomorphism sgn: S, — {£1}, which maps a permutation o € Si
to 1 if it is a product of an even number of transpositions (even permutation), and to —1 otherwise

(odd permutation). We may use it to describe alternating tensors as follows.

Exercise 12.16. We define a projection Alt: T#(V*) — A¥(V*), called alternation, by the formula

Alt(ar) == % Z (sgno)a,

" oeSy

where “« was defined in Definition 12.11. Show that Alt is well-defined and linear, and that the

following are equivalent:
(a) « is alternating,
(b) a = (sgno)?«a for all o € S,
(c) o= Alt(),
(d) a(vi,...,vx) =0 whenever vyq,...,vp € V are linearly dependent,
(e) a(vi,...,vr) = 0 whenever there are i # j such that v; = v;.
Example 12.17. Let us explicitly compute Alt for 1-, 2- and 3-tensors.
o If v is a 1-tensor, then Alt(a) = a.

e If §is a 2-tensor, then .
Alt(ﬁ)(uv U) = 5(5(“7 U) - 5(’03 ’LL))



e If v is a 3-tensor, then

Alt(y) (u, v, w) = é('y(u, v, w) + y(v, w,u) + y(w, u,v)

—y(v, u, w) — y(u,w,v) — y(w,v,u)).

12.4.1 Elementary Alternating Tensors

Recall that for any basis of V, we described an induced basis of T#(V*) in terms of tensor products
of elements of the dual basis; cf. Proposition 12.8. We obtain here a similar description for a basis
of AF(V*).

Let V be a real vector space of dimension n, let (E1,..., E,) be a basis for V, and denote by
(¢',...,€") the corresponding dual basis for V*. For a multi-index I = (iy,...,i) € [n]*], define

the elementary alternating k-tensor (or elementary k-covector) e/ by the formula

el = Kkl Alt (%),

where
¥l =i @...@ck e TFV)
is the elementary k-tensor. Therefore, if vi,...,v, € V, then the value of €/ at the k-tuple
(v1,...,vg) is given by the formula
I I
e (v1,...,v) = Z (sgn o) e® (Vp(1), - - - Vo(k))
€Sk
=Y (seno) [ € (voy)
o€y, 1<j<k
et(vr) oo e (ug)
= det
e (vr) - ™ (uk)
In other words, to compute €/ (vy,...,vy), we write the coefficients of (vy,...,v;) with respect to
the basis (E1, ..., E,) of V in the form of a n x k-matrix, we consider the k x k submatrix formed
by the lines i1, ...,7;, and then we compute its determinant.

Example 12.18. In terms of the standard dual basis (e!, e?, e3) for (R3)*, we have

3w

1 1
vtow
el (v, w) = det ( > = vlw?® — 3wl
: _ 1 2 3 dw=w! 2 3 d
since v = v-e1 + veeg + v’eg and w = w-e; + wey + woes, an

e (v, w, z) = det(v, w, 2).



Since Alt: T*(V*) — A*(V*) is surjective, we know that {51 | I € [n][k]} is a generating set
of A¥(V*). To extract from it a basis of A*(V*), we need the following lemma, which describes
the redundancy of {E] | I € [n]¥] } In order to state it nicely, we need to introduce the following

notation: for a multi-index I € [n]*l and a permutation o € Sy, denote by I, the multi-index

Also, denote by (5§ the following generalization of the Kronecker-delta to multi-indices I, J € [n] (k]

s - sgno if neither I nor J have repeated entries and .J = I, for some o € Sy,
J =
0 if I or J have repeated entries or .J is not a permutation of I.

and observe that
5l §i
o Yk

6% = det
i, i
'

Lemma 12.19. With the same notation as in the preceding paragraph, the following statements
hold:

(a) If I has a repeated index, then e/ = 0.
(b) If J = I, for some o € Sy, then ¢’/ = (sgno)el.

(c) For I, J € [n]¥] we have

Proof. Exercise! O

Lemma 12.19 tells us that from the generating set {51 | I € [n] [k]} of A¥(V*), we may discard
all those e!’s for which I has a repeated index, and for any I having no repeated index, we need
only take one element from the set {el= | o € Si} and discard the rest. A nice choice is thus
the following: notice that for any multi-index I having no repeated indices, there exists a unique
permutation o € Sy, such that I, is strictly increasing, i.e., i5(1) < -+ <'ig). Therefore, according
to Lemma 12.19, the set {51 | I € [n]* is strictly increasing} still generates A*(V*), and there is

no obvious redundancy in it. Essentially due to Lemma 12.19(c), this set is linearly independent,

and thus we obtain the following result:

Proposition 12.20. With the same notation as above, the set

{EI | I € [n]¥ is a strictly increasing multi—index}



is a basis for A¥(V*). In particular, we have

|
img A%(V7) (k) Kl(n — k)’
and
A*(V*) = {0} for k > n.

Proof. Assume first that k > n. Since then every k-tuple of vectors is linearly dependent, it follows

from Exercise 12.16(d) that A¥(V*) = {0}.
Assume now that k¥ < n. We need to show that

&= {EI | I € [n] is a strictly increasing multi—index}

is linearly independent and spans A*(V*). The fact that £ generates A*(V*) was already discussed

above. Suppose now that we have some linear relation

Z )\ISIZO

I€[n]l¥] strictly increasing

for some A\; € R. If we fix a strictly increasing multi-index J € [n]/*!, then evaluating the above re-
lation at (Ej,, ..., Ej,) gives Ay = 0 according to Lemma 12.19(c). Thus, £ is linearly independent.

In conclusion, & is a basis of A¥(V*), as desired. O

In particular, if V' is a real vector space of dimension n, then the above proposition implies
that A™(V*) is 1-dimensional, spanned by the elementary n-covector g(Lm) - Ag discussed in the
beginning of this subsection, e(1m) gends an n-tuple (v1,...,vy) to the determinant of the matrix
(v)1<ij<n, Where v} = &'(v;) is the i-th component of v; with respect to the chosen basis of V.
Note that when V = R" with the standard basis, the covector ¢(t+m) (which by definition is a
function from (R™)" = R™ to R) is precisely the usual determinant function.

One consequence of this observation is the following useful description of the behavior of an
n-covector on an n-dimensional vector space under linear maps. Recall that if T: V' — V is a linear
map, then the determinant of T is defined to be the determinant of the matrix representation of T'
with respect to any basis (recall that any two such matrix representation are conjugations of each

other and hence have the same determinant, so this is well-defined).

Proposition 12.21. Let V be an n-dimensional real vector space and let w € A(V*). fT: V =V

is any linear map and if v1,...,v, € V are arbitrary vectors, then
w(Tv,...,Tvy) = (det T) w(vy,...,vy). (o)

Proof. Let (E;) be any basis for V, and let (¢°) be the dual basis. Denote by (Tij)lgingn the matrix
of T with respect to this basis, and set T; = TEi = Zj TijEj. By Proposition 12.20, we can write

w = e for some ¢ € R. Since both sides of (e) are multilinear functions of (v1,...,v,), it



suffices to verify the identity when the v;’s are basis vectors. Furthermore, since both sides are
alternating, by Lemma 12.19 we only need to check the case (vi,...,v,) = (E1,...,Ey,). In this
case, the right-hand side of (e) is

(det T)celb™)(By, ... Ey) = ¢ detT.
On the other hand, the left-hand side of (e) reduces to
w(TEl, e ,TEn) = CE(I""’n) (Tl, . ,Tn) = c det ((Ej(n))lgi,jgn) = c det ((Tij)lgi,jgn).

which is thus equal to the right-hand side. O

12.4.2 The Wedge Product

Recall that for any covariant tensors o € T*(V*) and 8 € T'(V*) we defined the covariant (k + [)-
tensor a ® (; see Definition 12.6. This allowed us to build ’higher’ covariant tensors out of lower
ones, and also to describe a basis for T%(V*) in terms of tensor products of elements of a dual basis.

We now describe a similar construction for alternating tensors.

Definition 12.22. Let V be a finite-dimensional real vector space, and let w € A¥(V*) and 7 €

AY(V*) be alternating tensors on V. The wedge product (or exterior product) of w and 7 is denoted

by w A n and is defined to be the (k + [)-covector given by the formula

(k+1)!
kIl

WAN = Alt(w ®@ n).

As ®@ is bilinear and Alt is linear, the map — A —: AF(V*) x AL (V*) — A (V*) is bilinear. Tt is
therefore natural to examine what the wedge product looks like on basis vectors. This also motivates

the somewhat mysterious normalization factor (k +1)!/(k!!), because we have the following result.

Lemma 12.23. Let V be a finite-dimensional real vector space, and let (g!,...,&") be a basis for
V*. For any multi-indices I = (i1,...,i;) and J = (j1, ..., /i) we have the formula
efnel =7

9

where I ~ J = (i1,...,%k,J1,--.,71) is the (k + [)-multi-index obtained by concatenating I and .J.

Proof. By multilinearity, as in the proof of Proposition 12.8, it suffices to show that

I A J I~J
e Ne(Epyy.. s By ) = (Bpyy oo, By ) (%)
for any sequence of basis vectors (Ej,,. .., Ep,.,). We do this by considering several cases.

Case 1: The multi-index P = (p,...,pr+:) has a repeated index. Then by part (e) of Exercise 12.16,
both sides of () evaluate to 0.




Case 2:

Case 3:

Case 4:

P contains an index that does not appear in either I or J. In this case, the right-hand side

of (%) is zero by part (c) of Lemma 12.19. Similarly, each term in the expansion of the left-
hand side of (x) involves either I or J evaluated on a sequence of basis vectors that is not a

permutation of I or J, respectively, so the left-hand side is also zero.

P =1 ~ J and P has no repeated indices. In this case, the right-hand side of (x) is equal to

1, again by part (c) of Lemma 12.19, so we need to show that the left-hand side is also equal
to 1. By definition,

I a_J
e Ne'(Epyy. s Bpyy) =

(kD! J

= A e
1 I J

. Z (sgno)e’ (Ep, 1y Epoiy) )" (Eppugnys - -+ s Eporan )-
o O'GSk_H

By Lemma 12.19 again, the only terms in the sum above that give nonzero values are those
in which ¢ permutes the first k£ indices and the last [ indices of P separately. In other words,
o must be of the form o = 71, where 7 € Sy, acts by permuting {1,...,k} and n € S; acts by
permuting {k + 1,...,k +[}. Since then sgno = (sgn7)(sgnn), we have

I A _J
e Ne (Epl,... Ep..,) =

J
T E (sgn7)(sgnn)e (EpT(l),...,EpT(k))s (Epk+n(1)""’Epk+n(l))
' TESE

neS;
1
ol J
< (sgn7)e (Ep, - - .,Ep7<k))> (l' Z (sgnn) e’ (Epy s - - "Epk+n(l))>
TESk : nes;
- ( Epyroo o Bp)) (AN (B, Bpy))
26 plv"' Epk)sJ(Ekarl’""Ekarl)

=1

where we used that Alt fixes alternating tensors by Exercise 12.16, and again used part (c)
of Lemma 12.19 (recall that we are in the case P =1 —~ J).

P is a permutation of I —~ J and has no repeated indices. In this case, applying a permuta-

tion to P brings us back to Case 3. As both sides of () are alternating, the effect of this
permutation is to multiply both sides by the same sign. Hence the result holds in this final

case as well.

This completes the proof of the lemma. O

Together with the bilinearity of — A —, this gives the following properties of the wedge product.



Proposition 12.24. Let w, n, £ be multicovectors on a finite-dimensional real vector space V. Then

we have the following properties:

(a) Associativity:
wAMAE) = (wAn)AE.

(b) Anticommutativity: if w € A¥(V*) and n € AY(V*), then

wAn=(—DFnyAw.
(c) If (g%, ... &™) is a basis of V* and I = (iy,. .., i) a multi-index, then
TN AR =gl
(d) For any w',...,w* € V* and vy,...,v; € V we have
1 k — J (v
w AL AW (o1, vg) = det ((w (UZ))lgi,jgk)'

Proof. Exercise! O

Due to Proposition 12.24(c), we generally use the notations ¢/ and £ A... A’ interchangeably.
An element n € A¥(V*) is said to be decomposable if it can be expressed in the form 1 =

W A ... A wF for some covectors w!

,...,wk € V*. Note that not every k-covector is decomposable
when k& > 1; however, it follows from Proposition 12.20 and Proposition 12.24(c) that every k-

covector can be written as a linear combination of decomposable ones.



Chapter 13

Orientations

13.1 Orientations of Vector Spaces

We begin with orientations of vector spaces. We are all familiar with certain informal rules for
singling out preferred ordered bases of R', R?, and R3. We usually choose a basis for R! that
points to the right (i.e., in the positive direction). A natural family of preferred ordered bases for R?
consists of those for which the rotation from the first vector to the second is in the counterclockwise
direction. And every student of vector calculus encounters “right-handed” bases in R3: these are
the ordered bases (E1, Ea, E3) with the property that when the fingers of your right hand curl from
FEy to Es, your thumb points in the direction of Ej3.

Although "to the right”, "counterclockwise”, and "right-handed” are not mathematical terms,
it is easy to translate the rules for selecting preferred bases of R', R?, and R? into rigorous math-
ematical language: you can check that in all three cases, the preferred bases are the ones whose
transition matrices from the standard basis have positive determinants.

In an abstract vector space for which there is no canonical basis, we no longer have any way to
determine which bases are ”correctly oriented”. For example, if V' is the vector space of polynomials
in one real variable of degree at most 2, who is to say which of the ordered bases (1,z,z?) and
(22,2,1) is "right-handed”? All we can say in general is what it means for two bases to have the

"same orientation”. Thus we are led to introduce the following definition.

Definition 13.1. Let V be a real vector space of dimension n > 1. We say that two ordered bases
(Ei,...,E,) and (Ey,...,E,) for V are consistently oriented if the transition matrix (Bg)lgi,jgm
defined by

E; =Y BlE;,
j

has positive determinant.

Exercise 13.2. Show that being consistently oriented is an equivalence relation on the set of all

ordered bases of V', and show that there are exactly two equivalence classes.

Definition 13.3. Let V be a real vector space. If dimg V' = n > 1, we define an orientation for V'
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as an equivalence class of ordered bases. If (Fy,..., F,) is any ordered basis for V', we denote the
orientation that it determines by [E1, ..., E,], and the opposite orientation by —[F1,..., E,]. On
the other hand, for the special case of a zero-dimensional vector space V', we define an orientation

of V' to be simply a choice of one of the numbers +1.

Definition 13.4. A vector space together with a choice of orientation is called an oriented vector space.
If V is oriented, then any ordered basis (Ej,..., Ey,) that is in the given orientation is said to be

positively oriented (or simply oriented). Any ordered basis that is not in the given orientation is

said to be negatively oriented.

Example 13.5. Consider the Euclidean space V' = R™. The orientation [e,...,e,] of R™ deter-

mined by the standard basis {e1,...,e,} is called the standard orientation. You should convince

yourself that, in our usual way of representing the axes graphically, an oriented basis for R! is
one that points to the right; an oriented basis for R? is one for which the rotation from the first
basis vector to the second is counterclockwise; and an oriented basis for R? is a right-handed one.
(These can be taken as mathematical definitions for the words "right”, ”counterclockwise”, and
"right-handed”.) The standard orientation for R? is defined to be +1.

There is an important connection between orientations and alternating tensors, which is ex-

pressed in the following proposition.

Proposition 13.6. Let V' be a real vector space of dimension n. Each nonzero element w € A™(V*)
determines an orientation O, of V as follows: if n > 1, then O, is the set of ordered bases
(E1,...,Ey) for V such that w(Ey, ..., E,) > 0, while if n = 0, then O, is +1 if w > 0, and —1 if
w < 0. Moreover, two nonzero n-covectors on V' determine the same orientation if and only if each

is a positive multiple of the other.

Proof. The 0-dimensional case is immediate, since a nonzero element of A°(V*) is just a nonzero
real number (as it is a function R — R). Thus, we may assume that n > 1. Let w be a nonzero
element of A”(V*), and denote by O,, the set of ordered bases on which w gives positive values. We
need to show that O, is exactly one equivalence class. Suppose (F;) and (E]) are any two ordered
bases for V, and let B: V' — V be the linear map sending Ej; to Ej for all j. This means that
the matrix of B with respect to (FE;) on the source and (EJ) on the target is the transition matrix
between the two bases. By the [PDF: Multilinear Algebra, Proposition 21}, we obtain

w(E\,...,E,) =w(BE,,...,BE,) = (det B)w(E\, ..., E,).

It follows that the basis (EJ) is consistently oriented with (E;) if and only if w(E1, ..., E,) and
w(F1,...,E,) have the same sign, which is the same as saying that O, is one equivalence class.

The last statement then follows easily (and is thus left as an exercise). O

Definition 13.7. If V is an oriented n-dimensional real vector space and if w is an n-covector that
determines the orientation of V as described in the above proposition, then we say that w is a

(positively) oriented n-covector.




For example, the n-covector e!™ = el A- .- Ae™ is positively oriented for the standard orientation
on R".

Recall that if V' is an n-dimensional real vector space, then the space A™(V*) is 1-dimensional.
Proposition 13.6 shows that choosing an orientation for V' is equivalent to choosing one of the two
components of A"(V*)\ {0}. This formulation also works for 0-dimensional vector spaces, and

explains why we have defined an orientation of a 0-dimensional space in the way we did.



13.2 Orientations of Smooth Manifolds

In this section we briefly discuss the theory of orientations of smooth manifolds. They have numer-
ous applications, most notably in the theory of integration on manifolds, which will be presented

in Lecture 14 of this course.

Definition 13.8. Let M be a smooth manifold with or without boundary. A pointwise orientation

on M is defined to be a choice of orientation of each tangent space.

By itself, this is not a very useful concept, because the orientations at nearby points may have
no relation to each other. For example, a pointwise orientation on R™ might switch randomly from
point to point between the standard orientation and its opposite. In order for pointwise orientations
to have some relationship with the smooth structure, we need an extra condition to ensure that

the orientations of nearby tangent spaces are consistent with each other.

Definition 13.9. Let M be a smooth manifold with or without boundary, endowed with a pointwise
orientation. If (E;) is a local frame for TM over an open subset U C M, then we say that (E;) is
positively oriented (or simply oriented) if (Ei|p, ..., Ey|p) is a positively oriented ordered basis for
T,M at each point p € U; see Definition 13.4. A negatively oriented frame for TM over U C M is

defined analogously.

Definition 13.10. Let M be a smooth manifold with or without boundary.

(a) A pointwise orientation on M is said to be continuous if every point of M is in the domain

of an oriented local frame for T'M.

(a) An orientation of M is a continuous pointwise orientation.

(a) We say that M is orientable if there exists an orientation for it; otherwise we say that M is

nonorientable.
Example 13.11. We give here some examples of orientable and nonorientable manifolds.

(a) Every parallelizable! manifold is orientable. Indeed, if (E, ..., E,) is a smooth global frame
for M, then we define a pointwise orientation on M by declaring the basis (E1|p, ..., Ey|,) for
T, M to be positively oriented at each p € M, and it is clear that this pointwise orientation is
continuous, because every point of M is in the domain of the oriented smooth global frame

(E;). Therefore, for each n € N, the Euclidean space R™ is orientable.

(a) For each n € N, the unit n-sphere S C R"*! is orientable. Indeed, this follows from
Proposition 13.20 (because S™ is a hypersurface in R"*!, to which the vector field N = 2?9 /0"

is nowhere tangent) or Proposition 13.22 (because S™ is the boundary of the closed unit ball).

(a) The so-called Mobius band is nonorientable.

A smooth manifold M with or without boundary which admits a smooth global frame or, equivalently, whose
tangent bundle T'M is the trivial smooth vector bundle of rank dim M (see Ezercise 5, Sheet 10) is called parallelizable.
Note that the Euclidean space R™ is parallelizable, and it can also be shown that S!, S* and S” are the only spheres
that are parallelizable.



Definition 13.12. An oriented manifold (with or without boundary) is an ordered pair (M, O),

where M is an orientable smooth manifold (with or without boundary) and O is a choice of

orientation for M. For each p € M, the orientation of T),M determined by O is denoted by O,,.

If M is zero-dimensional, then this definition just means that an orientation of M is a choice of
41 attached to each of its points. The continuity condition is vacuous in this case, and the notion

of oriented frames is not useful. Clearly, every O-manifold is orientable.

Exercise 13.13. Let M be an oriented smooth manifold with or without boundary of dimension
n > 1. Show that every local frame with connected domain is either positively oriented or negatively

oriented. Moreover, show that the connectedness assumption is necessary.

13.2.1 Two Ways of Specifying Orientations

The following two propositions, namely Proposition 13.14 and Proposition 13.18, give ways of

specifying orientations on manifolds that are more practical to use than the definition.

Proposition 13.14 (The orientation determined by an n-form). Let M be a smooth n-manifold
with or without boundary. Any non-vanishing n-form w on M determines a unique orientation of
M for which w is positively oriented at each point. Conversely, if M is given an orientation, then

there is a smooth non-vanishing n-form on M that is positively oriented at each point.

Proof. Let w be a non-vanishing n-form on M. By Proposition 13.6, w defines a pointwise orien-
tation on M, so it remains to show that it is continuous. Since this is trivially true for n = 0, we
may assume that n > 1. Given p € M, let (E;) be any local frame for TM over a connected open
neighborhood U of p in M, and let (¢%) be the dual coframe. On U, the expression for w in this
frame is

w=felA... A"

for some continuous function f on U. The fact that w is non-vanishing means that f is non-
vanishing, and thus
wp (Erlp, ..., Enlp) = f(p) #0 forallp e U.

Since U is connected, it follows that this expression is either always positive or always negative on
U, and therefore the given frame is either positively oriented or negatively oriented. If the latter
case holds, then we can replace E; by —FEj to obtain a new frame that is positively oriented. Hence,
the pointwise orientation determined by w is continuous.

The proof of the converse uses partitions of unity and is thus omitted. O

Due to Proposition 13.14, we may now give the following definition.

Definition 13.15. Let M be a smooth n-manifold with or without boundary. Any non-vanishing n-

form on M is called an orientation form. If M is oriented and if w is an orientation form determining

the given orientation, then we also say that w is positively oriented (or simply oriented).




If M is zero-dimensional, then a non-vanishing 0-form (i.e., a non-vanishing smooth real-valued
function) on M assigns the orientation +1 to points where it is positive and —1 to points where it
is negative.

Remark 13.16. It is easy to check that if w and w are two positively oriented smooth n-forms on
M, then w = fw for some strictly positive smooth real-valued function f on M see Proposition 13.6.
Definition 13.17. (a) A smooth atlas {(Ua,¥a)} for a smooth manifold M with or without

boundary is said to be consistently oriented if for each «, 3, the transition map ¢z o ¢ ! has

positive Jacobian determinant everywhere on ¢ (Us N Ug).

(a) A smooth coordinate chart (U, (z')) on an oriented smooth manifold with or without bound-

ary is said to be positively oriented (or simply oriented) if the coordinate frame (9/0x")

is positively oriented, and negatively oriented if the coordinate frame (9/ axi) is negatively

oriented.

Proposition 13.18 (The orientation determined by a coordinate atlas). Let M be a smooth man-
ifold with or without boundary of dimension n > 1. Given any consistently oriented smooth atlas
for M, there exists a unique orientation for M with the property that each chart in the given atlas
is positively oriented. Conversely, if M is oriented and either M = () or n > 1, then the collection

of all oriented smooth charts is a consistently oriented atlas for M.

Proof. Assume first that M has a consistently oriented smooth atlas. Each chart in the atlas
determines a pointwise orientation at each point of its domain. Wherever two of the charts overlap,
the transition matrix between their respective coordinate frames is the Jacobian matrix of the
transition map (see the solution to part (c) of Ezercise 1, Sheet 10), which has positive determinant
by assumption, so they determine the same pointwise orientation at each point. The pointwise
orientation on M thus determined is continuous, because each point of M is in the domain of an
oriented coordinate frame.

Conversely, assume that M is oriented and either OM = () or n > 1. Each point is in the
domain of a smooth chart with connected domain, and if the chart is negatively oriented (see
Exercise 13.13), then we can replace ! with —z! to obtain a new chart that is positively oriented.
The fact that all these charts are positively oriented guarantees that their transition maps have

positive Jacobian determinants, so they form a consistently oriented atlas.? O

Exercise 13.19. Let M be a connected, orientable, smooth manifold with or without boundary.
Show that M has exactly two orientations. Moreover, if two orientations of M agree at one point,

then they are equal.

13.2.2 Orientations of Hypersurfaces

If M is an oriented smooth manifold and if S is a smooth immersed submanifold of M (with or

without boundary), then S might not inherit an orientation from M, even if S is embedded. Clearly,

2This does not work for boundary charts when dim M = n = 1, because of our convention that the last coordinate
is nonnegative in a boundary chart.



it is not sufficient to restrict an orientation form from M to S, since the restriction of an n-form to
a manifold of lower dimension must necessarily be zero. For example, the so-called M&bius band is
nonorientable, even though it can be embedded in R3, which is orientable.

However, when S is an immersed or embedded hypersurface in M (i.e., a codimension 1-
submanifold of M), it is sometimes possible to use an orientation on M to induce an orientation on

S; see Proposition 13.20 below for the details. Recall first that a vector field along S is a section

of the ambient tangent bundle T'M|g, i.e., a continuous map N: S — T'M with the property that
N, € T,M for every p € S, and that such a vector field is said to be nowhere tangent to S if
N, € T,M \ T,,S for all p € S; cf. Proposition 7.8. Note that any vector field on M restricts to a

vector field along S, but in general, not every vector field along .S is of this form.

Proposition 13.20. Let M be an oriented smooth n-manifold with or without boundary, let S
be an immersed hypersurface with or without boundary in M, and let N be a vector field along
S which is nowhere tangent to S. Then S has a unique orientation such that for each p € S,
(En,...,Ep_1) is an oriented basis for T},S if and only if (N, E1, ..., E,_1) is an oriented basis for
T,M.

Note that not every hypersurface admits a nowhere tangent vector field. However, the following

result gives a sufficient condition that holds in many cases.

Corollary 13.21. If M is an oriented smooth manifold and if S C M is a regular level set of a
smooth function f: M — R, then S is orientable.

13.2.3 Boundary Orientations

If M is a smooth manifold with boundary, then its boundary dM is an embedded hypersurface
(without boundary) in M (see the Theorem in Remark 9.7(4)) and there always exists a smooth

outward-pointing vector field along OM (see the second Proposition in Remark 9.7(5)). Since such
a vector field is nowhere tangent to M (see the first Proposition in Remark 9.7(5)), it determines
an orientation on OM by Proposition 13.20, provided that M is oriented. The following proposition
shows that this orientation is independent of the choice of an outward-pointing vector field along

OM, and is called the induced orientation or the Stokes orientation on dM.

Proposition 13.22 (The induced orientation on a boundary). Let M be an oriented smooth n-

manifold with boundary, where n > 1. Then OM is orientable, and all outward-pointing vector

fields along OM determine the same orientation on M.

Example 13.23. We determine the induced orientation on JH"™ when H™ itself has the standard

orientation inherited from R™. We can identify 0H" with R”~! under the correspondence

(..., 2" 1 0) < (b, ..., 2™ h).

Since the vector field —0/90z™ is outward-pointing along H", the standard coordinate frame for
R™"™1 is positively oriented for OH" if and only if [—0/02™,8/dz!,...,0/02" '] is the standard



orientation for R"; see Proposition 13.20. This orientation satisfies

[~0/02",0/0a",...,0/02" | = — |0/0a",0/0x", ..., 0/0x" "]
= (~1)" [5/8x1, . ,8/5)x”_1,8/8x”] .
Thus, the induced orientation on OH" is equal to the standard orientation on R*~! when n is even,

but it is opposite to the standard orientation when n is odd. In particular, the standard coordinates

on OH" ~ R"~! are positively oriented if and only if n is even.

13.2.4 Orientations and Smooth Maps

Definition 13.24. Let M and N be oriented smooth manifolds with or without boundary and let
F: M — N be a local diffecomorphism. If both M and N are positive-dimensional, then we say

that F' is orientation-preserving if for each p € M, the isomorphism dF}, takes positively oriented

bases of T),M to positively oriented bases of Tr(,) N, and orientation-reversing if it takes positively
oriented bases of T, M to negatively oriented bases of Tp,)N. If, on the other hand, both M

and N are zero-dimensional, then we say that F' is orientation preserving if for every p € M, the

points p and F(p) have the same orientation, and it is orientation reversing if they have opposite

orientation; see the paragraph after Definition 13.12.
Note that a composition of orientation-preserving maps is also orientation-preserving.

Exercise 13.25. Let M and N be oriented positive-dimensional smooth manifolds with or without

boundary and let F': M — N be a local diffeomorphism. Show that the following are equivalent:
(a) F' is orientation-preserving.

(a) With respect to any oriented smooth charts for M and N, the Jacobian matrix of F' has

positive determinant.

(a) If w is any positively oriented orientation form for N, then F*w is a positively oriented

orientation form for M.

Proposition 13.26 (The pullback orientation). Let M and N be smooth manifolds with or without
boundary. If F: M — N is a local diffeomorphism and if N is oriented, then M has a unique

orientation, called the pullback orientation induced by F', such that F' is orientation-preserving.

Proof. For each p € M there is a unique orientation on 7}, M that makes the isomorphism dF},: T,M —
Tr@pyN orientation-preserving. This defines a pointwise orientation on M; provided that it is con-
tinuous, it is the unique orientation on M with respect to which F' is orientation-preserving. To
see that it is continuous, just choose a smooth orientation form w of IV using Proposition 13.14 (so
that w is positively oriented) and note that F*w is a smooth orientation form for M, determining
by construction and by Proposition 13.14 the above pointwise orientation on M, which is thus

continuous, as desired. ]
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